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Problem 1

It was showed earlier that the invariant zeros of linear systems are invariant

under state feedback. More specifically, for a system characterized by

x=Ax+Bu
y=Cx+Du

with a state feedback u = Fx + v, it gives a closed-loop system
x=(A+BF)x+Bv
y=(C+DF)x+Dv

We have showed that if a scalar £is an invariant zero of the original system,

it 1s also an invariant zero of the new one as well.

(a) Show that the state feedback law does not change the controllability
property of the given system either.

(b) Show by a simple example that the state feedback law, however, may

change the observability property of the given system.
Solution:
(a) The controllability matrix of the system is
O.=|B AB A’B - A”—lB] (1)

After applied the state feedback u = Fx + v, the controllability matrix becomes

Q’C:[B (A+BF)B (A+BF)’B --. (A+BF)”_1B]
(| FB F(A+BF)B --- F(A+BF)"2B]
0 I FB ..« F(A+BF)"3B
:[B AB A%B ... A"1B|[0 O I .. F(A+BF)"™*B
0 0 0 I

2)
Because two matrices in Equation above are both non-singular, the resulting Q. is full

rank. Therefore, the state feedback law does not change the controllability property of

the given system either.
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(b) Taking the state feedback coefficient F = —D~!C, the observability matrix becomes
Q, = 0. The rank of the matrix is 0, which is not full rank. Therefore, the system is
unobservable. That means the state feedback law may change the observability property

of the given system.
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Problem 2

Verify that the system

[1 1 OW [0}
t=10 0 1|24+ |0{w, y:[

[111J

is left invertible. Given an output

y(t) = (coswt —I—wsmwt) >0

e}
—_
=}
| I

10 0

el — coswt

which is produced by the given system with an initial condition,

determine the corresponding control input, u(t), which generates the above
output, y(¢). Also, show that such a control input is unique.

Solution:
The transfer function G of the system is

G(s)=C(sI-A)"'B+D=|"4

52(s—2)

2s—l
s%(s-2) ] (3)

LetL (s) = [s2 —s2]. We can get that L (s) - G (s) = 1. Therefore, the system is left invertible.

Substituting y (¢) into system equation obtains

. X1
cos wt + w sin wt 010 X1 e' — coswt
vy =" - o= = . @)
e' — coswt 1 00 X9 cos Wt + w sin wt

X3
Substituting it back to the state-space form of system yields that
X1 =Xx1+X2
X = X3 (5)
X3=X1+X9+x3+U
Therefore,

2

X3 = Xo = —w sin wt + w” cos wt (6)

3

u:)'C3—x1—xQ—X3:—QwQCoswt—w sinwt — €' (7)

From the derivation above, it is obvious that the control input is unique.
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Problem 3
Verify that the system

[1 1 OW [0 1
t=(0 0 1|z+ (0 Ofu, y=[0 1 O]z,
e

is right invertible. Find an initial condition, 2:(0), and a control input, u(t),
which together produce an output

y(t) = acoswt, t>0.
Show that the solutions are nonunique.

Solution:

The transfer function G of the system is

G(s)=C(sI—A)'B+D = |1 1 (8)

s2(s-2)  s2(s-2)

2
Let R (s) = g 2]. We can get that G (s) - R (s) = 1. Therefore, the system is right invertible.
-

Substituting y () into system equation obtains

X1
y(t):ozcosa)t=[0 1 0] Xo| = X2 = @ cos wt 9)

X3
Substituting it back to the state-space form of system yields that
X1 =Xx1+Xx2+us

X2 = X3 (10)
X3 =X1+Xx0+x3+Up

Therefore,

X3 = X9 = —@w sin wt (11D

) (12)

X1 =Xx1 +acoswt+ us
—@w” CoS Wt = X1 + @ cos Wt — aw sin wt + uy

Because there are three unknowns (x1, u1, and u2) and two equations, the solutions are non-

unique.
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Problem 4

Given an unforced system

A1

A1
L A
where A € R and o € R, show that the system is observable if and only if

a # 0.

Solution:
The eigenvalues of matrix A are A.
There is a theorem stating that:
The given system :E of (3.1. 1) is observable if and only if the following statement is true:

For every eigenvalue of A, A;,i =1,2,...,n,

Ail—A
rank =n (13)
In this equation, )
0 1
weal_l (14)
c =
0
a * *

Ail—A
Therefore, when a = 0, the rank of matrix c is n — 1, and when a # 0, the rank of this

matrix is n, which means the system is observable if and only if & # 0.
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Problem 5

Given an unsensed system characterized by a matrix pair in the CSD form

01 0 0
x=Ax+Bu, with A={0 0 1|, B=|0
2 1 1 1

Let the output equation be y = C x. Verify that the resulting system has

(a) No invariant zeroif C=[1 0 0];
(b) One invariant zero if C=[0 1 0]; and

(¢) Two invariant zeroif C=[0 0 1].
Solution:

(a) The transfer function G of the system is

1
G(s)=C(sI-A)"'B+D=——F—— (15)
s —s5c—5—2
Therefore, the resulting systems has no invaritant zero.
(b) The transfer function G of the system is
G()=C(sI-A)'B+D=——F (16)
§°—85c—5—2
Therefore, the resulting systems has one invaritant zero.
(c) The transfer function G of the system is
2
G(s)=C(sI-A)'B+D = (17)

§3—s2—5-2

Therefore, the resulting systems has two invaritant zeros.
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Problem 6

Given the matrix pair (4, B) as that in Q.5, determine an appropriate state

feedback gain matrix F such that A+ B F has its eigenvalues at —1, —1 %/,

respectively. Show that such an F' is unique.

Show by an example that solutions to the pole placement problem for a

multiple input system is non-unique. Hint: put the pair in the CSD form.

Solution:

(s+1) (s+1+))(s+1—-j)=(s+1) (s2+2s+2):s3+332+4s+2

Let F = [ 1 fo fg]. Therefore,

0 1 0 0 1
A+BF=| 0 0 1 |=lo o 1 :>F=[—4 _5 —4]
2+f1 1+f2 1+f3 -2 -4 -3

which is unique.

Suppose there are 2 inputs and

oo}

1]
_ o O
_ o O

and A + BF has its eigenvalues at —1, —1 + j. Let

Fe i f2 f3
fa f5 Je

Then

0
A+ BF = [fl f f3]:

0
Ji 5 Je

N O O

— O

— = O
+

— o O

_ O O

which gives
0 1 0
0 0 1
24 fitfu 1+ fo+fs 1+ f3+f6
We can get following equation:

24 fi+ fa=-2
L+ fo+ fs=-4
L+ fs+ fo = -3
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0

2+ fi+fa 1+ fo+f5

1
0
-4 -3

0
1

1+ f3+ fs

(18)

(19)

(20)

1)

(22)

(23)

(24)
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Because there are three unknown variables (f1, f2, f3, f1, f5, and f5) and three equations, the

solutions are non-unique.
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