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Topics:
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Readings:
e Siciliano: Sec. 2.12, 3.7




Inverse kinematics

Inverse kinematics (what are we looking for?)

-._-—
(—50.19°)

—30.48° Direct kinematics L " o

direct kinematics is always unique;
how about inverse kinematics for this 6R robot?




. given a desired end-effector pose (position + orientation), find the values of the joint
variables g that will realize it

. a synthesis problem, with input data in the form

o [RT P] _ 04 (q) T = fr(q) foratask function
0" 1

classical formulation: generalized formulation:
inverse kinematics for a given end-effector pose T Inverse kinematics for a given value r of task variables

. a typical nonlinear problem
. existence of a solution (workspace definition)
. unigueness/multiplicity of solutions (r € R™, g € R")
. solution methods




Solvability and robot workspace (for tasks related
to a desired end-effector Cartesian pose

= primary workspace WS, : set of all positions p that can be reached
with at least one orientation (¢ or R)

sOUt of W S,there Is no solution to the problem
aif p € WS, there Is a suitable ¢ (or R) for which a solution exists

= Secondary (or dexterous) workspace WS,: set of positions p that can
be reached with any orientation (among those feasible for the robot
direct kinematics)

aif p € WS, there exists a solution for any feasible ¢ (or R)

IWSZ g WSl




Workspace

Workspace of Fanuc R-2000i/165F

Area di lavoro section for a

. 3
Operating Space constant apgre q4 Ws; cR
2133 s ‘ - (= WS,for spherical

- A =18 wrist without joint limits)

157




Workspace

Workspace of a planar 2R arm

2 orientations |If

y
o
p = OP L "
Clz
0‘ - WS T |
0, X 1
outer and inner
boundaries | |
o Ifly #1, 1 orientation
Ws; ={p eR* |, — L] <|pll <l; +;} c R? on Wb,
WSZ — @
¢ |f ll = lz = l
WS, = {p € R%|p|| < 21} c R?
WS, ={p = 0}

(all feasible orientations at the origin!... an infinite number)




Workspace

Wrist position and E-E pose
(inverse solution for an articulated 6R robot)

LEFT DOWN
AN

@
/ 4 inverse solutions

out of singularities

(for the position of
\__/ .
the wrist center only)
LEET UP 8 Inverse solutions considering — RIGHT UP

the complete E-E pose
L (spherical wrist: 2 alternative
5 solutions for the last 3 joints) N

RIGHT DOWN




Workspace

Counting/visualizing the 8 solutions
(of the inverse kinematics for a Unimation Puma 560)
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RIGHT UP




Kinematic Solutions

kinematic solutions of UR10
(6-dof Universal Robot UR10, with non-spherical wrist)

desired pose

—0.2373 V3/2 05 0
p = (—0-0832> [(m]  R=1_o5 v3/2 0

1.3224 0 0 1
home configuration at start

g=0 -m/2 0 —-m/2 0 0)'[rad]



shoulder Right
wrist Down
elbow Up

1.0472
—1.2388

—0.7376
—2.6951

—1.5708
3.1416

shoulder Right
wrist Down
elbow Up

2.7686
—1.0472

—0.5236
3.1416

—1.5708
1.4202

Kinematic Solutions

8 inverse kinematic solutions of UR10

shoulder Right shoulder Right shoulder Right
wrist Down wrist Down wrist Down
elbow Up elbow Up elbow Up
1.0472 1.0472 1.0472
—1.9941 —1.5894 —2.0944
_| 0.7376 _ | —0.5236 _| 0.5236
1= 28273 1 0.5422 1 0
—1.5708 1.5708 1.5708
3.1416 \ 0 / \ 0 /

shoulder Right shoulder Right shoulder Right

wrist Down wrist Down wrist Down
elbow Up elbow Up elbow Up
2.7686 2.7686 2.7686
—1.5522 —1.1475 —1.8583
_| 0.5236 g =| 707376 _| 0.7376
q 2.5994 0.3143 =1 —0.4501
—1.5708 \—1-5708 \—1.5708
1.4202 —1.7214 —1.7214




Kinematic Solutions

Multiplicity of solutions (few examples)
E-E positioning (m = 2) of a planar 2R robot
2 regular solutions in int(Ws,)

1 solution on oW'S; - singular solutions
forl; = l,: o solutions in WS, -

E-E positioning (m = 3) of an elbow-type spatial 3R robot
4 regular solutions in WS, )with singular cases yet to be investigated ...)

Spatial 6R robot arms
< 16 distinct solutions, out of singularities: this "upper bound” of solutions was shown to
be attained by a particular instance of “orthogonal” robot, I.e., with twist angles a; = 0 or

+ /2 (Vi)
Self-reading analysis based on algebraic transformations of robot kinematics

transcendental equations are transformed into a single polynomial equation in one
variable (number of roots = degree of the polynomial)

seek for a transformed polynomial equation of the least possible degree

7z khttps //people.eecs.berkeley.edu/~jfc/papers/94/MCtra94.pdf




P 11:l2:l3:l n:3,m:2

o

WS, ={p € R%:||p|| < 31} c R?

WS, ={p € R*|p|| <} c R

any planar orientation is feasible in WS,

Px

1.in int WS;: oot regular (except for 3.) solutions, at which the E-E can take a continuum of
oo orientations (but not all orientations in the plane!)

2.1 p = 31 : only 1 solution, singular yng : C L

3.1f = [ : colsolutions, 3 of which singular
)p—g:=o oq—l__ 8:g
ZZZ 747 /77

4.if ||p|| < l: ot regular solutions (that are never singular)




A Planar 3R arm

“Workspace of a planar 3R arm(with generic link lengths)
lmax = max{l;, i = 1,2,3} Rout = lmin + lmea + lmax = it [+ 13

lmin — min{li:i — 1'2'3} - Rin — maX{O» lmax o (lmed + lmin)}

L=11,=0413=03[m| =  =01L=11,,4=1,=04 1., =103

Rou=IN+15=1.7

q,=0

R, =1, =(,+1y) =03

y
¥
N\, sweep by ¢,

D)

ll — 05, lz — 07, l3 — OS[m] — lmax — lzZO.7, lmed — lmin — ll(OI‘ l3)=05
R, =0 R, = 1.7




Multiplicity of Solutions

“Multiplicity of solutions (summary of the general cases)

fm=n
A solutions

a finite number of solutions (regular/generic case)
"degenerate” solutions: infinite or finite set, but anyway different in number
from the generic case (singularity)

If m < n (robot Is kinematically redundant for the task)
A solutions
co"~Mgolutions (regular/generic case)
a finite or infinite number of singular solutions

use of the term singularity will become clearer when dealing with differential
Kinematics

Instantaneous velocity mapping from joint to task velocity
lack of full rank of the associated m X n Jacobian matrix /(q)




Dexter 8R Robot Arm

Dexter 8R robot arm

= m = 6 (position and orientation of E-E)
= n = 8 (all revolute joints)
= 2 jnverse kinematic solutions (redundancy degree = n — m = 2)




|

sJnverse Kinematics Solution Methods

ANALYTICAL solution N\ N_UI\_/IERI_CAL solution
(in closed form) ﬁ (In iterative form)

» preferred, if it can be found®

. . » certainly needed if n > m (redundant
* use ad-hoc geometric inspection

case) or at/close to singularities

. algebraic? method_s (solution of . slower, but easier to be set up
polynomial equat]lcons) | * in its basic form, it uses the
* Systematic ways for generating a « (analytical) Jacobian matrix of the
* reduced set of equations to be direct kinematics map
solvea

" sufficient conditions for 6-dof arms ]r (q) _ af?‘ (q)

» 3 consecutive rotational joint axes are aq
incident (e.g., spherical wrist), or

» 3 consecutive rotational joint axes are « Newton method, Gradient method, and so on...
parallel

D. Pieper, PhD thesis, Stanford University, 1968




Inverse Kinematics (2R)

Inverse kinematics of planar 2R arm — computer g,
P

V'
4
-

&

direct kinematics

Px = licit lreq5

py= 1151 T 15515
——
data

®
|
|
|
|
|
|
|
I
|
|
|
|
|
|
|
|

q.,q, unknowns

“squaring and summing” the equations of the direct kinematics
Py + Py — (15 + 15) = 2115 (c1c15 + 51512) = 2L 3¢

and from this

_ 2
Cy = (p§+p§—(l%+l§))/2lllz ) Sp = i\ll_cz _

1 0 1

must be in [—1,1] (else, point P is outside robot workspace!) 2 solutions in analytical form




—

Inverse kinematics of planar 2R arm — compute g; (method 1)

by geometric inspection
g1 = a—f

l

g, = atan 2 {py, px} —atan2{l,s,,l; + l,¢,}

px X

note: difference of atan2’s needs
to be re-expressed in (—m, ]!

2 solutions ’ P
(one for each value of s,)

{41,492}
{91, 92} up/LEFT 1y 42SDOWN /RIGHT

g, and g, have same absolute
value, but opposite signs




Inverse Kinematics (2R)

vy

\j

Inverse kinematics of planar 2R arm — compute g (method 2)

Dy = licy + e = Licg + (0163 —5183) linear in

\
s,and ¢4

Py = 1151 + 13815 = 11y + (105 +¢183)

[ll —+ lzCz —l252 ] [Cl] . [pX]
lez ll lzCz 51 - py

det= l%‘l‘l% +21112C2 > O

exceptifly = lL,and ¢, = —1
being then g; undefined
(singular case: oo! solutions)

g, = atan 2 {s{, c;} = atan 2 {(py(ll +1,c,) — pxlzsz)/ det,(px(ll +1,c,) + pylzsz) /det}

notes: a) this method provides directly the result in (—m, i}
b) when evaluating atan2, det > 0 can be in fact eliminated

from the expressions of s; and ¢,




ANALYTICAL solution N\ N_UI\_/IERI_CAL solution
(in closed form) ﬁ (In iterative form)

» certainly needed if n > m (redundant
case) or at/close to singularities
» slower, but easier to be set up
* In Its basic form, it uses the
» (analytical) Jacobian matrix of the
direct kinematics map

» preferred, if it can be found”

* use ad-hoc geometric inspection

» algebraic methods (solution of
polynomial equations)

* systematic ways for generating a

* reduced set of equations to be

solved 0 i’
=22

« Newton method, Gradient method, and so on...




Numerical Solution of IK

Use when a closed-form solution g to r; = f,.(q) does not exist or Is “too hard” to be
found

. All methods are iterative and need the matrix J,.(q) = 0/r(@)

aq
Newton method (here only for m = n, at the kth iteration/guess)

ra = (@) = fr(¢%) + J-(¢%)(q — ¢*) +o(|lg — "||) <

(analytical Jacobian)

"t =q* + 71 (q")[ra — £-(a")]

convergence for g° (initilal guess) close enough to someqg™: f.(g*) = 14
problems in/near singularities of the Jacobian matrix J,.(q)

v
v
v in case of robot redundancy (m < n), use the pseudo-inverse J#(q)
v has quadratic convergence rate when near to a solution (fast!)




In the scalar case, also known as “method of
the tangent”

For a differentiable function f (x), find a root of
f(x*) = 0 by iterating as

an approximating sequence
X
(X1, Xp, " } — X

Numerical Solution of IK

Operation of Newton method

» X

Funktion
Tangente

animation from
http://en.wikipedia.org/wiki/File:Newtonlteration Ani.gif




Numerical Solution of IK

Gradient method (max descent)
minimize the error function

1 1
H(q) =5 17g — fr(@II* = > (rg — fr (@) (rqg — fr(@))
qk+1 — qk . aqu(qk)
from VY, H(q) = (8H(q)/39)T = —((ra — £(@)T @f-(0)/39)) = —JT(@)(ra — £-(q))

we get qk+1 — qk + a];f(qk) (Td - fT(qk))

> the scalar step size o« > 0 should be chosen so as to guarantee a decrease of the error
function at each iteration: too large values for &« may lead the method to "miss” the minimum

> when the step size is too small, convergence is extremely slow

> computationally simpler: use the Jacobian transpose, rather than its (pseudo)-inverse

> same use also for robots that are redundant (n > m) for the task

>

may not converge to a solution, but it never diverges




Numerical Solution of IK

A case study
(analytic expressions of Newton and gradient iterations)

2R robot with [; = [, = 1, desired end-effector position rg = pg = (1,1)
direct kinematic function and error

fr@) = (1) e =pa—f@ = (}) - (@)

S1 -+ S12

Jacobian matrix

—

-~ 0f(q@)  (—(s;+515) -5
(@) =5 = ( o C;)

Newton versus Gradient iteration B

Newton method | Jo - (q")
rl( €12 512 ) |
S5 —(c1 +¢12)  —(s1 + 512) lg=q" v (1 —(c1 + C12))

a (_(51 +512) ¢+ C12) 1 —(s1+512) lq=q"
| —312 €12

q=q*

Gradient meﬂ*]f(qk) . m
‘




Numerical Solution of IK

Error function

: robot with [; = [, = 1 and desired end-effector position p,; = (1,1)

iso-levels of Cartesian distance from the two solutions (*) forp =(1,1)

squared Cartesian distance from solutions for p = (1,1
’ | T T
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iInverse kinematic solutions
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flow of iterations along
the negative (or anti-)

gradien

Ible cases:
convergence or stuck
(at zero gradient)

L

two poss

a,

(—31/4,0) (g1,

a,

(ql’ qZ), — (O' T[/Z) (ql' qZ)” — (77:/2' _77:/2)

(1/4,0)

qz)saddle

(CI1; CIZ)max

(q))!

e e NI




oR Robot Arm

Extended Reading

« the most complex inverse kinematics that could be solved in principle in closed form (i.e., analytically) is that of a 6R
serial manipulator, with arbitrary DH table

« ways to systematically generate equations from the direct kinematics that could be easier to solve = some scalar
equations may contain perhaps a single unknown variable!

0 — 0 1 5 —
OAIl OT6 — U1(= 1A2 "'5 A6) T6 — Al(gl) AZ(HZ) o A6(06) T UO 0T65Agl — V5(=1 AZ WA AS)
LAY OATY OTg = Uy (= 2 A5 -+> Ag)? 0TS Az A5 Y = V(=1 4, -3 A,)
4AE1 1A51 OAIl OT6 — U5(= 5A6) OT65A514AE1 1 AEl — V1(=O Al)

Paul, Shimano, and Mayer: IEEE Transactions on Systems, Man, and Cybernetics, 1981

=generating from the direct kinematics a reduced set of equations to be solved (setting
w.l.0.g. d; = d¢ = 0) = 4 compact scalar equations in the 4 unknowns 6., ... , 65

To=lo o o 1]= " 4® 0 =a" Oz Ipll” =p"(@)p(®)
z=[0 0 1] p, =pT(@)z pTa=pT(O)a®)

Manseur and Doty: International Journal of Robotics Research, 1988




Numerical Solution of IK

3 Issues in implementation
initial guess g’
only one inverse solution Is generated for each guess
multiple initializations for obtaining other solutions
optimal step size a > 0 in Gradient method
a constant step may work good Initially, but not close to the solution (or vice versa)
an adaptive one-dimensional line search (e.g., Armijo’s rule) could be used to choose the
best a at each iteration

stopping criteria

Cartesian error .
- — k algorithm k+1 K
(pqs_S|ny, sepgrate for Hrd fr(CI )” S € iIncrement HCI —q H S gq
position and orientation)

understanding closeness to singularities good numerical conditioning
of Jacobian matrix (SVD)

k (or a simpler test on its determinant, for m = n)
O-min{]r(q )} > O¢
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