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Topics:
* Position and Orientation of Rigid Bodies

Readings:
e Siciliano: Sec. 2.1-2.6, 2.10




Outline

Position and Orientation of Rigid bodies

 Basic Definitions




Position and Orientation

right-handed orthogonal RF; » Position: “p 5 (vectore R3)
Reference Frames

Cartesian coordinates of vector
rigid body expressed Iin RF,

* QOrientation:
Orthonormal (Orthogonal + Normal) 3 x 3 matrix
(R" = R7' = RTR =) with
Determinant (a.k.a., det) = +1

AZB]

o {x4,Y4,ZsHXp, yp, Zg}are axis vectors (of unitary norm) of frame RF, and RFjp

ARB::[AXB AYB




Rotation Matrix

T T T 3
XaXp Xpa¥VB ' Xp<lp
A T T T o _
— direction cosine of zp W.r.t. x
orthonormal, RB y‘;lw xB y‘;lwyB 3’,;11 ZB b !
with det =1 ZAXB  ZAYB  ZA%B1 i1z, = |Ixulllizsli cos p

chain rule property
algebraic structure of a group S0 (3):

“RiR = *R e

orientation of RF;, w.r.t. RF; orientation of RE: W.rt. RF
jr WLILL k

orientation of RF;, w.r.t. RF;

NOTE: In general, the product of rotation matrices does not commute!




Rotation Matrix

T T T 3
XaXp Xpa¥VB ' Xp<lp
A T T T o _
— direction cosine of zp W.r.t.
orthonormal, RB y‘;lw xB y‘;lwyB 3’,;11 ZB b &
with det =1 ZAXB  ZAYB  ZA%B1 i1z, = |Ixulllizsli cos p

chain rule property
/ : S R]\
ientation of RF;, w.r.t. RF
orientation of RF;, W.r k T orientation of RF;, w.r.t. RFy

orientation of RF;, w.r.t. RF;

NOTE: In general, the product of rotation matrices does not commute!




Orientation of a rigid body

A simple example

/_\'

90° around




Change of Coordinates

(100)" (010)T (001)7

RF, : "Px v v v

] A _ _ 0,0 0., O 0., O
TR ) P=| Py|= DPxXoT Py YoT Pz Zo
Y 0,
\ V1 z4d _ 1.0 1,, 0 1,, 0
. 1py, = "Px X1+ Py V1T Pz Zy
— 1
NI Px
_T0 0 0 1
0 = | "x, Y1 z] Py
Py Yo .
. Pz
04y — O
" P= "Ry p

» the rotation matrix °R, (i.e, the orientation of RF; w.r.t. RF,) represents
X1 also the change of coordinates of a vector from RF; to RF,




Change of Coordinates

A simple example

1/V/3 1/¥3 1/V3
Ry =16 —2///6 1/V6
1/N2 0 —1/V2

0 op 1 V3
p= "R, p=| 0
0
Ipll = 1l °pll = Il *pll = V3 + x, is aligned with p = OP
* vy, IS completes a right-handed frame
... and where is RF, ? » 2z, is orthogonal to y;(z{y,; = 0) and is positive

on x1(ZgXq = 1/\/5)




Orientation of Frames

Orientation of frames in a plane
(elementary rotation around z-axis as example)

x=0A—xA=ucosf —vsinf

y Op —> y=0B+By=usinf +vcos@
_ Z=Ww
P =0P
_________ p Or...
RF
1 0, ) xc OYC OZC Cp
—\
1% Bl___/_____ :__‘
y o, U
o1 COSH —sm@ O
0 A Y p*[] smH COSH [] R(H)[]
1 0 0 cos§ 0 sin6 R,(—=6) = Rz (6)
similarly: x(@)— cos@ —sind 0 1 0 }
ind 0 cos6




Rotation of a Vector

— Rotation of a vector around z as an example
o x = ||v|| cos a
N y = ||v]| sin «
I
y' i : x' = ||v|| cos(a + 0) = ||v||(cos a cos & — sin a sin 6)
5™\ : = xcos@ —vsinf
@ ! y' = ||v|| sin(a + 8) = ||v|[(sin a cos 8 + cos a sin O)
; = xsin6 + ycosf
0, X b ,

Z = Z

or... /

X cos@ —sinf O]rx
y'|=|sin@ cosf O [
z' 0 0 1

X same as before!
y] = R,(0) H |
Z Z




Equivalent Interpretations !!

Equivalent interpretations of a rotation matrix

* the same rotation matrix (e.g., R,(6)) may represent

RF,

RF,
the orientation of a rigid body with the change of coordinates the rotation operator on
respect to a reference frame RE, from RF. to RF, vectors
e.g.[ xc %y. %z.] = Rz (6) e.g.,’p =Rz(0)‘p e.g..v' = Rz(0)v
|
\ }

- the rotation matrix °R_ is an operator
superposing frame RF, to frame RF,




Composition of Rotation

A small extension of knowledge

1R, brings RF, on RF, °R brings RF, on RF;

°R, brings RF, on RF;

p01=0 p12=0

RF,
RF,
RF, a comment on computational complexity
°p = (°R,'R;’R;) P = °R3’p summations
’p = "Ry ( 1R2( 2R33P)) 27 products 18
. J summations




Z(
OP="p=> 1p
r
I
: V1
| > e
Ty
I /
-/ Yo
I,/
A RF; i1s the result of rotating RF|
. by an angle 6 around the unit
\ vector r
~
e X1

* axis r (unit vector in R3,||r|| = 1)

* angle 4, positive counterclockwise (as
seen from an “observer” oriented like
r with the head placed on the arrow,
looking down to her/his feet)

find a rotation matrix R(6,r)
R(6,1) = ["x; "y, z4]
such that

' =R, 1)p Ov’ = R(6,r)°v




4 Axis/angle Representation

Axis/angle: Direct problem

g R(6,r) = CR,(6)CT
RFo|_ 1§
IR sequence of three
C—l — C’f\\ T

head placed after the first rotation
the z-axis coincides with r

Yo Cc =1 S T
three

n and s are orthogonal unit
vectorssuchthatnxs = r

Y1




Axis/angle: Direct problem (solution)

R(0,1) = CR,(6)C’ taking into account (details in textbook):
CC" =nn" +ss" +rr’ =1
c6 —s6 0 0 — 7 ry
RG,r)=|n s 71 59 CH sn' —ns' =| 1 0 -1 =8()
-1y, Ty 0

=rr’ + (nn' + SS )TCH + (sn —ns')s6

depends only on r and 6 ! \
RO,r)=rr" + (U —rr")ch + S(1)s6




. Axis/angle Representation
@ Final expression of R(0, 1)

developing computations...
R(O,1) =
(1 —cos@)+cos® 11, (1 —cosB) —1,sin@ 1,1,(1 —cos@) + 1, sin@
rery(1—cos@)+1,sinf  1ry(l—cosB)+cosh®  1y1,(1—cosf)—r,sinb

Ixrz(1 —cos@) —r,sinf 7,1,(1 —cosb) + r,sin6 r7(1 — cos0) + cos 8

note that

R(O,r) = R(—-6,—-r) = R'(-0,1)
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4. Axis/angle Representation

&5
= A simple example

RO,r)=rr' + (U —1rr")chd + S(1)sb

0
r = |Ol =z, R(6,r)

1
1 0 O

0 1 0
0 0 O

0 0 O cO +

0 0 1

0 0 0
= +

0 —1 O
1 0 O0}|sé

0 0 O

s@ c6 O

cO6 —s6 0O
— | = R,(0)

0 0 1




Axis/angle: Rodriguez formula

v' = R(0,r)v

v' =vcosO + (r Xv)sinf + (1 — cos 9)(rTv)r

proof

RO,rv=0r"+{—7rr")cosf + S(r)sinB)v
=rr’v(1l —cosO) + vcosh + (r X v)sin b

g.e.d




4 Axis/angle Representation

e

K
"\l A

Properties of R(0, 1)

 R(O, r)r = r(risthe invariant axis in this rotation)

 when ris one of the coordinate axes, R boils down to one of the known
elementary rotation matrices

 (8,r) » Risnotaninjective map: R0, r)r = R(—6, —1r)
» det(R) = +1 = []; 1;(eigenvalues)
e tr(R)=tr(rr")+ T —-rr")cd =1+ 2cO =3, 1
1l.=>4 =1
4 &5 = Ay + A3 =2c0 =2 A4 —2cA+1 =0
= A,3 =0 +c20 —1=cO +ish = e*i®

all eigenvalues A have unitary module (< R orthonormal)




Axis/angle Representation

Axis/angle: Inverse problem

GIVEN a rotation matrix R,
FIND a unit vector » and an angle 6 such that

R=rr"+{U—-7rr")cos8 + S(r)sind = R(6,1)

note first that tr(R) = R{; + R,,+ R33 = 1 + 2 cos8; so, one could solve

Ri1 + Rpp + R33 — 1

f =
dI'COS )

but

* this formula provides only values in [0, ] (thus, never negative angles 6)
* |oss of numerical accuracy for 8 — 0 (sensitivity of cos 8 Is low around 0)




Axis/angle Representation

Axis/angle: Inverse problem (solution)

fromthedata «—F——m™m from R(O, 1)
Skew-sym Skew-sym
0 Rip —Rz1  Ri3 — Rz 0 - n
R — RT — R21 — R12 O R23 — R32 — 2 Sin9 TZ O _TX
R31 — Ry3 Rz — Rj3 0 —ty Ty 0
1
it follows ]| =1 =sinf =+ 2\/(R12 —R,1)%2 4+ (Ry3 — R31)% + (Ry3 — R3,)? (*)
thus 6 = atan2 {i\/(Ru — R31)% + (Ry3 — R31)* + (R23 — R33)%, R11 + Ryz + R3z — 1} (**)
! R R
see next sid T —
e _ g _ 1 3 23 can be used only If
r=|Ty = oo 9R13—R31
T, S Ro1 — Rq5 sinf # 0

this Is made on (*) using the data {R;;}
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@\&\ Axis/angle Representation

%Qa atan2 function

J
W
i\

 arctangent with output values “in the four

guadrants” atan 2 (y, x)
two input arguments arctan (X ) x>0
takes values in |—m, ] X v
undefined only for (0,0) T + arctan (;) y=>0,x<0
* uses the sign of both arguments to define y
the output quadrant _ ) T rarctan (;) y<0,x<0
o ' ' /A
based on arc;,Ttan Lunctlon with output n y>0,x =0
values in [, +-] Zﬂ
» available in main languages (C++, ) y<0x=0
Matlab, ...) undefined y=0,x=0

K ) ~
oy B EFT L KZ
L The Chinese University of Hong Kong



Unit Quaternion

* to eliminate non-uniqueness and singular cases of the axis/angle (8, r) representation, the unit
guaternion can be used

Q =1{n, e} ={cos(6/2),sin(0/2)r}

ascanr RN

e 1%+ |l€|l? = 1 (thus, “unit...”)

* (6,r) and (—6,—r) are associated to the same guaternion Q

* the rotation matrix R associated to a given quaternion Q Is
2* +€2)— 1 2(exey —ne;)  2(exe, +1mey)
R(n,€) = |2(ecey +1e,) 2(n*+€2)—1 2(ey€e, —ney)
2(exe, —mey)  2(€y€, +mex) 22 +€2)—1
* no rotation is Q = {1,0}, while the inverse rotation is Q = {n, —€}

* unit quaternions are composed with special rules

Q1 * Qy = {Mny — €1 €2, N1€5 + 1261 + €1 X €3]

v e s 0 23
' mityo"
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