Advanced Robotics

ENGG5402 Spring 2023

Fei Chen

Mid-Terms Revision
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1. Find the rotation matrix corresponding to the XYZ convention.

If you recall......

RRPY(l/): 0, ¢) — Rz(Qb)RY(H)RX(l/J)

Where,

/ lcosqb —sing 0

Rz(¢) =|singp cos¢p O
0 0 1

cos@ 0 sinf \
Ry (0) = 0 1 0
—sinfd 0 cos#@

1 0 0 ]

RX(t,b):lO cosy —siny
0 siny cosy
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Find the rotation matrix corresponding to the XYZ convention.

RRPY(lp: 0, ¢) — Rz(fp)RY(H)RX(l/J)

The product of R;(¢), Ry(8) and Rx () gives,

cpcl  cpsOsyp — sdpcy  cpsOcy + spsy]
Repy(Y,0,¢) = |spcO  spsOsyY + cpcyy  spsOcy — chpsy
| —s0 cOsy cOcy
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2. Find the Euler Angles corresponding to the XYZ convention.

/h‘ the rotation matrix is defined as: \
1 T2 T3
1 Ty 123

31 T32 133

The set of Euler angles XYZ are given by:

¢ = atan2{r,,/cO,—1r;,/c6}

\ Y = atan 2 {r3,/c0,133/c6} /
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Axis/angle Representation

Note: from Week 2, slide no.17

A Zp
RFol-_ 1 R(0,7) = CR,(6)CT
\\ﬁw
RF; - c~1=Cch r C=[Tl S T']
1 n, s, r denotes the columns of a rotation matrix

Prove the equations in green frame

| CCl =nn' +ssT +rrf =1
sequence of three rotations that i 1

0O - n
superpose frame RF, to frame T
RF, sn’ —ns’ = Ty 0 —Tx| = S(T)




-]

W

—J

S—

?\ Axis/angle Representation
]

Rotation Matrix Orthonormal Condition (det = +1):

* Orthogonality:
RT — R—l
The column vectors of R are mutually
orthogonal as they represent unit vectors
of an orthonormal frame

-~

\x’Tx’ =1,

Unit Normal

The product of the rotation matrix and its
transpose has the following properties

The rotation matrix satisfies the orthonormal condition
IT .1

y'x
vy’
yITZ/

(x'Tx!

RTR = [x'Ty’

_X,TZ’

IT 17

z'"x 1 0 0
ZTy'l=lo 1 o0
2Tz lo 0 1
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Prove: CCT =nn" +ssT +rrf =1

nT
CCT=[n S T]° ST
TT

Xx  Yx Zx Xx Xy Xz
= lxy Vy Zy] Yy Yy Yz
Xz Yz 2z Zx 2y 2z _
x5z +yy + z5 XXy + ViVy + 252y XyXy + ViVy + 242,
= |xyxy + Yy Vx + 2y 2 x5 +yy + z; XyXy + VyYy + ZyZ,
XXy F VeVt Z2Zx XXyt YoYy t 2,2y X7+ Y+ 2
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Prove: CCT =nn" +ssT +rrf =1

Apply rotation matrix conditions:

/The unit normal condition The Orthogonality Ci ondition\
xz+yy +z7 =1 * XyXy + YyVx +2yz, =0
xy +yy +2y =1 Y XXy VgVx + 22 = 0

\' XZZ+yZZ+ZZZ=1 * XXy T VYy t 2,2, =0

/




&\ Axis/angle Representation

0 -1, n
Prove: sn" —ns' =|nr, 0 —nr|=50)
7y T 0

[ Vx Xx
SnT — TlST = yy] : [xxxyxz] — [XY] ) [nyyyz]
| Yz Xz

0 Yxxy _ xxyy VxXz — xxyz_
= | VyXx — XyVx 0 VyXz — XyYz
VzXx — XzVx  VzXy — Xz)Yy 0

Apply the Orthogonality condition:
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0 -n n
Prove: sn" —ns' =1, 0 —1n|=S)
-1, I 0
¢l =c¢71
Yy Zy Zy Yx Yx Zx
- X X X Yz Zg Zz Yy Yy Zy
T x Y z 41 Zy Xyl | Xx Zx| |Zx Xx
c' = |Vx yy Yz ¢ _det(c) Zz Xz Xz Zz Zy Xy
Zx Zy | 44| Xy Yyl [Yx Xx| [*x yx|
Xz Yzl 1Yz XzI |[Xy Yy

det(c) is +1 when the
frame is right handed
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The same applies for z, and z,.
Zy = YxXz — Yz Xx

Zy = XyYz — Xz)y

0 yxxy T xxyy VxXz — xxyz-
0 VyXz — Xy Yz

snl —nst = |yyXx — Xy Y
0

| Yz Xx — Xz Yx Yny T xz)’y

Substitute zy, z,, z, , ] i
0 —Z; Zy
snl —nst = Zz 0 TZx

Since the r axis is aligned to the z axis at this point, the z-axis and r-axis are the same.

2 X
G Brraxt e e TR




Hence,
0 - n
snl —ns' =, 0 -n|=5w
o e 0
Where S(r) is the skew symmetric matrix of  x, sequence of three rotations
. that superpose frame RF, to
axis . frame RF;

X1
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[ X0 X1 ~ X2
1 T ba, jointi | a« | a | d | 6

= . “;’ a, =1 ) 1 0 a, 0 q1
3 X3 2 T a, 0 q>

-
[j 3 0 0 d; 0
™ 4 0 0 d, 04

2/
2] /
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1A2 — SOZ
0
3A4 —
S12—4
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Homework 1 — Question 1

dy
14

o = O O
S

A1C1 + AyCq7]
a1S1 T 2517
—d3z —dy

1 ]




rse of a homogeneous transformation

Prove the equations in the red frame starting from the green
frame

Bp=Bpga+ BR,p = —ARE “pap + “RE “p

| |

BTA (ATB)_l




o Basic Definitions

Homogeneous transformations

relationship

A A 1 A B _
Ap — [ _1_17] — [ R_B__.i__BAB] [ Pl — ATB Ap ¢ linear
T |

4 X 4 matrix of
homogeneous transformation

vector in homogeneous
coordinates




Prove RS(w)R! = S(Rw)

LetR=[x ¥y z]'

RS(w)R" = |yT|S(w)[x ¥ Z]

xTS(w)x x'S(w)y x'S(w)z
= [y"S(w)x y'S(w)y y"'S(w)z
zIS(w)x z'S(w)y z'S(w)z)

X' (wXxx) xT(wxy) xT(wx2)]

Y (wxx) y(wxy) y'(wxz)
zZI(wxx) zl(wxy) z'(wXz)]




RS(w)RT =

There was an error
during the review
class, it is now
corrected

xT(wxx) xT(wXx7y)
Yy (wxx) y'(wXy)
zT(wxx) z'(wXxy)
wl'(xxx) wl(yxx)
w'(xxy) o' (yxy)
wl(xx2z) wl'(yXx2z)
0 —wl'z o'y
w'z 0 —wlx
—wly  wlx 0

{g\“\, Prove RS(w)R! = S(Rw)

xT'(w X 2)]
y"'(w X 2)
zl'(w X 2).

w!(z X x)]
wl(z Xy)
wl(z X z)|




1N Compute the Jacobians
i

Compute the Geometric Jacobian

Recall the Geometric Jacobian

method:
_JzoX (P —Dpo) z1 2
](q) — [ ZO O O
Where:
0 —d3s;
Do = [0], p=| dsc
0 d,

Front View Top View




N, Compute the Jacobian

Compute the Geometric Jacobian

— The z-axis of each joint can be derived as,
% | s

O _Sl
Zo = z1 = |0], Z; =1 G
1 0

Hence, the geometric Jacobian is given as,

—dzc; 0 —sq]
¥, / —dzs; 0 ¢
] = 0 1 O
/) 0 0 0
0 0 O
1 0 O -
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1R Compute the Jacobian during the review
1V class, it is now

Compute the Analytical Jacobian

corrected

v

~ Px = —d3S; Dx = _d3C1.9.1 —_d351
py = d3Cq Py = d3s16; +dscq
| d, p; = d; b, =d,
¢ — 61 ¢ — 91
=2 The analytical Jacobian is then,
—dyc; 0 —sq]
//" ] — _d351 O C1
0 1 0
1 0 O




Computing the Singularity

2=
EENe
h - f

First consider the linear velocity component of the Jacobian,

b& —dsc; 0 —sy
] — _d351 0 C1
0 1 0

H—J]l &

| d.

Singularity occurs when the robot loses rank, and its
determinant equals to zero.

0 —d 0
det(J,) = —dyc; ‘1 %1‘ _ 0—51‘ ;Sl 1‘
% / = d3(c1* +5,%) = ds
s

Hence, the singularity occurs when d; = 0. Thus, singularity
occurs when the end effector is located along Joint 1 axis




5, Singularity Analysis
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Here is a visual representation. When d; = 0, the linear Jacobian
becomes
O O _Sl O _Sl
J=10 0 ¢ [=]0 ¢
0 1 0 1 0

The matrix has clearly lost rank, and is no longer a square matrix.
The null space, range and rank are as follows,

o A

/] p() =3 —dim(N())) =2
p(J) <3
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L\y&, Find the forces applied to joint 1
I3

. E my, Let m; ,m;, be the masses of the two links, and
B "’E] My, My, the masses of the rotors of the two
joint motors. Also let I, ,I,,,,be the moments
my, of inertia with respect to the axes of the two
20 A rotors.. The motors are located on the jo.int
x axes with centers of mass located at the origins
a | %»ﬂ of the respective frames.
my,,
M(q)4 +c(q,q) + g(q) = u
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*\\ Find the forces applied to joint 1

First, compute the kinetic energy.

dp
: Ty 1 . 2 )
Mhms ==> - I = Emlldl +§n72~11m1d1
1
1 .2 1 .2 .2
my, Ty = Emlzdz + Enrzlmzdz + > (myy + myp)dy
20 A :
Zq Apply the following formula
4| it 1
M, T'=7q M(q)q
Iy

1. d
J777777 TJ = 5 ldi  dy1M(q) [d:]




The robot does not have a revolute joint, hence there is no I, or I,

my, component. The inertia matrix is then given as,
My,
M= [Tt Mmz + N2y Iy +my, 0
0 My + N7y Iy
m;l
Zo A As the inertia matrix is constant (there is no d, or d, terms), there is
. no Coriolis or centrifugal forces. If there were, the computation of
d, l ‘ o0 Christoffel symbols are as follows...
m
, ™ 1{oM, [(oM,\ oM
“D=3\3¢ \30) "oa
y q q dk
e L _(alqd)
x cwn= (00




The gravitational terms can be denoted as,
Sincegy=[0 0 -—g]7,

g1=(my+mpy,+mp)g g, =0

In the absence of friction and tip contact forces, equation of motion
for Joint 1 s,

M(q)G+c(q,q9)+9(@) =u

(M1 + My + ki Ly + myp)dy + (Mg + My +myp)g = uy

You can try to calculate u,!



