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Rotation Matrix

1. Find the rotation matrix corresponding to the XYZ convention.

If you recall……

𝑅𝑅𝑃𝑌 𝜓, 𝜃, 𝜙 = 𝑅𝑍 𝜙 𝑅𝑌 𝜃 𝑅𝑋(𝜓)

𝑅𝑋(𝜓) =
1 0 0
0 cos𝜓 −sin𝜓
0 sin𝜓 cos𝜓

𝑅𝑌(𝜃) =
cos 𝜃 0 sin 𝜃
0 1 0

− sin 𝜃 0 cos 𝜃

𝑅𝑍(𝜙) =
cos𝜙 −sin𝜙 0
sin𝜙 cos 𝜙 0
0 0 1

Where,
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Rotation Matrix

𝑅𝑅𝑃𝑌 𝜓, 𝜃, 𝜙 = 𝑅𝑍 𝜙 𝑅𝑌 𝜃 𝑅𝑋(𝜓)

The product of 𝑅𝑍 𝜙 , 𝑅𝑌 𝜃 and 𝑅𝑋 𝜓 gives, 

𝑅𝑅𝑃𝑌 𝜓, 𝜃, 𝜙 =

𝑐𝜙𝑐𝜃 𝑐𝜙𝑠𝜃𝑠𝜓 − 𝑠𝜙𝑐𝜓 𝑐𝜙𝑠𝜃𝑐𝜓 + 𝑠𝜙𝑠𝜓
𝑠𝜙𝑐𝜃 𝑠𝜙𝑠𝜃𝑠𝜓 + 𝑐𝜙𝑐𝜓 𝑠𝜙𝑠𝜃𝑐𝜓 − 𝑐𝜙𝑠𝜓
−𝑠𝜃 𝑐𝜃𝑠𝜓 𝑐𝜃𝑐𝜓

1. Find the rotation matrix corresponding to the XYZ convention. 
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2. Find the Euler Angles corresponding to the XYZ convention.

Rotation Matrix

𝑟11 𝑟12 𝑟13
𝑟21 𝑟22 𝑟23
𝑟31 𝑟32 𝑟33

If the rotation matrix is defined as:

The set of Euler angles XYZ are given by:

𝜃 = atan 2 −𝑟31, ± 𝑟32
2 + 𝑟33

2

𝜓 = atan 2 𝑟32/𝑐𝜃, 𝑟33/𝑐𝜃

𝜙 = atan 2 𝑟21/𝑐𝜃,−𝑟11/𝑐𝜃
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Axis/angle Representation

P r o v e t h e e q u a t i o n s i n g r e e n f r a m e

𝑅(𝜃, 𝒓) = 𝐶𝑅𝑧(𝜃)𝐶
𝑇

𝐶𝐶𝑇 = 𝒏𝒏𝑇 + 𝒔𝒔𝑇 + 𝒓𝒓𝑇 = 𝐼

s𝒏𝑇 − 𝒏s𝑇 =

0 −𝑟𝑧 𝑟𝑦
𝑟𝑧 0 −𝑟𝑥
−𝑟𝑦 𝑟𝑥 0

= 𝑆(𝒓)

1

2

3
𝑟

𝒙1

𝒙0

𝑅𝐹0

𝒚1𝒛1

𝑅𝐹1

𝒚0

𝒛0

𝑅𝑍(𝜃)

𝐶−1 = 𝐶𝑇

sequence of three rotations that 

superpose frame 𝑅𝐹0 to frame 

𝑅𝐹1

𝐶 = 𝑛 𝑠 𝑟

𝑛, s, r denotes the columns of a rotation matrix

Note: from Week 2, slide no.17
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Axis/angle Representation

• Orthogonality:

𝑅𝑇 = 𝑅−1

The column vectors of R are mutually 
orthogonal as they represent unit vectors 

of an orthonormal frame

• Unit Normal

𝑇ℎ𝑒 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑚𝑎𝑡𝑟𝑖𝑥 𝑎𝑛𝑑 𝑖𝑡𝑠
𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑠𝑒 ℎ𝑎𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠

𝑇ℎ𝑒 𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛 𝑚𝑎𝑡𝑟𝑖𝑥 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑜𝑟𝑡ℎ𝑜𝑛𝑜𝑟𝑚𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛

𝑅𝑇𝑅 =

𝑥′𝑇𝑥′ 𝑦′𝑇𝑥′ 𝑧′𝑇𝑥′

𝑥′𝑇𝑦′ 𝑦′𝑇𝑦′ 𝑧′𝑇𝑦′

𝑥′𝑇𝑧′ 𝑦′𝑇𝑧′ 𝑧′𝑇𝑧′
=

1 0 0
0 1 0
0 0 1

Rotation Matrix Orthonormal Condition (det = +1):

𝑥′𝑇𝑦′ = 0, 𝑦′𝑇𝑧′ = 0, 𝑧′𝑇𝑥′ = 0 𝑥′𝑇𝑥′ = 1 , 𝑦′𝑇𝑦′ = 1, 𝑧′𝑇𝑧′ = 1
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Axis/angle Representation

𝐶𝐶𝑇 = 𝒏 𝒔 𝒓 ·
𝒏𝑻

𝒔𝑻

𝒓𝑻

=

𝑥𝑥 𝑦𝑥 𝑧𝑥
𝑥𝑦 𝑦𝑦 𝑧𝑦
𝑥𝑧 𝑦𝑧 𝑧𝑧

·

𝑥𝑥 𝑥𝑦 𝑥𝑧
𝑦𝑦 𝑦𝑦 𝑦𝑧
𝑧𝑥 𝑧𝑦 𝑧𝑧

=

𝑥𝑥
2 + 𝑦𝑦

2 + 𝑧𝑧
2 𝑥𝑥𝑥𝑦 + 𝑦𝑥𝑦𝑦 + 𝑧𝑥𝑧𝑦 𝑥𝑥𝑥𝑧 + 𝑦𝑥𝑦𝑧 + 𝑧𝑥𝑧𝑧

𝑥𝑦𝑥𝑥 + 𝑦𝑦𝑦𝑥 + 𝑧𝑦𝑧𝑥 𝑥𝑦
2 + 𝑦𝑦

2 + 𝑧𝑦
2 𝑥𝑦𝑥𝑧 + 𝑦𝑦𝑦𝑧 + 𝑧𝑦𝑧𝑧

𝑥𝑧𝑥𝑥 + 𝑦𝑧𝑦𝑥 + 𝑧𝑧𝑧𝑥 𝑥𝑧𝑥𝑦 + 𝑦𝑧𝑦𝑦 + 𝑧𝑧𝑧𝑦 𝑥𝑧
2 + 𝑦𝑧

2 + 𝑧𝑧
2

𝑃𝑟𝑜𝑣𝑒: 𝐶𝐶𝑇 = 𝒏𝒏𝑇 + 𝒔𝒔𝑇 + 𝒓𝒓𝑇 = 𝐼
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Axis/angle Representation

𝑃𝑟𝑜𝑣𝑒: 𝐶𝐶𝑇 = 𝒏𝒏𝑇 + 𝒔𝒔𝑇 + 𝒓𝒓𝑇 = 𝐼

The unit normal condition

• 𝑥𝑥
2 + 𝑦𝑦

2 + 𝑧𝑧
2 = 1

• 𝑥𝑦
2 + 𝑦𝑦

2 + 𝑧𝑦
2 = 1

• 𝑥𝑧
2 + 𝑦𝑧

2 + 𝑧𝑧
2 = 1

Apply rotation matrix conditions:

The Orthogonality Condition

• 𝑥𝑦𝑥𝑥 + 𝑦𝑦𝑦𝑥 + 𝑧𝑦𝑧𝑥 = 0

• 𝑥𝑧𝑥𝑥 + 𝑦𝑧𝑦𝑥 + 𝑧𝑧𝑧𝑥 = 0
• 𝑥𝑧𝑥𝑦 + 𝑦𝑧𝑦𝑦 + 𝑧𝑧𝑧𝑦 = 0

𝐶𝐶𝑇 =
1 0 0
0 1 0
0 0 1

= 𝐼
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Axis/angle Representation

s𝑛𝑇 − 𝑛s𝑇 =

𝑦𝑥
𝑦𝑦
𝑦𝑧

· 𝑥𝑥𝑥𝑦𝑥𝑧 −

𝑥𝑥
𝑥𝑦
𝑥𝑧

· 𝑦𝑥𝑦𝑦𝑦𝑧

Prove: s𝒏𝑇 − 𝒏s𝑇 =

0 −𝑟𝑧 𝑟𝑦
𝑟𝑧 0 −𝑟𝑥
−𝑟𝑦 𝑟𝑥 0

= 𝑆(𝒓)

𝑐−1 = 𝑐𝑇

Apply the Orthogonality condition:

=

0 𝑦𝑥𝑥𝑦 − 𝑥𝑥𝑦𝑦 𝑦𝑥𝑥𝑧 − 𝑥𝑥𝑦𝑧
𝑦𝑦𝑥𝑥 − 𝑥𝑦𝑦𝑥 0 𝑦𝑦𝑥𝑧 − 𝑥𝑦𝑦𝑧
𝑦𝑧𝑥𝑥 − 𝑥𝑧𝑦𝑥 𝑦𝑧𝑥𝑦 − 𝑥𝑧𝑦𝑦 0
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𝑐𝑇 =

𝑥𝑥 𝑥𝑦 𝑥𝑧
𝑦𝑥 𝑦𝑦 𝑦𝑧
𝑧𝑥 𝑧𝑦 𝑧𝑧

Axis/angle Representation

Prove: s𝒏𝑇 − 𝒏s𝑇 =

0 −𝑟𝑧 𝑟𝑦
𝑟𝑧 0 −𝑟𝑥
−𝑟𝑦 𝑟𝑥 0

= 𝑆(𝒓)

𝑐−1 =
1

det(𝑐)

𝑦𝑦 𝑧𝑦
𝑦𝑧 𝑧𝑧

𝑧𝑥 𝑦𝑥
𝑧𝑧 𝑦𝑧

𝑦𝑥 𝑧𝑥
𝑦𝑦 𝑧𝑦

𝑧𝑦 𝑥𝑦
𝑧𝑧 𝑥𝑧

𝑥𝑥 𝑧𝑥
𝑥𝑧 𝑧𝑧

𝑧𝑥 𝑥𝑥
𝑧𝑦 𝑥𝑦

𝑥𝑦 𝑦𝑦
𝑥𝑧 𝑦𝑧

𝑦𝑥 𝑥𝑥
𝑦𝑧 𝑥𝑧

𝑥𝑥 𝑦𝑥
𝑥𝑦 𝑦𝑦

𝑐𝑇 = 𝑐−1

𝑧𝑧 =
1

det(𝑐)

𝑥𝑥 𝑦𝑥
𝑥𝑦 𝑦𝑦

= 𝑥𝑥𝑦𝑦 − 𝑥𝑦𝑦𝑥
det(c) is +1 when the 

frame is right handed
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Axis/angle Representation

Substitute 𝑧𝑥, 𝑧𝑦, 𝑧𝑧 ,

𝑠𝑛𝑇 − 𝑛s𝑇 =

0 −𝑧𝑧 𝑧𝑦
𝑧𝑧 0 −𝑧𝑥
−𝑧𝑦 𝑧𝑥 0

Since the r axis is aligned to the z axis at this point, the z-axis and r-axis are the same. 

The same applies for 𝑧𝑦 and 𝑧𝑥.

𝑧𝑦 = 𝑦𝑥𝑥𝑧 − 𝑦𝑧𝑥𝑥

𝑧𝑥 = 𝑥𝑦𝑦𝑧 − 𝑥𝑧𝑦𝑦

s𝑛𝑇 − 𝑛s𝑇 =

0 𝑦𝑥𝑥𝑦 − 𝑥𝑥𝑦𝑦 𝑦𝑥𝑥𝑧 − 𝑥𝑥𝑦𝑧
𝑦𝑦𝑥𝑥 − 𝑥𝑦𝑦𝑥 0 𝑦𝑦𝑥𝑧 − 𝑥𝑦𝑦𝑧
𝑦𝑧𝑥𝑥 − 𝑥𝑧𝑦𝑥 𝑦𝑧𝑥𝑦 − 𝑥𝑧𝑦𝑦 0
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Axis/angle Representation

1

2

3
𝑟

𝒙1

𝒙0

𝑅𝐹0

𝒚1𝒛1

𝑅𝐹1

𝒚0

𝒛0

𝑅𝑍(𝜃)

𝐶−1 = 𝐶𝑇

sequence of three rotations 

that superpose frame 𝑅𝐹0 to 

frame 𝑅𝐹1

Hence,

𝒔𝒏𝑇 − 𝒏s𝑇 =

0 −𝑟𝑧 𝑟𝑦
𝑟𝑧 0 −𝑟𝑥
−𝑟𝑦 𝑟𝑥 0

= 𝑆(𝒓)

Where 𝑆(𝒓) is the skew symmetric matrix of 

axis r.
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Homework 1 – Question 1

𝒋𝒐𝒊𝒏𝒕 𝒊 𝜶 𝒂 𝒅 𝜽

1 0 𝑎1 𝑞1

2 𝜋 𝑎2 0 𝑞2

3 0 0 𝑑3 0

4 0 0 𝑑4 𝑞4

𝑥0 𝑥1

𝑥2

𝑥3

𝑎1 𝑎2

𝛼2 = 𝜋

𝑑4
𝜋

𝑑1

0
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Homework 1 – Question 1

𝒋𝒐𝒊𝒏𝒕 𝒊 𝜶 𝒂 𝒅 𝜽

1 0 𝑎1 0 𝑞1

2 𝜋 𝑎2 0 𝑞2

3 0 0 𝑑3 0

4 0 0 𝑑4 𝑞4

𝑥0 𝑥1 𝑥2

𝑥3

𝑎1 𝑎2

𝛼2 = 𝜋

𝑑4
𝜋

0
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Homework 1 – Question 1

𝒋𝒐𝒊𝒏𝒕 𝒊 𝜶 𝒂 𝒅 𝜽

1 0 𝑎1 0 𝑞1

2 𝜋 𝑎2 0 𝑞2

3 0 0 𝑑3 0

4 0 0 𝑑4 𝑞4

𝑥0 𝑥1 𝑥2

𝑥3

𝑎1 𝑎2

𝛼2 = 𝜋

𝑑4
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Homework 1 – Question 1

.0 𝐴1 =

𝑐1 −𝑠1 0 𝑎1𝑐1
𝑠1 𝑐1 0 𝑎1𝑠1
0 0 1 0
0 0 0 1

.1 𝐴2 =

𝑐2 𝑠2 0 𝑎2𝑐2
𝑠2 −𝑐2 0 𝑎2𝑠2
0 0 −1 0
0 0 0 1

.3 𝐴4 =

𝑐4 −𝑠4 0 0
𝑠4 𝑐4 0 0
0 0 1 𝑑4
0 0 0 1

.2 𝐴3 =

1 0 0 0
0 1 0 0
0 0 1 𝑑3
0 0 0 1

.0 𝑇4 =.
0 𝐴1.

1 𝐴2.
3 𝐴4.

3 𝐴4 =

𝑐12−4 𝑠12−4 0 𝑎1𝑐1 + 𝑎2𝑐12
𝑠12−4 −𝑐12−4 0 𝑎1𝑠1 + 𝑎2𝑠12
0 0 −1 −𝑑3 − 𝑑4
0 0 0 1
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Inverse of a homogeneous transformation

𝐵𝒑 = 𝐵 𝒑𝐵𝐴 +
𝐵𝑅𝐴

𝐴𝒑 = −𝐴𝑅𝐵
𝑇 𝐴𝒑𝐴𝐵 +

𝐴𝑅𝐵
𝑇 𝐴𝒑

𝐵𝑇𝐴
𝐴𝑇𝐵

−1

𝐵𝑅𝐴
𝐵𝒑𝐵𝐴

0 0 0 1
=

𝐴𝑅𝐵
𝑇 −𝐴𝑅𝐵

𝑇 𝐴𝒑𝐴𝐵
0 0 0 1

Prove the equations in the red frame starting from the green 

frame
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Basic Definitions 
H o m o g e n e o u s  t r a n s f o r m a t i o n s

linear  

relationship

4 × 4 matrix of  

homogeneous transformation

vector in homogeneous  

coordinates

𝐴𝒑 =
𝐴𝒑
1

=
𝐴𝑅𝐵

𝐴𝒑𝐴𝐵
𝟎𝑇 1

𝐵𝒑
1

= 𝐴 𝑇𝐵
𝐴𝒑

𝑃
𝑅𝐹𝐵

𝐴𝒑

𝑂𝐴𝑅𝐹𝐴

𝑂𝐵
𝐴𝒑𝐴𝐵

𝐵𝒑
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Prove 𝑹𝑺 𝝎 𝑹𝑻 = 𝑺(𝑹𝝎)

𝐿𝑒𝑡 𝑅 = 𝑥 𝑦 𝑧 𝑇

𝑅𝑆 𝜔 𝑅 𝑇 =
𝑥 𝑇

𝑦 𝑇

𝑧 𝑇

𝑆 𝜔 𝑥 𝑦 𝑧

=

𝑥𝑇𝑆 𝜔 𝑥 𝑥𝑇𝑆 𝜔 𝑦 𝑥𝑇𝑆 𝜔 𝑧

𝑦𝑇𝑆 𝜔 𝑥 𝑦𝑇𝑆 𝜔 𝑦 𝑦𝑇𝑆 𝜔 𝑧

𝑧𝑇𝑆 𝜔 𝑥 𝑧𝑇𝑆 𝜔 𝑦 𝑧𝑇𝑆 𝜔 𝑧

=

𝑥𝑇(𝜔 × 𝑥) 𝑥𝑇(𝜔 × 𝑦) 𝑥𝑇(𝜔 × 𝑧)

𝑦𝑇(𝜔 × 𝑥) 𝑦𝑇(𝜔 × 𝑦) 𝑦𝑇(𝜔 × 𝑧)

𝑧𝑇(𝜔 × 𝑥) 𝑧𝑇(𝜔 × 𝑦) 𝑧𝑇(𝜔 × 𝑧)
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Prove 𝑹𝑺 𝝎 𝑹𝑻 = 𝑺(𝑹𝝎)

𝑅𝑆 𝜔 𝑅 𝑇 =

𝑥𝑇(𝜔 × 𝑥) 𝑥𝑇(𝜔 × 𝑦) 𝑥𝑇(𝜔 × 𝑧)

𝑦𝑇(𝜔 × 𝑥) 𝑦𝑇(𝜔 × 𝑦) 𝑦𝑇(𝜔 × 𝑧)

𝑧𝑇(𝜔 × 𝑥) 𝑧𝑇(𝜔 × 𝑦) 𝑧𝑇(𝜔 × 𝑧)

=

𝜔𝑇(𝑥 × 𝑥) 𝜔𝑇(𝑦 × 𝑥) 𝜔𝑇(𝑧 × 𝑥)

𝜔𝑇(𝑥 × 𝑦) 𝜔𝑇(𝑦 × 𝑦) 𝜔𝑇(𝑧 × 𝑦)

𝜔𝑇(𝑥 × 𝑧) 𝜔𝑇(𝑦 × 𝑧) 𝜔𝑇(𝑧 × 𝑧)

=
0 −𝜔𝑇𝑧 𝜔𝑇𝑦

𝜔𝑇𝑧 0 −𝜔𝑇𝑥
−𝜔𝑇𝑦 𝜔𝑇𝑥 0

= 𝑆(𝑅𝜔)

There was an error 

during the review 

class, it is now 

corrected
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Compute the Jacobians

Compute the Geometric Jacobian

𝐽 𝑞 =
𝑧0 × (𝑝 − 𝑝0) 𝑧1 𝑧2

𝑧0 0 0

Where:  

𝑝0 =
0
0
0
, 𝑝 =

−𝑑3𝑠1
𝑑3𝑐1
𝑑2

Front View

𝜃1

𝑑3

Top View

Recall the Geometric Jacobian 

method:  

.

.

.

.
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Compute the Jacobian

.

.

.

.

𝐽 =

−𝑑3𝑐1 0 −𝑠1
−𝑑3𝑠1 0 𝑐1
0 1 0
0 0 0
0 0 0
1 0 0

Hence, the geometric Jacobian is given as,

𝑧0 = 𝑧1 =
0
0
1
, 𝑧2 =

−𝑠1
𝑐1
0

The z-axis of each joint can be derived as,

Compute the Geometric Jacobian
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Compute the Jacobian

.

.

.

.
𝑝𝑥 = −𝑑3𝑠1
𝑝𝑦 = 𝑑3𝑐1
𝑝𝑧 = 𝑑2

𝜙 = 𝜃1

ሶ𝑝𝑥 = −𝑑3𝑐1 ሶ𝜃1 − ሶ𝑑3𝑠1
ሶ𝑝𝑦 = 𝑑3𝑠1 ሶ𝜃1 + ሶ𝑑3𝑐1

ሶ𝑝𝑧 = ሶ𝑑2

ሶ𝜙 = ሶ𝜃1

The analytical Jacobian is then,

𝐽 =

−𝑑3𝑐1 0 −𝑠1
−𝑑3𝑠1 0 𝑐1
0 1 0
1 0 0

Compute the Analytical Jacobian

There was an error 

during the review 

class, it is now 

corrected
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Computing the Singularity

.

.

.

.
First consider the linear velocity component of the Jacobian,

𝐽 =
−𝑑3𝑐1 0 −𝑠1
−𝑑3𝑠1 0 𝑐1
0 1 0

Singularity occurs when the robot loses rank, and its 

determinant equals to zero.

det 𝐽𝑃 = −𝑑3𝑐1
0 𝑐1
1 0

− 0 − 𝑠1
−𝑑3𝑠1 0
0 1

Hence, the singularity occurs when 𝑑3 = 0. Thus, singularity 

occurs when the end effector is located along Joint 1 axis

= 𝑑3(𝑐1
2 + 𝑠1

2) = 𝑑3
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Singularity Analysis

Here is a visual representation. When 𝑑3 = 0, the linear Jacobian 

becomes

𝐽 =
0 0 −𝑠1
0 0 𝑐1
0 1 0

=
0 −𝑠1
0 𝑐1
1 0

The matrix has clearly lost rank, and is no longer a square matrix. 

The null space, range and rank are as follows,

𝑁 𝐽 =
1
0
0

𝑅 𝐽 =
0
1
0

,
0
0
1

.

𝜌 𝐽 = 3 − dim 𝑁 𝐽 = 2

𝜌 𝐽 < 3
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Let 𝑚𝑙1 ,𝑚𝑙2 be the masses of the two links, and

𝑚𝑚1
, 𝑚𝑚1

the masses of the rotors of the two

joint motors. Also let 𝐼𝑚1
,𝐼𝑚2

be the moments

of inertia with respect to the axes of the two

rotors. The motors are located on the joint

axes with centers of mass located at the origins

of the respective frames.

𝒎𝒎𝟏

𝒎𝒎𝟐

Find the forces applied to joint 1

𝑀(𝑞) ሷ𝑞 + 𝑐(𝑞, ሶ𝑞) + 𝑔(𝑞) = 𝑢
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𝒎𝒎𝟏

𝒎𝒎𝟐

Find the forces applied to joint 1

𝑇1 =
1

2
𝑚𝑙1

ሶ𝑑1
2
+
1

2
𝑛𝑟1
2 𝐼𝑚1

ሶ𝑑1
2

𝑇2 =
1

2
𝑚𝑙2

ሶ𝑑2
2
+
1

2
𝑛𝑟2
2 𝐼𝑚2

ሶ𝑑2
2
+
1

2
𝑚𝑙2 +𝑚𝑚2

ሶ𝑑1
2

𝑇 =
1

2
ሶ𝑞𝑇𝑀(𝑞) ሶ𝑞

First, compute the kinetic energy.

Apply the following formula

𝑇1
𝑇2

=
1

2
ሶ𝑑1 ሶ𝑑2 𝑀(𝑞)

ሶ𝑑1
ሶ𝑑2
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Find the forces applied to joint 1 

The robot does not have a revolute joint, hence there is no 𝐼𝑥𝑦 𝑜𝑟 𝐼𝑦𝑥
component. The inertia matrix is then given as,

𝑀 =
𝑚𝑙1 +𝑚𝑚2 + 𝑛𝑟1

2 𝐼𝑚1 +𝑚𝑙2 0

0 𝑚𝑙2 + 𝑛𝑟2
2 𝐼𝑚2

As the inertia matrix is constant (there is no 𝑑1 𝑜𝑟 𝑑2 terms), there is 

no Coriolis or centrifugal forces. If there were, the computation of 

Christoffel symbols are as follows…

𝑐𝑘(𝑞) =
1

2

𝜕𝑀𝑘

𝜕𝑞
+

𝜕𝑀𝑘

𝜕𝑞

𝑇

−
𝜕𝑀

𝜕𝑞𝑘

𝑐(𝑞, ሶ𝑞) =
𝑐1 𝑞, ሶ𝑞

𝑐2 𝑞, ሶ𝑞

𝒎𝒎𝟏

𝒎𝒎𝟐

𝑥

𝑦
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The gravitational terms can be denoted as,

Since 𝑔0 = 0 0 −𝑔 𝑇 ,

𝑔1 = 𝑚𝑙1 +𝑚𝑚2 +𝑚𝑙2 𝑔 𝑔2 = 0

Find the forces applied to joint 1 

In the absence of friction and tip contact forces, equation of motion 

for Joint 1 is ,

𝑚𝑙1 +𝑚𝑚2 + 𝑘𝑟1
2 𝐼𝑚1 +𝑚𝑙2

ሷ𝑑1 + 𝑚𝑙1 +𝑚𝑚2 +𝑚𝑙2 𝑔 = 𝑢1

You can try to calculate 𝑢2!

𝒎𝒎𝟏

𝒎𝒎𝟐

𝑀(𝑞) ሷ𝑞 + 𝑐(𝑞, ሶ𝑞) + 𝑔(𝑞) = 𝑢


