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Abstract—Tilt-rotor multi-rotor UAV is a rapidly expanding
field of research due to its benefits of full actuation, high force
and torque capabilities, and great efficiency of hovering. The
current controllers of tilt-rotor multi-rotor UAVs are primarily
based on the Cartesian coordinate system to describe the position
combined with the classical Euler angle approach, the direction
cosine matrix or the quaternion to represent the attitude, which
makes control lose its mathematical simplicity and has some
singularity cases. In this paper, the system modelling of a
tilt-rotor multi-rotor UAV using the unit dual quaternion is
presented and a novel PID feedback linearization tracker is
proposed. The developed controller has advantages of singularity
free, attitude/position coupled motion tracking, and robustness
to external disturbance. Applying the Laplace transform, the
stability analysis is conducted by analyzing the poles and zeros
of the closed-loop system. Simulation studies including the 6 DoF
trajectory tracking and disturbance rejection are also performed
to demonstrate the effectiveness of the proposed method. The
simulation results illustrate that the proposed PID feedback
linearization tracker has good tracking performance for both
position and attitude and strong robustness against disturbance.

Keywords—Tilt-Rotor Multi-Rotor UAV, Unit Dual Quater-
nion, Feedback Linearization, Robot Dynamics and Control

I. INTRODUCTION

In the last few decades, Unmanned Aerial Vehicles (UAVs)

have developed rapidly and become increasingly widely used

in various application scenarios due to their superior adapt-

ability, survivability, and relatively low cost. Among various

types of UAVs, tilt-rotor multi-rotor UAVs are special kinds

of rotor UAVs. They have six independently controllable

Degrees of Freedom (DoF), indicating that these kinds of

UAVs are force-omnidirectional, which means the translational

and rotational dynamics of the system are decoupled and they

are fully actuated systems in any hover configuration. These

special properties of tilt-rotor multi-rotor UAVs permit stable

interaction with the environment, subvert the under-actuated

deficiencies of conventional fixed-wing and fixed-rotor UAVs,
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and provide compelling solutions for future applications in

aerial robotics [1]. The force-omnidirectionality feature of tilt-

rotor multi-rotor UAVs empowers them with the capability of

complete attitude-omnidirectionality, allowing for unrestricted

aerial motion and reliable tracking of 6 DoF trajectories. These

superiorities of tilt-rotor multi-rotor UAVs contribute unique

advantages to aerial photography, industrial inspection, and

interactive applications, where motion and operation need to

be achieved in confined space environments.

In the currently-studied controllers for tilt-rotor multi-rotor

UAVs, utilizing the Cartesian coordinate system to describe the

position combined with the classical Euler angle approach, the

direction cosine matrix (DCM) or the quaternion to indicate

the attitude is the most general motion description methods.

The Euler angle method is preferred and commonly used

because of its intuitiveness [1]–[5]. However, using the Euler

angle representation will introduce the discontinuity [6] and

also the singularity, i.e., gimbal lock–a phenomenon where one

of the rotation axes aligns with the other axis [7], leading to

the loss of one degree of freedom [8], which makes the control

system generate improper control commands. The DCM is not

affected by singularities and also has linear dynamics [9] so

it is widely used in many controllers for tilt-rotor multi-rotor

UAVs [10]–[13]. Nevertheless, the DCM and Cartesian coor-

dinate system description used by these controllers have one

3 × 3 matrix and one three-element vector, i.e., 12 elements,

to be integrated, which leads to the excessive computational

burden [14]. Compared with the DCM representation, the

expression of quaternion for describing the attitude is more

compact and it also doesn’t have the singularity case suffered

by the Euler angle representation. In the controllers of tilt-rotor

multi-rotor UAVs, the quaternion is also often used to describe

the orientation [15]–[18]. However, the quaternion-Cartesian

coordinate representation that is used by tilt-rotor multi-rotor

UAVs controllers has the characteristic that the position and

attitude descriptions are not unified, which makes the platform

model lose its mathematical simplicity. A computationally

simpler and more stable mathematical tool for modelling
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position and attitude tracking of tilt-rotor multi-rotor UAVs

is the unit dual quaternion. A unit dual quaternion is made up

of a unit quaternion and a translation vector based on Plück

coordinates. Different from the unit quaternion, the unit dual

quaternion represents not only the attitude change but also

the positional movement of the rigid body, using only eight

numbers with two constraints. The unit dual quaternion has

been widely used in various fields in the past ten years due to

its advantages of compact, unambiguity, singularity-free, and

computational minimalistic rigid transform.
In recent years, the position and attitude tracking problem

of rigid bodies and the control problem of UAVs including

fixed-wing and quad-rotor types based on dual quaternion

have been studied. According to the characteristics of the unit

dual quaternion, Wang & Yu proposed a unit-dual-quaternion-

based proportional-integral-derivative (PID) control scheme

for the rigid-body transformation in 6 DoF and simulated on a

quadrotor [19]. However, they only considered the kinematic

control but did not introduce dynamics into its design. Based

on the features of the unit dual quaternion, Wang & Yu also

gave a general solution for the rigid body position and attitude

tracking problem in a 3D space, and designed a PD unit-

dual-quaternion-based tracker [20]. Nevertheless, this tracker

cannot effectively compensate for uncertainty and external

disturbance. Carino et al. presented the design and practical

implementation of a quaternion control method to globally

stabilize a quad-rotor UAV [21]. Using the PD control method,

Abaunza et al. designed a quadcopter control law that utilized

dual quaternions in an under-actuated system [22]. The above

research is almost aimed at the exploration of the application

of the dual quaternion to underactuated systems such as fixed-

wing or quad-rotor UAVs. However, there is little research on

the control of tilt-rotor multi-rotor UAVs based on the unit dual

quaternion. Tilt-rotor multi-rotor UAVs is the type of UAVs

that needs the unit dual quaternion more since they have the

characteristics of attitude-omnidirectionality.
The main contributions of this paper are summarized as

follows.

• In this paper, a novel PID feedback linearization tracker

based on the unit dual quaternion is proposed for the tilt-

rotor multi-rotor UAVs. In contrast to the PID control

scheme proposed by [19], the designed PID feedback

linearization tracker takes into account the characteristics

and dynamics of tilt-rotor multi-rotor UAVs. In compar-

ison to the PD feedback linearization tracker in [20],

the proposed PID tracker can realize real-time tracking

of the trajectory and attitude better and eliminate the

tracking error using the integral term to make the tilt-

rotor multi-rotor UAV system always stable. Different

from the controller for tilt-rotor multi-rotor UAV in [1],

the designed PID feedback linearization tracker based on

unit dual quaternion can eliminate all singularity cases

and discontinuities in the entire control system for the

tilt-rotor multi-rotor UAV.

• The control allocation algorithm is improved to solve the

discontinuities experienced in [2], which allows the tilt-

rotor multi-rotor UAV system to be more controllable.

The remainder of this paper is organized as follows. In

Section II, the mathematical preliminaries of the unit dual

quaternion are demonstrated, and the system modeling of the

dynamics and kinematics for tilt-rotor multi-rotor UAVs based

on unit dual quaternion is derived. Then, a novel PID feedback

linearization tracker based on the unit dual quaternion is

proposed in Section III. Section IV presents the simulation

results of the designed tracker. Finally, the conclusion, as well

as some discussions of the future work, is given in Section V.

II. DUAL QUATERNION-BASED SYSTEM DYNAMICS

A. Mathematical Preliminaries for Dual Quaternion
A regular dual number is expressed as ŝ = r + dε and

consists of two components: the real part r and the dual part

d, which can also be written as ŝ = [r, d]. ε is the dual operator,

a dimension unit vector perpendicular to the real number field

R, which satisfies ε2 = 0 [23]. A quaternion space, H, is

defined as the real algebra generated by the four elements, 1,

i, j, and k, which has the form of q = s+ (v1i+ v2j + v3k)
[24].

A dual quaternion is an algebraic form that combines

the dual number and the quaternion. It has the form of

q̂ = qr + qdε, where qr and qd are all quaternions. Each

dual quaternion is composed of eight components or two

quaternions. Compared with the unit quaternion which can

only denote rotation, the unit dual quaternion can describe

both translation and rotation at the same time.
Some fundamental arithmetic operations of dual quaternions

are shown here:

• Scalar Multiplication: sq̂ = sqr + sqdε
• Addition: q̂1 + q̂2 = qr1 + qr2 + (qd1 + qd2) ε
• Multiplication: q̂1 ◦ q̂2 = qr1 ◦ qr2 +

(qr1 ◦ qd2 + qd1 ◦ qr2) ε
• Conjugate: q̂∗ = q∗r + q∗dε
• Magnitude: ‖q̂‖2 = q̂ ◦ q̂∗

where the operator ‘◦’ is (dual) quaternion multiplication. The

unit condition for the dual quaternion is ‖q̂‖ = 1, which can be

also represented as q∗rqd + q∗dqr = 1. The dual quaternion can

be utilized to describe translation and rotation synchronously

in 3D space. A motion with a rotation q followed by a

translation pb or ps can be described by

q̂ = q +
ε

2
q ◦ pb = q +

ε

2
ps ◦ q (1)

where pb and ps are the translation motion in the body and

spatial frame, respectively.
The logarithmic mapping of the dual quaternion can be

represented as ln q̂ = 1
2

(
θ + εpb

)
, which is a dual vector

quaternion [25].
The adjoint transformation of dual quaternion is given as:

Adq̂V̂ = q̂ ◦ V̂ ◦ q̂−1 = q̂ ◦ V̂ ◦ q̂∗ (2)

Similar to the dual vector, the dual vector quaternion is the

dual quaternion with the scalar part equal to 0, denoted as

v̂ =
[
0̂, v̂

]
. And the dot-product of the dual vector quaternion

is defined as (3).

k̂ · v̂ = [0,Krvr] + ε [0,Kdvd] (3)
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Fig. 1. System modeling of the tilt-rotor multi-rotor UAV.

where Kr and Kd are 3× 3 diagonal matrices with diagonal

entries kr1, kr2, kr3 and kd1, kd2, kd3, respectively, denoted

as Kr = diag (kr1, kr2, kr3) and Kd = diag (kd1, kd2, kd3).
diag (·) creates a matrix whose diagonal elements are equal

to the corresponding diagonal elements (·).
B. System Dynamics Based on Dual Quaternion

The system dynamics of tilt-rotor multi-rotor UAVs as

shown in Fig. 1 is derived from the Newton-Euler approach

in this subsection, which can be described by its translational

and rotational dynamics, resulting in (4) [26].{
mp̈b = f
Jω̇b + ωb × (

Jωb
)
= τ

(4)

After applying q̂ = q+ ε
2q◦pb to describe the translation pb

after the rotation q, and denoting linear and angular velocities

of ṗb and ωb, respectively, the dynamics of a tilt-rotor multi-

rotor UAV expressed with the unit dual quaternion is shown

in (5), (6), and (7) [20].

˙̂q =
1

2
q̂ ◦ ξb (5)

ξb = ωb + ε
(
ṗb + ωb × pb

)
(6)

ξ̇b = F̂ + Û (7)

where F̂ and Û can be represented by (8) (a = −J−1ωb ×
Jωb). {

F̂ = a+ ε
(
a× pb + ωb × ṗb

)
Û = J−1τ + ε

(
f/m+ J−1τ × pb

) (8)

III. CONTROLLER DESIGN

The proposed control structure for a tilt-rotor multi-rotor

UAV is drawn in the block diagram shown in Fig. 2. For

the remainder of this section, the details of the controller

development are discussed.

A. Error Dynamics Based on Dual Quaternion

The left-invariant error is denoted as the tracking error be-

tween the actual configuration q̂ and the desired configuration

q̂d, as shown in (9), for the trajectory tracking [20].

q̂e = q̂∗d ◦ q̂ (9)

After some algebraic operations, ˙̂qe can be rewritten into a

form similar to (5) as follows:

˙̂qe =
1

2
q̂e ◦ ξbe (10)

where

ξbe = ξb −Adq̂∗e ξ
b
d (11)

ξbe can also be represented as (12)

ξbe =
[
0,ωb

e

]
+ ε

[
0, ṗb

e + ωb
e × pb

e

]
(12)

Differentiating (12) and also substituting ωb
e = θ̇b

e into it give

that

ξ̇be =
[
0, θ̈b

e

]
+ ε

[
0, p̈b

e + θ̈b
e × pb

e + θ̇b
e × ṗb

e

]
(13)

Also, differentiating (11) obtains that

ξ̇be = ξ̇b −Adq̂∗e ξ̇
b
d −

[
0̂, Adq̂∗e ξ

b
d × ξbe

]
(14)

B. Tracker Design and Stability Analysis

This work proposes a controller structure using the feedback

linearization principle:

Û = PID feedback

+ feedforward compensation
(15)

In (15), feedforward compensation is utilized to eliminate

nonlinearity [20], and PID feedback is to ensure stability,

eliminate the steady-state error, and reject the disturbance. In

this subsection, a stable feedback linearization tracker based

on this general structure is proposed.

Following this structure, a novel PID feedback linearization

tracker is designed based on the dual quaternion Lie-group

and its Lie-algebra associated with its logarithmic mapping.

The controller is shown in (16).

Û =− 2

(
k̂p · ln q̂e + k̂i ·

∫ t

0

ln q̂edt+ k̂d · (ln q̂e)′
)
− F̂

+Adq̂∗e ξ̇
b
d +

[
0̂, Adq̂∗e ξ

b
d × ξbe

]
(16)

where k̂p = kpr + εkpd = (kpr1, kpr2, kpr3)
T

+

ε (kpd1, kpd2, kpd3)
T

, k̂d = kdr + εkdd =

(kdr1, kdr2, kdr3)
T

+ ε (kdd1, kdd2, kdd3)
T

, and

k̂i = kir + εkid = (kir1, kir2, kir3)
T
+ ε (kid1, kid2, kid3)

T
.

The stability of the system controlled by the PID feedback

linearization tracker with respect to the desired position and

attitude for almost all initial states is proved in the remainder

of this subsection: Substituting (7) into (14) yields that

ξ̇be = F̂ −Adq̂∗e ξ̇
b
d −

[
0̂, Adq̂∗e ξ

b
d × ξbe

]
+ Û (17)

Combining (16) with (17) brings that

ξ̇be = −2

(
k̂p · ln q̂e + k̂i ·

∫ t

0

ln q̂edt+ k̂d · (ln q̂e)′
)

(18)

Therefore, in order to prove that the PID feedback linearization

tracker can enable the tilt-rotor multi-rotor UAV to move stably

along the desired position and attitude, we only need to prove

that closed-loop system error dynamics is converging as time

goes to infinity.
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Fig. 2. Control structure for a tilt-rotor multi-rotor UAV.

Applying the definition of the logarithmic mapping to (18)

obtains that

ξ̇be = −k̂p ·
(
θbe + εpbe

)− k̂i ·
∫ t

0

(
θbe + εpbe

)
dt

− k̂d ·
(
θ̇be + εṗbe

)
=

[
0,−Kprθ

b
e −Kir

∫ t

0

θb
edt−Kdrθ̇

b
e

]

+ ε

[
0,−Kpdp

b
e −Kid

∫ t

0

pb
edt−Kddṗ

b
e

]
(19)

where definitions of Kpr, Kir, Kdr, Kpd, Kid, and Kdd are

given in Section II-A.

Comparing (19) with (13) for both real part and dual part,

we can observe that

θ̈b
e = −Kprθ

b
e −Kir

∫ t

0

θb
edt−Kdrθ̇

b
e (20)

p̈b
e =−Kpdp

b
e −Kid

∫ t

0

pb
edt−Kddṗ

b
e

− θ̈b
e × pb

e − θ̇b
e × ṗb

e

(21)

Applying Laplace transformation to (20) yields that

s2Θb
e − sθb

e (0)− θ̇b
e (0)

= −KprΘ
b
e −

Kir

s
Θb

e + θb
e (0)− sKdrΘ

b
e

(22)

Rearranging (22), the expression for Θb
e can be gotten as

Θb
e = D−1

r

[
θb
e (0) s

2 +
(
θb
e (0) + θ̇b

e (0)
)
s
]

(23)

where Dr = s3I + s2Kdr + sKpr +Kir. According to (23),

the appropriate Kpr, Kir, and Kdr need to be found so that

each root of Dr = 0 is on the left half of the complex plane.

Therefore, the Routh-Hurwitz criterion for stability is used to

figure out the condition of the stability of the tilt-rotor multi-

rotor UAV system. The conditions for the stability are Kpr,

Kir, Kdr > 0 and KprKdr > Kir.

Then, we can make use of all forces from originated

rotational velocity and acceleration to define

F
(
θ̇b
e, θ̈

b
e

)
= θ̈b

e × pb
e + θ̇b

e × ṗb
e (24)

Combining the conclusion of (23) with the basis of the stability

of (16), we can obtain that when t → ∞, θb
e → 0, θ̇b

e → 0,

and θ̈b
e → 0, that is F

(
θ̇b
e, θ̈

b
e

)
→ 0. It means there is always

a situation that after a certain finite time, the value of the

function F
(
θ̇b
e, θ̈

b
e

)
becomes trivial. Therefore, (21) after this

moment can be degenerated to

p̈b
e = −Kpdp

b
e −Kid

∫ t

0

pb
edt−Kddṗ

b
e (25)

Equation (25) has the similar form as (20). Thus, the condi-

tions for the stability are similar as before, which are Kpd,

Kid, Kdd > 0 and KpdKdd > Kid. In conclusion, after

satisfying two conditions: Kpr, Kir, Kdr, Kpd, Kid, Kdd > 0
and KprKdr > Kir & KpdKdd > Kid, the tilt-rotor multi-

rotor UAV controlled by (16) is stable.

After the required Û is obtained through the PID feedback

linearization tracker, the desired forces and moments can be

derived as follows:{
fd =

[
Du(Û)− Re(Û)× pb

]
m

τd = J Re(Û)
(26)

where Re (·) and Du (·) are real and dual parts of the dual

vector (·), respectively.

Fig. 3. Arm rotation angles, αi, with respect to time t before

and after processed.

C. Control Allocation

The relationship between the body force and torque with

respect to squared rotor speeds, Ω̃, is shown in (27) [1].[
f
τ

]
= AΩ̃ A ∈ R

6×2n, Ω̃ ∈ R
2n (27)

where A is the static allocation matrix, n is the number of tilt

arms, αi are the rotor orientations, and the lateral and vertical

components of each squared rotor speed in the respective rotor

unit frame are represented by the elements of the vector Ω̃.

After the desired wrench–force fd and moment τd–is de-

rived in (26), actuator commands–rotor speeds (ωi) and rotor

orientations (αi)–need to be determined using the aerodynamic

model in (27). However, the system is underdetermined since

the static allocation matrix A is irreversible. In this case, one of

the generalized inverse matrices, the Moore-Penrose pseudo-

inverse (A†), can be utilized to calculate rotor speeds and

orientations. The Moore-Penrose pseudo-inverse can obtain the
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minimum norm solution of (27) as follows. This minimization

of the norm not only reduces power consumption but also has

characteristics of being more consistent and equally distributed

angular velocities [2].

Ω̃ = A†
[

fd

τd

]
, A† ∈ R

2n×6 (28)

Now, the value of each ingredient in Ω̃ is known. In this

case, it is convenient to obtain the desired rotor speeds ωi and

rotor orientations αi for each rotor, which can be done by

solving (29).⎧⎨
⎩ ωi =

4

√
Ω̃2

2i−1 + Ω̃2
2i

αi = atan2
(
Ω̃2i−1, Ω̃2i

) , i = 1, · · · , n (29)

where Ω̃(·) is the (·)th component of matrix Ω̃ and

atan2(X,Y ) represents the four-quadrant arctangent of the

elements of X and Y such that −π ≤ atan2(X,Y ) ≤ π.

Algorithm 1: Solve the singularity problem caused by

using atan2(X,Y ).

Δαi ← αt
i − αt−1

i ;

if Δαi ≥ C then
Δαi = sign

(
αt−1
i

) · (αt
i + αt−1

i

)
;

end
αt∗
i = α

(t−1)∗

i +Δαi

However, the singularity problem will occur if αi are

obtained directly based on the above method. The upper figure

of Fig. 3 shows the direct output curve of αi in certain

simulation cases, from which it can be observed that the values

of αi are discontinuous near π and −π. This is because the

range of function, atan2(X,Y ), is limited between −π and π.

The singularity of αi is detrimental for both the analysis of the

tilting process of the rotors and the execution of the motors.

A simple approach is demonstrated by the algorithm logic

diagram of its basic idea in Algorithm 1. In this algorithm,

αt
i is the input arm rotation angles αi at time t calculated

by atan2(X,Y ), αt∗
i is the output arm rotation angles after

processed, C is the maximum tolerance for the difference of

the arm rotation angles between each step, and sign (·) is

a function to judge the sign of (·). The αi obtained after

conducting the process of solving the singularity problem is

shown in the lower figure of Fig. 3.

IV. SIMULATION STUDIES

In this section, the PID feedback linearization tracker de-

signed in Section III is implemented with the tilt-rotor hex-

rotor UAV to simulate the position and attitude tracking

performance. Two cases are performed to demonstrate how

the PID feedback linearization tracker works for the trajectory

tracking and the robustness to the disturbance. The system

parameters of the tilt-rotor hex-rotor UAV in [1] are adopted

here, which are shown in the following tabular.

m = 4.27 kg J = diag (0.086, 0.088, 0.16) kg ·m2

d = 0.83 m cf = 7.1× 10−6 N · s2/rad2
lx = 0.415 m cd = 0.415 N · s2/rad2
l = 0.3 m β = 0.6154 · [1 − 1 1 − 1 1 − 1]
C = 5 γ = π

3 i− π
6 , i = 1, ..., 6

The control gains of the PID feedback linearization tracker

for the tilt-rotor hex-rotor UAV are listed in (30).⎧⎪⎨
⎪⎩
k̂p = [5, 5, 5]

T
+ ε [5, 5, 5]

T

k̂i = [0.1, 0.1, 0.1]
T
+ ε [0.1, 0.1, 0.1]

T

k̂d = [10, 10, 10]
T
+ ε [10, 10, 10]

T

(30)

A. Case I: Trajectory Tracking

In this subsection, to validate the effectiveness of the

proposed controller, the control objective is to drive the tilt-

rotor hex-rotor UAV to follow the predefined omnidirectional

trajectory. The desired motion trajectory and orientation are

designed as: the UAV rises 5 meters from the starting point

for t ∈ [0, 10) s and hovers from 10 to 20 seconds. After 20
second, the UAV is tracking along a three-dimensional figure-

∞ shape. The desired trajectory after 20 second is{
ps
d = 5 [sin 2T , sinT, 1− cos 2T ] m

θsd = [0, Tn]
(31)

(a) Attitude.

(b) Attitude error.

(c) Position.

(d) Position error.

Fig. 4. Case I. Trajectory tracking - solid lines are actual trajectory, dashed lines are desired trajectory, and four red × marks

represent the case where singularity occurs if the system is described by Euler angles (roll = π).
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(a) Attitude error (Case I). (b) Position error (Case I).

Fig. 5. Case I. Trajectory tracking - Tracking errors for the PD controller in [20].

Fig. 6. Motion trajectory of the tilt-rotor hex-rotor UAV.

where

T =

{
π
[
1− cos π

120 (t− 20)
]

t ∈ [20, 140) s

0 t ∈ [140,∞)
(32)

and n = [1, 2, 3]. The role of T here is to make the

acceleration and angular acceleration of the UAV be 0 when

t = 0 s, t = 10 s, t = 20 s and t = 140 s, thus leading the

entire trajectory to be smoother.

With the trajectory set up above, the results gotten from

the PID feedback linearization tracker are shown in Fig. 4.

Fig. 4 (a) demonstrates the development of four elements of

the actual orientation q with regard to time t. In this figure,

the four red × marks represent the case where singularity

occurs if the system is described by Euler angles. Fig. 4

(c) shows the development of three elements of the actual

position ps with regard to time t. From Fig. 4 (a) and (c),

it can be shown that the proposed controller is effective as it

can drive the tilt-rotor multi-rotor UAV to accurately follow

the desired omnidirectional trajectory. Besides, the singularity

occurs at the time t = 84.9 s if the system is described by

the Euler angle representation as marked in Fig. 4 (a). This

discontinuity will cause the phenomenon called unwinding,

where the feedback unnecessarily rotates the rigid body up to

a full rotation [27]. Hence, it can be seen that the controller

based on dual quaternion can continuously generate the proper

control commands without causing discontinuity problems.

The errors of attitude and position are shown in Fig. 4 (b)

and (d), respectively. To better show the superiority of the

proposed PID feedback linearization tracker, the comparison

with the PD controller in [20] is carried out:

Û =− 2k̂p · ln q̂e − k̂d · ξbe − F̂

+Adq̂∗e ξ̇
b
d +

[
0̂, Adq̂∗e ξ

b
d × ξbe

] (33)

The controller parameters are tuned to achieve the best

possible performance as k̂p = [2, 2, 2]
T

+ ε [2, 2, 2]
T

and

k̂d = [5, 5, 5]
T
+ ε [5, 5, 5]

T
and the simulation results are

plotted in Fig. 5. For the same case, the tracking error for the

PID tracker is smaller than that of the PD tracker. Furthermore,

the 3D motion trajectory in the aforementioned case for the

proposed PID controller is also plotted in Fig. 6. The statistics

of simulation results, including, maximum, mean and RMSE,

for both PID and PD controllers are shown in Table I.

B. Case II: Robustness to Disturbance

In this subsection, the robustness of our proposed PID

feedback linearization tracker to two types of disturbances, i.e.,

impulse disturbance, which simulates sudden impact, such as

bird strike and sinusoidal disturbance, which simulates contin-

uous environmental interference, such as wind, is tested. The

PD controller from [20] is also used for comparison purposes

without changing the controller parameter. The parameters of

the proposed controller are also the same as Case I. The UAV

is initially hovering at q̂ = [1, 0, 0, 0] + ε [0, 0, 0, 0] and the

impulse disturbance test is carried out by applying a distur-

bance force of 1 N ·m from 5 to 7 seconds and a disturbance

torque of 5 N from 20 to 22 seconds in each of x-, y-, and

z- directions. The sinusoidal disturbance test is performed by

applying a time-varying disturbance torque of sin 0.2πt N ·m
and a time-varying disturbance force of 5 sin 0.2πt N in each

of x-, y-, and z- directions from t = 0 s. The irregular

disturbance test is performed by applying a time-varying dis-

turbance torque of (0.2 sin 0.2πt+ 0.2 sin 0.3πt) N ·m and a

time-varying disturbance force of (sin 0.2πt+ sin 0.3πt) N in

each of x-, y-, and z- directions from t = 0 s. The simulation

results are shown in Fig. 7. From Figs. 7 (a) and (d), it can be

seen that the designed PID feedback linearization tracker can

enable tilt-rotor multi-rotor UAVs with strong robustness to

impulse disturbances. Even though it has a limitation that when

the system suffers from a force equivalent to 1.2 times the self-

gravity of the system, the system will diverge, the overall con-

trollability and stability of the system are effective. Moreover,

when the system is subjected to the time-varying disturbance,

the system controlled by PID feedback linearization tracker

has better robustness than that of PD tracker, as shown in Fig.

8. The statistics of the simulation results, including, maximum,

mean and RMSE are shown in Table. I.

V. CONCLUSIONS

In this paper, a novel PID feedback linearization tracker

based on the unit dual quaternion for tilt-rotor multi-rotor
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TABLE I. Comparison between PID and PD tracker: maximum represents the maximum value of error, mean indicates the

average value of the overall error, and RMSE is the root mean square error.

Case Error parameter
PID tracker PD tracker

Position, (m) Attitude, (rad) Position, (m) Attitude, (rad)

I
Maximum 0.0694 0.0050 0.1683 0.0138
Mean 0.0102 0.0008 0.0532 0.0466
RMSE 0.0166 0.0015 0.0839 0.0656

II (impulse)
Maximum 0.1686 2.1360 0.2135 3.1120
Mean 0.0129 0.1164 0.0123 0.1002
RMSE 0.0358 0.3431 0.0413 0.3823

II (regular)
Maximum 0.0525 0.2229 0.0743 0.6345
Mean 0.0062 0.0641 0.0183 0.2278
RMSE 0.0082 0.0799 0.0168 0.2625

II (irregular)
Maximum 0.0098 0.0235 0.0722 0.2792
Mean 0.0000 0.0001 0.0005 0.0011
RMSE 0.0049 0.0106 0.0316 0.0826

(a) Attitude & attitude error.

(b) Attitude & attitude error.

(c) Attitude & attitude error.

(d) Position & position error.

(e) Position & position error.

(f) Position & position error.

Fig. 7. Case II. Robustness to disturbance. First row: impulse disturbance; second row: sinusoidal disturbance; third row:

irregular disturbance.

UAVs has been designed. This PID feedback linearization

tracker can couple kinematics and dynamics analysis of the

tilt-rotor multi-rotor UAV platform for both translational and

rotational motion and eliminate singularity problems existing

on the Euler angle. After proving the stability of the PID

feedback linearization tracker we designed, we utilized it on

the tilt-rotor hex-rotor UAV platform to verify the feasibility

and superiority of this tracker. The results exemplified that

this PID feedback linearized tracker exploits the mathematical

simplicity of the unit dual quaternion and its exponential

mapping to control stably tilt-rotor multi-rotor UAV using

simple state feedback. In the future, the control allocation

needs to be enhanced under some special cases and motor

control also needs to be designed. After these, the PID

feedback linearization tracker will be applied to the actual tilt-

rotor multi-rotor UAV platform to bring our project to further

fruition.
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