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This last topic is to be learned in the second part...
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Typical structure of a control system (revisit)...

Q~
REFERENCE < OUTPUT

Controller ——| System to be controlled >

+

Objective: To make the system OUTPUT and the desired REFERENCE as close

as possible, i.e., to make the ERROR as small as possible.

Key issues: (1) How to describe systems to be controlled? (Done in Part 1)

(2) How to design control laws? (To be done in Part 2)
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Examples of classical and advanced control
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Optimal control More than just control

CUHK MAE ENGG 5403 - PART 2: DESIGN ~ PAGE 4 © BEN M. CHEN



Outline for Part 2

» Revisit of classical control design methods for SISO systems.
» Stablization of multivariable systems.

» Linear quadratic regulation (LQR) control and its properties;
returned differences; guaranteed gain and phase margins; Kalman

filter; linear quadratic Gaussian (LQG) design.

» Introduction to modern control system design; H, and H, optimal
control; solutions to regular and singular H, and H_ optimal control

problems; solutions to some robust control problems.
» Loop transfer recovery (LTR) design technique.
» Robust and perfect tracking (RPT) control and composite nonlinear

feedback (CNF) control techniques (if time permits).
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Material Flow of Part 2: Design...

[ Review of Classical Control, PID, Lead and Lag Compensators, etc. J

[ Stabilization of Multivariable Systems 1
: LQR Control \ E—: ilntroduction to Robust Control :
: Kalman Filter ;i i H, and H_ Control :
LQG Control } [ Robust and Perfect Tracking* J

[ouo) pundO
SR

(@]
lop
o
2]
-+
®
@]
=
—
-
@]
[maniiy

[ Loop Transfer Recovery (LTR) Design™ }

( Concluding Remarks: Nonlinear Control, Implementation Issues }
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Review of Classical Control Techniques

C(s) K (s) G(s)
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John Ziegler
American Engineer
1909-1997

Nathaniel Nichols
American Engineer
1914-1997

‘“All of these things were
developed in the ‘golden
years of confrol’ from 1935
to 1940. It was an

1840-1890

()
4 A'F!l

50 Years of Automatic Control

I e
ro z K,

Process

Modern Control Started with
Ziegler-Nichols Tuning

CONTROL ENGINEERING
2ND OCTOBER 1990

GEORGE J. BLICKLEY, CONTROL ENGINEERING

When two engineers at Taylor Instrument Co.
decided to document the work they had done in
finding ways to tune process controllers, they
changed the whole control industry.

p until 1940, most tuning of pro-
cess controllers was an art con-
ducted by seat-of-the-pants

methods on controllers that were a
hodge-podge of techniques or add-on
components that defied any rigid rules
that could be universally applied.

One of the engineers at Taylor was
John G. Ziegler, the practical one of the
pair with a lot of experience in process
applications, and who performed all
the simulator tests that led to the meth-
ods they were seeking. The other was

‘“We did not know how to
set this new controller and |
realized that we had to get

Nathaniel B. Nichols who was the
mathematician and who reduced all of
the math to a few simple relationships
that could be understood by techni-
cians and operators.

The result was the now famous
“'Ziegler-Nichols' method of tuning
controllers—a method that survived
the slinas and arrows of its earlv de-
tractors, withstood the test of time, and
works just as well as many of the later,
more sophisticated optimizing forms
on a great majority of process applica-

tions. Most of the work was done in
1940, a paper entitled “Optimum Set-
tings for Automatic Controllers” was
formulated and presented in December
1941 at the annual meeting of the
American Society of Mechanical
Engineers. s

It must be remembered that all of this
was done before the theory of servo-

“| was a very poor
mathematician, so any
sinusoidal oscillation was
way beyond me
mathematically.”

“When we gave that paper,
there was a great hue and
cry. The preprints came out
late, when the old timers
got it and read it, they said
it was heresy and we were
damned to the deepest hell

some way of determining
the controller settings
rather than cut-and-try.”

because we did not know
what we were talking
about.”

interesting time and I'm
glad | was in on it.”
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CYBERNETICS

CONTROL ano COMMUNICATION
1N THE ANIMAL ano THE MACHINE

Norbert Wiener
American Mathematician and Philosopher
1894-1964

CONTENTS —1948 EDITION

Introduction 1
1 Newtonian and Bergsonian Time 30

IT Groups and Statistical Mechanics 45

IIT Time Series, Information, and Communication

IV Feedback and Oscillation 95

V. Computing Machines and the Nervous System

V1 Gestalt and Universals 133
VII Cybernetics and Psychopathology 144

VIII Information, Language, and Society 155

116

It is the first public usage of the term cybernetics to refer to self-regulating mechanisms. The book

laid the theoretical foundation for servomechanisms (whether electrical or mechanical), automatic

navigation, analog computing, artificial intelligence, neuroscience, and reliable communications.

Feedback and Oscillation: This chapter lays down the foundations for the mathematical treatment

of negative feedback in automated control systems. The opening passage illustrates the effect of
faulty feedback mechanisms by the example of patients with various forms of ataxia. He then

discusses railway signaling, the operation of a thermostat, and a steam engine centrifugal governor.

The rest of the chapter is mostly taken up with the development of a mathematical formulation of the

operation of the principles underlying all of these processes. More complex systems are then

discussed such as automated navigation, and the control of nonlinear situations such as steering on

an icy road. He concludes with a reference to the homeostatic processes in living organisms.
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Hsue-shen Tsien
Chinese Mathematician and Aerospace Engineer
1911-2009

U.S. Army Colonel in World War II
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ENGINEERING CYBERNETICS
H. S. TSIEN

Daniel and Florence Guggenheim Jet Propulsion Cenler
California Institute of Technology
Pasadena, California

CONTENTS

PRrREFACE .

cEAPTER 1, INTRODUCTION

1.1. Linear Systems of Constant Coefficients .
1.2, Linear Systems of Variable Coefficients .
1.3. Nonlinear Systems . .
1.4. Engineering Approximation

CHAPTER 2. MprEOD OF LAPLACE TRANSFORM.

2.1. Laplace Transform and Inversion Formula . . . . . .
2.2. Application to Linear Equations with Constant Coefficients .
2.3. “Dictionary” of Laplace Transforms.

2.4. Sinusoidal Forcing Function . .

2.5. Response to Unit Impulse .

cHAPTER 3. InrUuT, OUTPUT, AND TRANSFER FUNCTION .

3.1. First-order 8ystems. . . . . . .
3.2. Representations of the Transfer Function
3.3. Examples of First-order Systems .

3.4. Second-order Systems . . . . .
3.5. Determination of Frequency Response
3.6. Composition of a System from Elements
3.7. Transcendental Transfer Functions .

A He was influenced by the methods of American engineering education, especially its focus on
experimentation. This was in contrast to the contemporary approach practiced by many
- Chinese scientists, which emphasized theoretical elements rather than hands-on experience...
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Recall that the main objectives in control system design are: (1) to stabilize the

given system; and (2) to track certain desired references. As illustrated in Part 1, if

we consider a SISO system

U(s)

—»

G(s)

—— Y()

and if we want the output to track a reference r, the simplest solution 1s to design a

control law of the following form

R(s) —

G(s)

U(s)

G(s)

————»> Y(S)

Besides the issue on unstable pole-zero cancellations as explained in Part 1, the

above open-loop control strategy is not robust with respect to uncertainties in

unmodeled system dynamics and external disturbances. As such, such an open-loop

control system has never been adopted for practical uses!
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Instead, we adopt the following feedback control scheme:

R(s) _ E U(s) Y(s)
i:/\ (S)= K(s) S Gs) :S

Recall that the objective of control system design is trying
to match the output Y(s) to the reference R(s). Thus, it 1s
important to find the relationship between them. Recall
that

Y(s)

=06

= Y(s5)=G(s)U(s)

Similarly, we have U(s)=K(s)E(s), and E(s)=R(s)—Y(s).

Thus,
Y(s)=G(s)U(s)=G(s)K(s)E(s)
=G(s)K(s) [R(S) — Y(S)].
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Harold S. Black (1898-1983) was
an American electrical engineer,
who revolutionized the field of
applied electronics by discovering
the negative feedback amplifier
in 1927. To some, his discovery is
considered the most important
breakthrough of the twentieth
century in the field of electronics,
as it has a wide area of application.
He published a famous paper,
Stabilized Feedback Amplifiers,
in 1934.
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Y(s)=G(s)K(s)R(s)—G(s)K(s)Y(s)
— [ 1+ G(S)K(S)] Y(s)=G(s)K(s)R(s)

Y(s) _ G(s)K(s)

= M) = T T 6K (s)

R(s) —| H(s)—— (s

which is the closed-loop transfer function from the reference input R to the

system output Y.

Classical control techniques are focusing on designing an appropriate controller
K (s) such that the resulting closed-loop transfer function H (s) is stable and meets
given design specifications, such as settling time and overshoot in time domain

and gain and phase margins in frequency domain.
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Classical Control System Design Philosophy...

It 1s to select an appropriate controller such that when it is applied to the given
plant, the resulting closed-loop system H (s) meets the time domain specifications

(such as rise time, settling time and overshoot, etc.).

We observe that the best choice 1s to have an overall closed-loop system

R(s) —— H(s)=1F—— Y(s)

Unfortunately, having a unity transfer function is practically impossible, we would
thus try to make /(s) ~ 1, instead. More specifically, we will try to make H(s) to be
as close to 1 as possible within the operating frequency range (working bandwidth)

of the system.

In almost all classical control system designs, we are trying to match the closed-
loop system to 1 at one particular frequency point, 1.e., s = 0. We always carry out

to design a controller such that the resulting /7(0) = 1, a unity DC gain.
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Based on the nature of the system to be controlled, typical choices of K(s) in the

classical design methods are:

* P (proportional) control:
u=k (r-y)=ke < U(s)=k, E(s)

* PI (proportional-integral) control,

u(t)zkpe(t)+kije(f)dr S U(S):(kank"jE(s)
g S

* PD (proportional-derivative) control,

de(t)

u(t) =k e(t)+k, & U(s)=(k,+k,s)E(s)

* PID (proportional-integral-derivative) control:

de(t)
dt

u(t) = kpe(t)+kije(r)dr +k, o U(s)= (kp L kdsjE(s)

S
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In classical control design, one is to choose a suitable controller (P/PI/PD/PID)
with appropriate gains such that the resulting closed-loop transfer function H(s)
is dominated by a second order system and then compared it with the behaviors

of a typical second order prototype whose properties are well studied and

documented.
1 * Im(s)
The following is a commonly used 6= sin é“‘)/
prototype and important benchmark for
classical control system design: \
(1)”
0)2

— n 3
Hpmpotype(S) o Sz +2§60,ZS+CU,12 : \/ I Re(s)

B 2
le— o —| W, =, 1—4’

¢ 1s called the damping ratio of the system | l

@, 1s called the natural frequency YO < ——
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Unit step response of

2
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Further zoom 1n to the unit step response of

propotype (S )

2
()

n

2
S

+20w s+ o’
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t overshoot A , =€
1 { iJ]'f.-?'
/ | \ . i — . ——S—
/ \;_/E‘:______"-‘—:'_______T___
rise time
1.8 *
= )
©n ¥ 1% settling time
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Example: Recall that the linear model of the pendulum system around 6, = 0 1s

(M ofol g om0 ol

I
I
I
| L ME
A\ L
:H For simplicity, we assume
av) I
z g1, Lo
(@R =1, 5=
= L ML
c
=

The above system can thus be expressed as

oL aflof{i)e v o)

1

st +1

yield a settling time of 1 sec. and an overshoot less than 10% for a step response.

A
;F’;‘.i

It has a transfer function G(s) = . We wish to design a PD controller to
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The problem can be formulated as follows...

R(s)
+T 1 K© I G f—2—
|
G(s)=
() s®+1

design a PD control law
K(s)=k , T ks

such that the closed-loop system response due to a unit step input has a settling

time 7, = 1 second and overshoot less than 10%.
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, o Cannot do anything
The resulting closed-loop system 1s given by T ——

H (s) = G(s)K(s) = kKgSHk,
1+ G(s)K(s)  sT+k,s+1+k,

Compare this with the standard 2nd order system:

2

(5) =
propotype S2 +2é/a)ns+a)j kd — 24/0)71
2
k,=w, -1

The key 1ssue now 1s to choose parameters /, and %, such that the above

resulting system has desired properties, such as prescribed settling time and
overshoot. We should note that the numerator cannot be exactly matched no
matter what and the resulting DC gain 1s always equal to k,/(1+%, ). We can

add an additional feedforward constant gain to make the DC gain unity.
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To achieve an overshoot less than 10%, we obtain ¢ > 0.6 from the figure on the
right that

100

To be safe, we choose ¢ = 0.8. 0

To achieve a settling time of 1 second,

‘”I{J Y

Wwe use f”
ts :ﬂ:l — a)n = 46 = 46 :575 10
é,a)n gts 0'8 U(J_H 0.2 0.4 !J.ﬁ_- : 0.8 1.0
k,=2lw
« =260, M o o
k = —1 P
p n
k,=9.2
k,=32.1
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Simulation Result:

Step Response

Amplitude

| |

|

|

|

1.8
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|

0.6

0.8 1
Time (seconds)

1.2

1.4

1.6

The resulting
overshoot is
about 18% and
the settling time
is about 1 sec.
Also, there 1s a
steady state error.
Thus, our design
goal 1s only
partially
achieved.
We need to
resign the

controller.

© BEN M. CHEN



Summary for designing K(s)...

Step 1: Given a plant, G (s), to be controlled and given design specifications (e.g., the
required on settling time, overshoot, etc.), determine an appropriate 2nd order

prototype H

orototype(S ), Which meets the requirements.

Step 2: Choose an appropriate (P/PI/PD/PID) Step 3: Determine the required gain

controller, K (s), and work out its parameters in K (s) by

closed-loop transfer function H (s). matching H(s) in Step 2 and
. y H otorype(s) 0 Step 1, either
: K(s)  G(s) > exactly or approximately

(usually we would only be

able to match them loosely).

¥

R(s) —— H(s) — Y(s) ® —Hu—

Step 4: Simulate the above design to verify the result. Repeat Step 2 and Step 3 until a

satisfactory result is obtained.
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4 Ziegler-Nichols tuning method for designing a process controller...

Step 1: In the configuration below, the proportional gain is increased until the closed-loop
system becomes marginally stable (i.e., the closed-loop system has simple poles on
the imaginary axis, say j@,, in the complex plane). Such a gain, K, 1s called the

.............................................

ultimate period.

Root Locus

P K

u u

~
=
A4

Process w

Step 2: Ziegler-Nichols tuning parameters are set as...

Type of Controller Optimum Gain

P kp=0.5 Ku FEAY S N
i 1,»/\ /\ /\ //\

Pl kp=0.45Ku, ki=0.54 Ku/Pu

- |
PID kp=1.6 Ku, ki=3.2Ku/Pu, kd=0.2KuPu VO/ \ V \ v v
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What is next?

Even though we might be happy with the
time-domain performance, the frequency
domain properties (such as gain and phase
margins as well as sensitivity function
specifications) are equally important in real-
life applications. These frequency-domain
specifications guarantee the robustness of
the overall closed-loop system in face of
uncertainties and disturbances.

In order to elaborate the concept of
frequency-domain specifications, we need to
recall the Bode plot and Nyquist plot of a
transfer function that we have learned in the
elementary introduction course to feedback

control in our undergraduate studies.
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|
/| Hendrik W. Bode

American Engineer
1905-1982

In 1945 H. W. Bode presented a system for
analyzing the stability of feedback systems
by using graphical methods. Until this
time, feedback analysis was done by
multiplication and division, so calculation
of transfer functions was a time
consuming and laborious task. Remember,
engineers did not have calculators or
computers until the 1970s. Bode
presented a log technique that
transformed the intensely mathematical
process of calculating a feedback system’s
stability into graphical analysis that was
simple and perceptive. Feedback system
design was still complicated, but it no
longer was an art dominated by a few
electrical engineers kept in a small dark
room. Any electrical engineer could use
Bode’s methods to find the stability of a
feedback circuit. —— Ron Mancini
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Frequency responses

— 21 jo
Consider the following feedback control system, 2=l = e

r e
»() >
+ T_ K (s)

Frequency response of the open-loop transfer function, 1.e., K(s)G(s), are the

\ 4
v

G (s)

key 1n examining the robustness properties of the closed-loop system.

For example, suppose a control system has an open-loop transfer function

5
s=jo ¢ 1 562 £ 55+1

51-50°)+ j5(0’ —5w) A Nyquist
o (1=50°)Y +GBo-0’) plot

K(s)G(s)

K (jo)G(jm)|= > . /K(jo)G(jo)=tan"" (“’3_—5”)

\/(1—5(02)2 + (@’ -5w)° 1-50°

\ J
|

Bode plot
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Magnitude (dB)

Phase (deg)
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-270 =

50

Bode Diagram ‘

-100 -

5

- - K(5)G(s)=

7 +55% +5s5+1

] 1 I P TR S S S | 1 1 11—

1072

107" 10° 10’ 102
Frequency (rad/s)
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Nyquist plot

Nyquist plot maps the open-loop transfer function

K(jw) G(jw) directly onto a complex plane. For the

previous example, its Nyquist plot is as follows...

Nyquist Diagram

Imaginary Axis

0 b ‘ K(s)G(s)=

5

s°+5s% +5s5+1
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Real Axis

4

nyquist

Harry Nyquist
Swedish

American Engineer

1889-1976

Nyquist stability criterion,
independently discovered by
the German electrical

engineer Felix Strecker at
Siemens in 1930 and the
Swedish-American electrical
engineer Harry Nyquist at Bell
Telephone Lab in 1932, is a
graphical technique for
determining the stability of

a dynamical system. Because it
only looks at the Nyquist plot
of the open loop systems, it can
be applied without explicitly
computing the poles and

zeros of either the closed-loop
or open-loop system. As a
result, it can be applied to
systems defined by non-rational
functions, such as systems with
delays.
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Nyquist stability criterion

Recall the closed-loop transfer function of feedback system... d
% G Feedback Control of
S S Dynamic Systems
H(S) = ( ) ( ) GcncFF-:\nklmN' David Powell * Abbas Emami-Naeini
1+ K(5)G(s)

The closed-loop characteristic polynomial 1s given by

1+K(s)G(s)=0 = K(s)G(s)=—-1=—-1+ 0

Clearly, zeros of 1+ K(s) G(s) are the closed-loop system poles.

Let Z be the number of zeros of 1+ K(s) G(s) in the right half
plane (i.e., the unstable closed-loop poles), P the number of
unstable poles of the open-loop transfer function K(s) G(s). Then,
the Nyquist plot of K(s) G(s) shall encircle the point—1+;0
(clockwise) N=Z—P times (or Z=N+P).

Note: The above result can be utilized to determine the stability of the closed-loop

system. It can also be used to determine how far the system is from instability.
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Procedure for determining Nyquist stability

1. Plot KG(s) for —joo < 5 < + joo. Do this by first evaluating
KG(jw) for w = 0 to wp, where wy, is S0 large that the magnitude
of KG(jw) is negligibly small for @ > wy, then reflecting the
image about the real axis and adding it to the preceding image. The
magnitude of KG(jw) will be small at high frequencies for any
physical system. The Nyquist plot will always be symmetric with

respect to the real axis. The plot is normally created by the NYQUIST Gene F. Franklin

_ Stanford University
Matlab m-file. 1927-2012

2. Evaluate the number of clockwise encirclements of —1, and call that
number N. Do this by drawing a straight line in any direction from
—1to oc. Then count the net number of left-to-right crossings of the
straight line by KG(s). If encirclements are in the counterclockwise
direction, N is negative.

3. Determine the number of unstable (RHP) poles of G(s), and call
that number P.

4. Calculate the number of unstable closed-loop roots Z:

Z=N+P (6.28) N

Il
I
[\

For the case when the open-loop system is stable (P = 0), Thus, the closed-loop is stable iff the
Nyquist plot has no encirclement of — 1. If the open-loop system has two unstable pole (P=2), then

the closed-loop is stable iff N=-2, i.e., the Nyquist plot should encircle — 1 anti-clockwise twice...
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Side note...

First of all, the key idea of Nyquist stability criterion is to use open-loop transfer function
to determine the closed-loop stability. This can be done because under the unity feedback

framework

R(s) . E(s) U(s) Y(s)

"'T— n K(s) » G(S)

The closed-loop transfer function is given as

Y(s)  G(s)K(s)
CR(s)  1+G(s)K(s)

H(s)

It can be seen from the above expression that the closed-loop
stability is determined by the characteristic polynomial of
1+G(s)K(s) = 0, which is equivalent to K(s)G(s)=—1=—1+ 0,

[t together with the argument principle in complex analysis give Nyquist stability criterion.

If we have other feedback structure, for example, if there is an additional controller in the
feedback loop, you will have to modify the Nyquist stability criterion. The key point is to
express a closed-loop characteristic polynomial as 1+ 7'(s)=0 and then study the open-loop
property of T'(s).
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Gain and phase margins

: ¢ K($)G(s) —2 s
The gain margin and phase margin can be found + %_ '
from the Nyquist plot by zooming in the region |

in the neighbourhood of the origin.

Gain margin 1s the additional gain
that can be tolerated in K((s) (or
gain uncertainties in (7(s)) such
that the resulting closed-loop
system would still remain stable.
Similarly, phase margin 1s the

v

additional phase that can be
tolerated in K(5(s) (or phase
uncertainties in (7(s), such as iput

delay) such that the corresponding

closed-loop would still be stable.

PM= ZK(jw,)G(jw,)+180°, where @, is such that ‘K(ja)g)G(ja)g)‘zl

GM=|K(j®,)G(jw,)| , where w, is such that £ K(jw,)G(jw,)=-180°
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Gain and phase margins in Nyquist plot

5

Example: K(s)G(s) =
P ($)6(s) s +55* +55+1

= P=0, N=0 = Z=P+N=0

Nyquist Diagram

4 7T
4
3r .“‘
1 C e
e RN
2 B /I“. \
ya —:021:&1\{:48
05 / \ .
1 b y \
2 @ /
X Z /
N N | N
g 0 ........ g O + . ,\t)
& =2 \ /
= £ e} \
- —1 B @ \ /
\\ _,*"
05 \Y \ ) _
2t o \ S
P, N P ~
~ -
3t -1 \. S
4 1 1 1 1 1 1 1 b |
2 1 0 1 2 3 4 5 6 1 0.5 0 05
Real Axis Real Axis
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Gain and phase margins in Bode plot

- 6
Bode plot K(s)G(s)=—; 25 z=x+iy=re
s +5s"+5s+1

20 | T T T T T T TIT]
GM =48=13.62dB
O g o0 000000000000000000000000000000000080000000000000000000000000000000esTTEseseeessesesseseseseteeesesttteeteeeeteeeeeeesecceccccecesesecesesorores ol
@ 20 gain .
Y 40 _ margin
E gain crossover
% 60 frequency
S 80
-100 -
-120 . | . R . Ll . L
O H i T i i T i i iR i i ]
45 > phase crossover
D 90 Phase frequency - Nyquist plot
o margin
o -135 i
n
_CCU 180 P P P PP P P { ........................................................................ ade
<.
PM =49.8°
-225 -
-270 L PO R S S S | . P S S . 3| . I \ PR e — '
1072 107! 10° 107 102 margin GMdemo

Frequency (rad/s)
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Gain margins for unstable open-loop systems

When the open-loop system is unstable, its Nyquist plot must encircle —1 point (counter
clockwise) to ensure the closed-loop stability. The following is such an example (the open-
loop system has one unstable pole)...

» If we increase the open-loop gain by more 0% e RSt Derm
than 2.3, the right circle will encircle —1 o
point clockwise instead. By Nyquist Ve
stability criterion, the resulting closed-loop o | PV 1S .
system has 2 unstable poles. Thus, we f;; mzv r s
cannot increase the open-loop gain more % . }'. e > )
than 2.3, which the upper gain limit. N \""“-‘. (055
» On the other hand, if we decrease the open- 0.15
loop gain by a factor less than 0.8, there 02 \o
will be no encirclement of -1 point. By OB a2 4 .o';ea' Ax{sﬁ 04 02 0

Nyquist stability criterion, the resulting
closed-loop system one unstable pole. Thus, we cannot decrease the open-loop gain by
less than 0.8, which is the lower gain limit.

» The closed-loop system will remain stable so long as the open-loop gain is perturbed
within (0.8, 2.3), which is the gain margin for this example.
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Sensitivity and complementary sensitivity functions

Sensitivity and complementary sensitivity functions are two other measures for a
good control system design. The sensitivity function is defined as the closed-loop

transfer function from the reference signal, , to the tracking error, e, and is given
by |
S(s)=
1+ K(s)G(s)

The complementary sensitivity function 1s defined as the closed-loop transfer
function between the reference, », and the system output, y, 1.e.,

sy - KGIGE)
1+ K(s)G(s)

Clearly, we have S(s)+ T'(s)=1.

r e y

. =T_ - K(s) " G(s)

y

v
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have a sensitivity function that is
small at low frequencies for good

3 tracking performance and disturbance
%, -60
) B I . NE rejection and is equal to unity at high
. R frequencies. On the other hand, the
. complementary sensitivity function
_ 1o’ 1o’ 1o’ Frequency[Hz)1oa 1o’ 10’ Should be made unity at low
_ _ frequencies. It must roll off at high
10 , 'Serrlqus Dgs[gnr . sg .
frequen01es to POSSCSS gOOd
) attenuation of high-frequency noise.
g wwon _AKCf
= Kemao Peng £
§'! Venkatakrishnan Venkataramanan
Hard Disk Drive
Servo Systems
0.0 0.5 1.0 1.5 2.0
Frequency
Figure 3. Sensitivity reduction at low frequency unavoidably Gunter Stein
leads to sensitivity increase at higher frequencies. Hon eywe | L USA
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Now, recall the block diagram of control system:

R(s) Y(s)
; - C(s) K(s)-G(s)

v

A 4

in which as usual G (s) is the plant to be controlled, K (s) 1s the controller one
has designed to meet the time-domain specifications, and controller (commonly

called compensator) C(s) is to be meet the frequency-domain specifications.

The common choices for C(s) are either a lead or a lag compensator:

Ts+1 Ts+1

C(s) = > , O<ax<l C(s) = ST , a>1
als+1 als+1

LEAD COMPENSATOR C0)=1---?---!  LAG COMPENSATOR

The key idea in designing these lead and lag compensators is rather simple — it

tries to shift the frequency response to have desired gain and phase margins...
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Frequency responses of lead and lag compensators

Ts +1
Cs)=—"" 0<
als +1

a<l1

Magnitude (dB)
N w £ (6] o ~

107!

10°

10 102

a lead compensator

Phase (degree)
>

T

T

- o N IS o @

10"

10°
Frequency (rad/s)
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Magnitude (dB)

A
T

C(s) =

Ts+1
als+1’

o

N
T

)
T

&
T

&
T

107!

10°

10'

a lag compensator

102

107

10°
Frequency (rad/s)

10

10?
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Idea of adding a lead compensator ,
Gain cross-over

Bode Diagram
50 SR St frequency gets
shifted after
compensation
g T ; 1
g !
= 1
= ; -20 dBdecade !
g ; 5
E -50 B I = :
; 0 t
} Gain of lead
-100 1 L ool | 1 L R R | L L L
90— ———r . compensator
- ! :
g ! Phase margin
~ ]
g 135 ! : after
®
& — compensation
Original PM H
-180 = e - A A R —— | . .
o " o > e Generally, it requires

many iterations to

:
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Idea of adding a lag compensator

4

i
0 ~ . -

Gain of lag compensator

RN ——

~20 dB /decade :

100 Sy ‘ | T T T T RN Gain cross-over
' frequency
shifted to lower
frequency after
compensation

Magnitude (dB)

Again, it
requires
many
iterations
to have a
good

ol A TR B ——— result...

-180
107 / 10 . 107 10° 10’ 10°
; . Frequency (rad/s)

Phase after .

, ‘ —  Phase of lag compensator
compensation \/
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Summary for designing C(s) and the overall controller...

Step 1: Given a plant, G (s), together with a pre-designed controller, K (s), which meets
the time-domain design specifications (e.g., overshoot, settling time, etc.), we are
to design an appropriate compensator to meet frequency-domain specifications

(e.g., required gain and phase margins).

Step 2: Choose an appropriate compensator (either lead or lag compensator), C(s), and

work out the required design parameters.

Step 3: Simulate the above design to verify the result. Repeat Step 2 until a satisfactory

result is obtained.

Step 4: Perform simulation for the over design consisting of both K(s) and C(s). Check

if all the design goals are achieved...

R(s) Y (s)

f?_—ccv) K (s) [~ G(s) [

Step 5: Repeat the design processes of K(s) and C(s) all over again, if necessary ©

\ 4

v
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Advantages and drawbacks of classical control

The advantages of the classical or PID control are:
» Itis structurally simple and it is easier to tune controller gains.
» Itlinks directly to the time- and frequency-domain specifications.

» It can be applied to plants whose dynamic model is unknown.

The drawbacks are also very obvious:

»  All specs are approximately met through out the design process. Many

iterations are required.

» It can only be used to control certain classes of SISO plants. For instance, a PID

controller cannot even stabilize a triple integrator plant.

» It only takes the error signal e for feedback rather than » and y independently,

which limits the overall control performance.

» Itis not feasible to control MIMO systems directly. We need to decouple a
MIMO system first before utilizing PID control.
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Stabilization of Multivariable Systems

PLANT

STATE FEEDBACK X

OBSERVER
LAw

F K
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Stability, more specifically the internal stability, 1s of the utmost importance in
control systems design. It 1s meaningless to discuss control system performance

without internal stability.
In this section, we focus on systematic procedures in designing

1. A state feedback control law to stabilize an unstable system provided
that 1t 1s stabilizable, and all its state variables are available for
feedback. The design procedure would also allow us to re-locate the

closed-loop poles of a controllable pair to any desired locations.

2. An observer or estimator to estimate the state variables of the given
plant if they are only partially measurable, provided that the given

system is detectable. It is basically a dual procedure of that in Item 1.

3. An observer-based controller for the stabilization of a general
multivariable LTI system with measurement feedback, provided that it

1s stabilizable and detectable.
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State feedback control law

We first consider a SISO system characterized by
xX=Ax+Bu, xeR", uelR

with (4, B) being controllable. It follows from Theorem 4.4.1 (the controllability
structural decomposition or the Brunovsky canonical form) of Part 1 that there exist

nonsingular state and input transformation 7, and 7; such that

x=TXx, u=I11u

and
0 1 0| K
. » 0O O .0 - y 0
A=T"AT, = . . . . B=1 BI=|.
A A, A, 1

where A, i=12,---,n, are some constants of no interest.
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Mathematical background material from Part 1...

We can show that

A=

has a characteristic polynomial of

A -1
y(A)=det(AI-4)=|0 A
a, a,

Generally, we can show that

0 1 0 -~ 0

0 0 | - 0

= T 2 0 =0
0 0 0 0

| 4, Ay T4y, —a
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0
-1
A+a,

A4 al/l.2 + a?_/l +a,

This result is
particularly
usetul for pole
placement...

= y(AD)=A"+a A"+ +a

Arthur Cayley
1821-1895
British Mathematician

William R. Hamilton
1805-1865
Irish Mathematician

A+a,

n-1
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We wish to design a state feedback law u=F'x such that when it is applied to the -
given system, the resulting closed-loop system has poles are desired locations, say

at s, s, ..., §,, respectively. We write the corresponding closed-loop characteristic
equation as

1A =(A=5)A=5,)(A-s)=A"+a A" +-+a,

Then, the required gain matrix 1s

F:T;FT;_IZTI(_[AI A2 An]_[an an—l al] )T;_l
Let us examine the closed-loop system matrix 4 + BF,
0 1 0 |
~ -1 -1 -1 ~ L Dyl 0 0 0 -1
A+BF =TAT +TBL TFI ' =T(A+BOYT =T . .~ [T
__an _an—l Tt _al _

which has a characteristic polynomial exactly matched the desired one.

The gain matrix F 1s uniquely determined for a SISO system if 1t 1s controllable!
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Example: Consider a SISO system characterized by

0 1 1] [2]
x=Ax+Bu=|1 1 1|x+|1|u
_O 1 O_ _1_

Using CSD in the Linear Systems Toolkit, we obtain a set of transformations

-1 0 2 0 1 0 0
T=|13 1|, T=1 = A4=|0 0 1|, B=|0
10 1 12 1 1

Let the desired closed-loop system poles be placed at s, = -, 5,; =—0 % jo
= y(8)=5+Qo+a)s’+(c’ +o’ +2a0)s+a(c” + o)

and the desired state feedback gain is given by
-1 0 2
1

F:—g[a(02+w2)+1 o'+ +2a0+2 20+a+1] 0 1 -1
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Just for fun...

.~
©1990 S.M. Joshi R R\ Sidee
©1992 S. M. Joshi
“Maybe I'm wrong- but in this case I wouldn't Lariat Logan applies state feedback banrg-bang- control
emphasize positive attitude!” for eigenvalue placement.
T/J -
v

[lustration of system

Z

Zi

&
ARUEAL

stabilization using the
pole placement

through a state

Suresh M. Joshi
NASA Langley Research Center feedback control law...
"WHOA... WHOA... take it easy, man! Don't you know we're T i

supposed to be conjugates and get there asymptotically?"  ioos s w1 sosh
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We now consider a MIMO system characterized by
x=Ax+Bu, xeR",ueR"”

with (4, B) being stabilizable. By Theorem 4.4.1 of Part 1 that there exist

nonsingular state and input transformation 7, and 7; such that
x=1.%x, u=T~Tu
and the transformed system X = 4%+ B4 has the CSD form

uncontrollable modes

(Ag) 0O 0 S O "0 - 07
0 [0 Ilp_1| -+ O 0 0 --- 0
. * | % * cee % * s | I
A= B = (4.4.7)
0 0 0 oo 00 Iy, 0 --- |0
[ x % * . x )] 0o ... 1]

controllable pairs
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We can apply a pre-feedback again, say u I:“O X, to clean up all the * terms first,

1.€.,
FAg O 0 e ) 0 7 0 - 07
0 0 Ilpy_4 --- 0 0 0 -« 0
~ 0 0 - 0 0 N I - 0
A+ BF, = O : . , . . , B=|. . .
0 0 0 o 00 I 0 --- 0
L 0 O 0 - 10 0 ] 0 - 1]

For the uncontrollable modes in 4, it cannot be changed by any state feedback law.
The stabilizability of (4, B) implies 4, 1s stable. We leave it as it.

For each controllable pair, we can use the result derived earlier for SISO systems to
design an appropriate sub-gain matrix. A desired state feedback control law u = F'x
can then be obtained by putting all these sub-gain matrices together. We omit the

detailed procedure.

Note that one can also use m-function PLACE to obtain a desired gain F. T
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State observer or estimator

The state feedback control law given 1n the previous section requires all the
state variables of the given system to be available for feedback, which usually
not the case 1n real-life situations. More often, we would face problems in

which the information of the system state variables is partially available.

In what follows, we proceed to design a so-called observer or estimator to
estimate the state variables of the given system when there 1s only partial

information available.

To be more specific, we consider an LTI system characterized by
x=Ax+Bu, xeR", ueR”
y=Cx+Du, yeR”, p<n

with the matrix pair (4, C) being detectable (which is necessary for designing
an observer).
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Let us try to be a copycat by duplicating the system dynamic equation

$=A%+Bu

We note that u is the input to the system and 1s known. Define an error signal
e=x—x = é=X—)Ac=Ax+Bu—(Afc+Bu)=Ae

It follows from (3.2.1) in Part 1 that the solution to the above error dynamic
equation is given by

e(t)y=¢e"¢,, e,=e(0)=x(0)—%(0)

If x(0) 1s known, we can choose the 1nitial condition of the observer dynamics to
match it exactly and thus e, = 0 gives perfect estimation e(?)=0 for all 7.
Unfortunately, this can never be the case in real life, in which x(0) 1s generally

unknown. On the other hand, 1f A4 is a stable matrix,

lime(¢) =lime"'e, — 0

{—00 {—00

X(¢) would give us an asymptotic estimation of x(7) if 4 is stable!
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For the case when the system matrix 4 is unstable, the copycat estimator on the

previous page does not work at all.

Instead, we introduce an output error feedback term to solve the problem, 1.¢.,

x=A%+Bu-K(y-9)=Ai+Bu—-K(y—C%—Du)
=AX+Bu—-K(Cx+Du—-Cx—Du)
=AX+Bu—-KC(x—Xx)

As usual, define the error signal e(t) := x(¢) — x(¢), we have
é=x-%=Ax+Bu—(A%+Bu)+KC(x—%)=(4+KC)e

and .
e(t)=e"* e, e, =x(0)—£(0)

Obviously, if K is chosen such that 4 + KC is stable, we would have an asymptotic

estimation of x(¢), i.e.,

lime(?) = lime"* %<

{—0 {—0

e, =0, foranye, =x(0)—x(0)
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The problem now becomes on how to choose K such that 4 + KC is stable. It can
be solved using the observability structure decomposition given in Theorem 4.3.1

of Part 1. Alternatively, we can define an auxiliary system
x:Aauxx_*_Bauxu:: AT'X_I_CTM
It 1s straightforward to verify that (4, C) detectable implies (4,,,, B,,,) stabilizable.

Then, follow the procedure given in the state feedback control law section to
design an appropriate state feedback gain F, , such that A, + B, , I, 1S stable and

has all its eigenvalues in the desired locations. The required observer gain matrix

is therefore given as
K =(Fu)'

which gives

(A+KC) = A" +C'K' =4, + B F,,

and A(A+KC)=A(A4,, +B,.F,,)CC (all are in the stale locations).

aux aux" aux
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Example: Consider a SISO system characterized by

0 1 1] [9] 3
x=Ax+Bu=|1 1 1|x+|8 u, XOZX(O): 6 place

_O 1 O_ _5_ 9 ex2050
y=Cx+Du=[2 1 l:x

Using m-function PLACE in MATLAB, we obtain an observer gain matrix
1
K=—4
1
which places the eigenvalues of 4 + K C at —1, —2 and —3, respectively. The

simulation result shown on the next page verifies that the observer

x=AX+Bu-K(y-Cx)=(A4+KC)i+Bu—-Ky, %0)=0

indeed gives an asymptotic estimation of the given plant.
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Estimation error signals

10 l T | T T T I simulink
ex2050

Time (sec)
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Observer-based controller

We now consider the stabilization of a general LTI system with measurement
feedback. Consider

x=Ax+Bu, xeR", ueR”
y=Cx+Du, yeR’
with (4, B) being stabilizable and (4, C) detectable. We would like to design a

proper dynamical measurement feedback control law of the following form

xcmp = Acmp xcmp +B cmp Y
U =Copp Xemp T Dernp V

cmp ““cmp

such that when it is applied to the given plant, the overall closed-loop system is

asymptotically stable.

The design procedure for the above problem turns out to be rather straightforward

and systematic.
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Step 1. Assume that all the state variables are available for feedback, we design a

state feedback control law
u=Fx (%)
such that 4 + B F’ 1s asymptotically stable.
Step 2. Design an observer
x=A%+Bu—-K(y-Cx—-Du) (% %)
such that 4 + K C 1s asymptotically stable.

Step 3. Replace x in (%) with X in (x %), we obtain a measurement feedback

controller
{ X=(A+BF +KC+KDF) ¥ =Ky

u=Fx { A

cmp xcmp

+ chp y

xcmp =

u = Ccmp X cmp +D cmp Y

which will do the job for us.
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Why? Let us recall

x=Ax+Bu, y=Cx+Du

and
x=(A+BF +KC+KDF)*-Ky, u=F%*
We have
x=Ax+BFX,
and

x=(A+ BF + KC+ KDF) % — K(Cx + Du)
=(A+BF + KC+ KDF) x—K(Cx+ DF' x)
=(A+BF +KC) x— KCx

and the closed-loop dynamic equation

X B A BF X
$) |-KC A+BF+KC |\ %
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Noting that

4 BF I 0[4+BF -BF ][I 07"
~KC A+BF+KC| |I —I|| 0  A+KC| I -I
It 1s then clear that the closed-loop system 1s asymptotically stable provided that
both A+BF and 4+ K C are asymptotically stable.

The beauty of this result shows that in order to stabilize the given plant, we can
separate it into (1) designing a stabilizing state feedback gain, and (i1) designing a
stabilizing observer gain. Such a result is commonly called the separation
principle in the control literature and has been used heavily in deriving tons of
new techniques including what we are to learn in this part. All advanced methods
are to design specific F'and K to meet specific requirements.

Finally, we should note that there are many types of

observers studied in the literature, which include full

order and reduced order types. The most general
David Luenberger

type of observer was given by Luenberger in 1966. Stanford University
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Implementation of a multivariable control law with a reference and D=0...

Reference
— 7}
r— G —O) > PLANT L.
./‘ +

. . / -1 -1 '5& A N ~ >
G =[C,(A+ BF)™ B] F  *+— x=(4+BF +KC)x-Ky—BGr

v «— 7

Multivariable controller

G is chosen such Matrix C, is related to output variables of interest, say
that the DC gain z=Cyx

from 7 to z is unity. where z is to track the reference r.
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Example: Consider the linear model of the pendulum system characterized by

oL oflo) Lt =t ol

with 1t being set at #=10° initially. Design an observer-

based compensator to stabilize the system and to regulate

|

|

|

|

|

A
(v}

the pendulum to 6=0°.

Step 1. Assume that all the state variables are available for feedback, we design

a state feedback control law
6
”:Fx:[fl fz](ej

such that A + B F has eigenvalues at —1 £, 1.e., the desired characteristic
polynomial s?+2s+2 and
-1

1jf1 s g 7S (=f) = Pl 2

\SI—A—BF\:‘
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Step 2. Design an observer

)?:A£+Bu—K(y—C)%):A)%+Bu—[

¢ Jo-c)

2
such that 4 + K C has eigenvalues at — 1+ /, 1.e., the desired characteristic
polynomial s?+2s+2 and

ko -1

\SJ—A—KC\:‘S_
-k, s 1

2
=S2—k1S+(1—k2) — K:—(j

Step 3. The measurement feedback controller with the reference »=0 1s given as

(s HESEE W
. |=(A+BF +KC+KDF)| . |-K@= 4+ O
0 0 -3 2)lg) |1

3

0 0
u = F T _[1 2] 2 xcmp = Acmp xcmp +chp Y
L 0 g U =CupXemp T Demp V

cmp “Ycmp
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Closed-loop system response...

0.2

0.15 —

0.1

0.05

-0.05

-0.1

-0.15

02 | | | | |

0 2 4 6 8 10

Time (seconds)

Exercise: Verify the above result using SIMULINK in MATLAB...
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Homework Assignment 4 (due in 1 week)

Consider a two-cart system as depicted in the figure below

‘ X1 X7

— K
u e Y Y Y\
—— A‘[ 1 - \ [ 2
poe— - |

The carts, assumed to have masses M, and M,, respectively, are connected by a spring and
a damper. A force u(%) 1s applied to Cart M, and the position of Cart M, can be observed,

1.e., y = Xx,. For simplicity, we assume M,=1, M,=1, F=1 and K=1.

It was derived in Part 1 of this course that the given plant can be characterized as a linear

time-invariant system
x=Ax+Bu
y=Cx+Du

where the system data are given as follows:
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0 1 0 0 0 X, 1
-1 -1 1 1 1 X, 0

A= , B= , X= , Xy =
0O 0 0 1 0 X, 1
11 -1 -1 | 0 ] X, 0

c=[0 0 1 0], D=0.

1. Design an observer-based controller to stabilize the system and to maintain the position

of Cart M|, 1.e.,
z=x,=C,x=[1 0 0 O0]x

at 2m, 1.e., ¥ = 2. Place all the closed-loop poles at —1, i.e., select a state feedback gain
matrix F and an observer gain matrix K such that the eigenvalues of A+BF and A+KC
are all at —1. Express the corresponding observer-based controller in the usual state-
space form. Simulate the overall closed-loop system state responses and the estimation
errors of the state variables (set the initial condition of the controller to 0).

2. Comment if it is possible to control the system using PID and/or lead/lag compensators.
Why or why not?
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Linear Quadratic Regulator (LQR)

u XxX=Ax+Bu y
y=x
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Background

The theory of optimal control is concerned with operating a dynamic system at
minimum cost. The case where the system dynamics are described by a set of
linear differential equations and the cost 1s described by a quadratic function is
called the LQ problem. One of the main results in the theory is that the solution
1s provided by the linear quadratic regulator (LQR), a feedback controller
utilizing all the information of the system state variables. LQR together Kalman
filtering, which 1s commonly called LQG (linear quadratic Gaussian) form a

corner stone in modern control theory.

Like the role of PID 1n the classical control, LQR (or LQG) plays even a more
important role in modern multivariable control although there are tons of new
control methods developed in the literature. To tackle a real-life problem, one
should first try a PID controller 1f it 1s a SISO plant, or LQR control law 1f it 1s
a MIMO system, before trying anything else.
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Linear quadratic regulator (LQR) T

Consider a linear system characterized by

x=Ax+Bu

where (A4, B) is stabilizable. We define a cost index

Jacopo E Riccati
Venetian Mathematician

J(x,u,Q,R) = j(xTQx +u' Ru)dt, 0>0, R>0 1676-1754
0

and (4, 0"?) is detectable. The linear quadratic regulation problem is to find a
control law u =— F'x such that 4—B F'is stable, and .J is minimized. The
solution is given by F = R~'B" P, with P being a positive semi-definite solution

of the following Riccati equation: ‘\
PA+ A'P-PBR'B'P+0=0

Nonetheless, LQR technique is a special way to design a state feedback law.
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The derivation of the LQR result 1s rather involved. It 1s N o
rooted from the general optimal control problem for a

nonlinear time-varying plant characterized by the following AR ST

OPTIMAL
CONTROL
X = f (X,l/t,t) 1986  oummt e

where x 1s the state vector and u 1s the control vector, subject

dynamical equation:

to the minimization of the cost function

J(,)=¢(x(T),T)+ jL(x(t),u(t),t)dt

with 7, the 1nitial time and 7 the final time of interest. The

Frank L. Lewis

final-state weighting function ¢(x(7), 7) and weighting Univ. of Texas at Arlington

functions L(x, u, ) are selected depending on the performance

objectives.

The general optimal control problem is to determine a control input u(7) that

minimizes the cost function and also ensures some final state constraint.
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The solution to the optimal control problem involves

using Lagrange multipliers and the introduction of a

S Linear Quadratic
o Iethods

i h
-
.
-\

Brian Anderson

original constrained problem can be reformulated into  Australian National University

costate variable and a Hamiltonian function. The

an optimization problem without constraints. For the

LQR problem considered in this course, we are

interested 1n the result for the linear time-invariant

‘ Linear Optimal

SyStem Huibert Kwakernaak Control Systems
x — f(x u t) — A X+ B U Univ. of Twente, The Netherlands e e—
3 2 | amsasae

¢ e

with a cost function

J = j(xTQx +u' Ru)dt
0

. . . . Arthur Bryson
with O > 0 and R > 0, the optimal solution is Stanford University

u(t)=-Fx(t), F=R'B'P
which gives a minimal cost J_.. = x"(0) P x(0), where
P=>0 1s a solution of .
PA+ A'"P-PBR'B'P+0=0 Larry Y.C. Ho

Harvard University
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The detailed derivations of all the optimal control problems can be found in
the beautiful textbook by Lewis. In what follows, we should just concentrate
on examining the properties of this remarkable LQR control.

If we arrange the LQR control as follows,

‘?LX—AHBM

we can find its gain margin and phase margin as we have done in classical

B>
v

control. It is clear that the open-loop transfer function,
Open loop transfer function=F(s/ —A4) ' B=R'B'P(sI - A)"'B

The block diagram can be re-drawn as follows,

v

i\

R'B'P(sI-A)'B
- lgr
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Side note... connection to Nyquist stability criterion

For the LQR design or the state feedback control in general, we assume thaty = x. For
such a case, the state feedback and output feedback are the same thing as the
measurement output is the same as the state variable. Thus, we can arrange the state

feedback control either as

y=4x

—— x=Ax+Bu >

F

or as the following to connect to the form linked to the Nyquist stability criterion

X
—u>X:Ax+Bu F

v

— F(sI-A)"'B

v

As such, the stability of the closed-loop system under the state feedback control law

is fully determined by the its open-loop transfer function 7'(s)=F(s/—A) ' B.
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Return difference equality and inequality

Consider the LQR control law. The following so-called return difference equality holds:
R+B'(—jwl — A 'O(jol —A)'B=[I+B"(—jwl — A" ' F'IR[I + F(-jwl — A)"' B]

The following is called the return difference inequality:

[[+B' (—jol —A")'F'IR[I + F(jowl — A)"'B]>R

Proof. Recall that

F=R'B'P &  PA+A'"P-PBR'B'P+0=0

Then, we have
—Pjwl + PA+ Pjwl + A'P—(PBR™)R(R'B"P)+ Q=0
2
P(jwl — A)+(—jol —A")YP+F'RF =Q
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Multiplying it on the left by B' (— jaw/ — A") " and on the right by (jwl — 4)™' B,
B (—jwl — A" "'P(jowl — A)(jol —A)"'B+B' (—jol —A") ' (- jol — A")P(jol —A)™"'B
+B (—jol —A") 'F'RF(jwl — A)"'B=B"(—jol —A") ' O(jowl — A)"'B

¥
B (—jwl —A")Y"'PB+B"P(jwl — A)"'B+B'(—jol —A") 'F'RF(jwl — A)"'B
=B (—jol -A")"'O(jol - A)"'B

Noting the fact that
F=R'B'P = B'P=RF & PB=F'R
we have
R+B'(—jwl — A" 'F'R+RF(jowl — A 'B+ B'(—jwl —A")'F'RF(jowl — A)"'B
=B (—jowl — A 'O(jwl — A)'B+R

$
[[+B' (—jol — A" 'F'IR[I+ F(—jowl — A) "' Bl=R+B'(—jwl —A") "' O(jwl — A)' B
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Single input case
In the single input case, the transfer function
Open loop transfer function = f(s/ — 4)"'b

is a scalar function. Then, the return difference equation is reduced to

rab (—jwl — A 'Ol — A)'b=r[l+b" (= jol — A7) fT][1+ f(~jol — A)"b]

¥
r+a=r|l+f(jol-4)"'b| wherea>0
¥
r|1+ f(jol -4 'b[ 2
L

‘ 1+ f(jol —A)'b ‘2 >1 Return Difference Inequality...
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A stable A unstable

—An 1l
The phase margin resulting from the The gain margin is at least from
LQR design is at least 60 deg. [0.5, o).
‘ D
Let Z be the number of the unstable closed-loop poles, P the number of unstable open-loop poles. Then, the Nyquist plot
of the open-loop transter function shall encircle the point —1 (clock-wise) N =7 — P times (1.e., Z=N + P).

J

* R.E. Kalman, Contributions to the theory of optimal control, Boletin de la Sociedad Matemdtica Mexicana, Vol. 5, pp. 102-119, 1960...
* RE. Kalman, When is a linear control system optimal? Journal of Basic Engineering, Trans of ASME, Series D, Vol. 86, pp. 51-60, 1964.
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Example: Consider a given plant characterized by

0 1 0
X = X+ U ex2070
a -1 1

which has a pole at ;(\/451 +1-— 1), an unstable one if @ >0. Solving an LQR

problem, which minimizes the following cost function

J(x,u,O,R) = T(xTQx +u' Ru)dt, Q= Ll) g} ,R=0.1

we obtain
P Do a+va®+10 20p, +1-1
P= > Po = > Py = , P =10p,p, + p,—a-p,
Py D> 10 10
and

Fo|aeda+10 \2(asa+10)+1-1
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e Fora=-—1...

20 C e

N
o
T

Magnitude (dB)
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o
S
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-150
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-200 e
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Imaginary Axis

Nyquist Diagram
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-1 0 1 2 3 4
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PM = 83.6

© BEN M. CHEN



e Fora=>5...

Bode Diagram

10 T ooy T LA LR | T T T T L LR | T T rrorrey — ( )
GM = (0.458,
0\£ i
g -10¢ T , Nyquist Diagram
q) T T T T T
S 20 :
-"é‘ 15 .
% 30
E - S 1 L -
401 T 05l |
Q2
<
-50¢ ' ' ' ' g of 1
-90 T T T %
E
05 *
°
0 -135¢ 1 15 1
®
L
o 2 1 1 i | 1
-3 25 -2 -15 -1 -0.5 0 0.5 1 1.5 2
Real Axis
_180 —t i M | ; .*... | it ]

107 10" 10° 10’ 10° 10° PM=61.2°
Frequency (rad/s)
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How to select Q and R in LQR design?

There is no universal rule in selecting the weighting matrices O and R in the

LQR design. In practice, one might try diagonal matrices first, i.e.,

q11 "

4 Fy

q r
nn mm _|

Then, the cost function can be written as

J(x,u,O,R) = J’xQx+uTRu =T( q. X Z v, lj

We can then proceed to select the entries of O and R in accordance with the

properties of their associated state and input variables.

What is the shortfall with the LQR design?
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X

x=Ax+Bu+v

y=Cx+w

)é:A)2+Bu+K(y—)?)

Rudolf Kalman (1930-2016) & Richard Bucy (1935-2019)
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Kalman Filter

The problem of Kalman
filter (or Kalman-Bucy
filter) is a special way to
design an observer gain
matrix K for a state
estimator. What we have
covered in this section is
more related to the work
done by Bucy and his co-
workers...

R. S. Bucy & P. D. Joseph (1968).
Filtering for Stochastic Processes with
Applications fo Guidance.

Interscience: New York.

Kalman-Bucy Filter? O=rr
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Rudolf E. Kalman
SN

Rudolf E. Kalman
1930-2016
Hungarian American

His passing not only brought about
personal loss but also a sad
reminder of the passing of a
golden era in systems and conftrol.

— Larry Y.C. Ho

Rudolf Emil Kalman was a Hungarian-born American
electrical engineer, mathematician, and inventor. He
earned both his bachelor’s and master’s degrees in
electrical engineering from MIT, and completed his
PhD at Columbia University. He was most noted for his
co~invention and development of the Kalman filter, a
mathematical algorithm that is widely used in signal
processing, guidance, navigation and control systems.
For this work, U.S. President Barack Obama awarded
Kalman the National Medal of Science, 2009.

Kalman was a member of the U.S. National Academy of
Sciences, the American National Academy of
Engineering, and the American Academy of Arts and
Sciences. He was a foreign member of the Hungarian,
French, and Russian Academies of Science. In 2012 he
became a Fellow of the American Mathematical Society.

Kalman received the IEEE Medal of Honor in 1974, the
IEEE Centennial Medal in 1984, Inamori Foundation’s
Kyoto Prize in Advanced Technology in 1985, Steele
Prize of the American Mathematical Society in 1987,
Richard E. Bellman Control Heritage Award in 1997,
and National Academy of Engineering’s Charles Stark
Draper Prize in 2008.

* R. E. Kalman, Y. C. Ho and K. S. Narendra, “Controllability of linear dynamical systems,” Contributions to Ditterential

Fquations, vol. 1,no. 2, pp. 189-213, 1963.
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Review of random processes

A random variable X is a mapping between the sample
space and the real numbers. A random process (a.k.a

stochastic process) is a mapping from the sample space

into an ensemble of time functions (known as sample

functions). To every member in the sample space, there

corresponds a function of time (a sample function) X(7).

2+ X (1) X X,
.| R . (e
e A
b \ JIPTE X, (%)
HT. - \ 4. ’ ~ ’
'\ ./‘ \‘ .'s ./
s e \ '\._ "‘/ > t
TH. x5 (%)
-
CN, — A |
T —- \.J.I N CT R N ’x4(t)
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Sample Space
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Random Variable Probability
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Mean, moment, variance, covariance of random processes

Let f(x,7) be the probability density function (p.d.f.) associated with a random process
X (?). If the p.d.f. is independent of time ¢, i.e., f(x,7) = f(x), then the corresponding random
process is said to be stationary. We will focus our attention only on this class of random

processes in this course. For this type of random processes (RP), we define:

1) mean (or expectation): 2) moment ( j-th order moment)

m:E[X]:Tx-f(x)dx E[ijzojzxj-f(x)dx

3) variance 4) covariance of two random processes

o’ =E|(x—m) |= j (x—m)? f(x)dx con(v,w) = E[(v—E[V])(w— E[w])]

Two RPs v and w are said to be independent if their joint p.d.f. f(v,w)=g(v):h(w)

o0

= E[VW] = ]‘3 T vw- f(v,w)dvdw = j V- g(v)a’v]3 w-h(w)dw = E[v]E[wW]

—00 —00 —o0
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Autocorrelation function and power spectrum

Autocorrelation function is used to describe the time domain property of a random

process. Given a random process v, its autocorrelation function is defined as

follows:

R (t,,t,) = E|[v(t)v(t,)]
If vis a wide sense stationary (WSS) process,
R.(t,t,)=R.(t,—t,))=R (t)=R (t,t+7) = E[W()v(t +7)]
Note that R (0) is the time average of the power or energy of the random process.

Power spectrum of a random process is the Fourier transform of its autocorrelation
function. It is a frequency domain property of the random process. To be more

specific, it is defined as
S (w)= j R (7)e’”dr
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White noise, colored noise and Gaussian random process

White Noise is a random process with a constant power spectrum, and an autocorrelation
function

R(r)=q-6(r) = S.(w)= T R (t)e’"dr :]3 qo(r)e’"dr = ¢

which implies that a white noise has an infinite energy and thus it is nonexistent in real
life. However, many noises (or the so-called colored noises, or noises with finite energy
and finite frequency components) can be modeled as the outputs of low-pass linear
systems with an injection of a white noise into their inputs, i.e., a colored noise can be
generated by a white noise as follows

Swhite Scolor
white colored
q —— Low-pass System ———— g
noise noise \
@ - @

Finally, Gaussian Process v is also known as normal process has a p.d.f.

~(v=n)’
fw)=—e

2 .
—_— , M =mean, o~ = variance
o277
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Kalman filter for a linear time invariant (LTI) system

Consider an LTI system characterized by
X=Ax+ Bu+v(t) v 1s the input noise
{ y =Cx+w(t) w 1s the measurement noise
Assume: (1) (4, C) is detectable
(2) v(t) and w(t) are independent white noises with the following properties
E[v(®)]=0, EM(t)' ()]=05(t-7), 0=0' 20,
E[w(®)]=0, E[w)w'(r)]=Ro(t—7), R=R" >0
(3) ( A, Q%) is stabilizable (to guarantee closed-loop stability).

The problem of Kalman Filter is a special way to design a state estimator to estimate
the state x(¢) by x(#) such that the estimation error covariance is minimized, i.e., the
following index is minimized:

J,=E[e'(t)e(n)], e(t)=x(t)—3(1)
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Construction of steady state Kalman filter

Kalman filter is a state observer with a specially selected observer gain (or Kalman

filter gain). It has the dynamic equation:

X=A%+Bu+ K,(y—y), x(0) 1s given ‘\
e
lge
with the Kalman filter gain K, being given as ric
K,=PC'R”

where P, is the positive semi-definite solution of the following Riccati equation,

PA"+ AP —PC'R7'CP.+0=0
Let ¢ = x — X . We can show (see next) that such a Kalman filter has the following
properties:

limE[e(t)] =0, limJ,=lim E[e'(¢)e(t)] = trace P

t—o
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Kalman filter and LQR - They are dual

Recall the optimal regulator problem,

X = Ax+ Bu, x(0) = x,

J

[
O =y 8

(xTQeruTRu)dt, 0=0">0, R=R">0

The LQR problem is to find a state feedback law u = — /" x such that ./ is minimized. It was

shown that the solution to the above problem is given by

F=R'B'P & PA+A'P-PBR'B'P+0=0, P=P" >0
and the optimal value of Jis given by .J = x_ P x,. Note that x, is arbitrary. Let us consider
a special case when x; is a random vector with

E[x,]1=0, E[x,x,]1=1
Then, we have

E[J]= E[x, Px,] {ZZpyxolxoj} Z P, Elxy;%; ] Zpii =trace P
i=1

i=1 j=1 i=1 j=1
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The duality

% Linear quadratic regulator & Kalman filter
F=R'B'P K,=PC'R™
PA+A"P—PBR'B'P+Q=0 PA"+AP.-PC'R'CP.+0Q0=0
S optimat = trace P S optima = trace P,

\/

These two problems are equivalent (or dual) if we let

=
|
~ O A

~
o O
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Proof of properties of Kalman filter*

Recall that the dynamics of the given plant and Kalman filter, i.e.,

x=Ax+ Bu+v(t) 2 A=A3AC+BM+K6()/_)A/)
y=Cx+w(t) y=Cx
We have
é=x—%=Ax+Bu+v(t)— A% — Bu—K [Cx+w(t)— Cx]
=(A-K,C)(x—x)+v(t)— K w(t)
=(4-K.C)e+[ I -K, ]U‘J = de+d(t)
with

E 0
E[d(1)]= E{[[ -K,] (:V((?)ﬂ =1 -K,] (E[[:V((?)]J =1 -K,] (oj =0

Next, it is reasonable to assume that initial error ¢(0) and d(¢) are independent, i.e.,

E[e(0) d' (t)]= E[e(0)]- E[d" ()] =0
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Furthermore,

Ed0d" @) =[1 K] [E[V(t)vT(T)] EW)WT(T)]] {_IIJ

E[w(t)' ()] E[wt)w' (7)]

(1 _Ke](Q&t—r) 0 ]{ ]T}
0 Ro(t—7))| —K,

=( O+K,RK] )5(t-7)
=V&(t-1)

where V=0+K RK' >0.

4 N

We will next show 4 = 4— K C is asymptotically stable and

lim E[e(t)e' (1) ]=P,
N H‘” Y
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Recallthat K, =PC'R™"' and P A"+ AP, —PC'R"'CP,+ Q=0 . We have

PA"-PC'R'CP.+AP.-PC'R"'CP.+PC'R'CP.+Q=0

¥
P(A"-C'R'CP)+(4-PC'R'C)P.+PC'R'CP.+0=0

¥
P(A4"-C'K])+(A-K.C)P+(PC'R")R(R'CP)+Q=0

e

¥
PA"+ 4P, =-(K,RK] +Q)=-V <0 (%)

|
Since Q = Q"> 0 and ( A, Qé j is assumed to be stabilizable, it follows from Lyapunov

stability theory (see Theorem 3.3.1 of Part 1) that matrix A is stable.

Recall also the solution to é = Ae + d(t),ie,

e(t) = e’ -e(0) + jez(’_’)d(r) -dt
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Noting that eZt is deterministic, we have

P(t) = Ele(t)e’ (1) = E [ef“ e(0) + j e d(z)- drj - (ef“ e(0) + j e d(z)- drj

~0
=" E[e(0)e" (0)]e”" " + j ACD) By d(r)e (O)]eAt dr

t 10
+[e" [e(O)dI(r)]eA 0 dr 4 j 40- ”drj Eld(r)d" (c)]e™ " -do

= " E[e(0)e" (0)]e™" + j At ”drj Vé(r—o)e . do

=" E[e(0)e" (0)]e™" + j A=A g = o Ele(0)e" (0)]e™ + j e"Ve' . dp
Since A is stable, we have el s 0, as ¢ — oo, Thus,
P(w)=[e"Ve'" -dn
0
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We next show that P(«) = P,, i.e,, the solution to the Kalman filter ARE. Let
:=A"z, z(0) given = z(t)=e"'z(0), z(0)=0

In view of (&), i.e., PeZT T ZPe — _V, we have

2 [PA"+APJz=-2'Vz = z'PAz+z'APz=-z'Vz
= z'Pz+z Pz=-2z'Vz = di(zTPez) =—z'Vz
{
Next, we have

| %(ZT Pz)dt =z"(t)Pz(t)| =2 (0)P2(0) - 2" (0)P2(0) = 0—z" (0)P.z(0)

—T z'Vzdt =— T z' (O)eZtVeZTtZ(O)dt =—z'(0) ﬁ eAtveATtdl‘} z(0) =—z' (0)P(0)z(0)

0 0 0
Thus, we have for every given z(0), z' (0)P.z(0) = z' (0)P(0)z(0) , which implies

P =P(x0)= J-eA_T”VeZ”dn

0
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It is now simple to see from the definition of P(7)=FE[e(?)e' ()] that
limE[e(t)e' (t)]=P(0)=P. = limE[e (t)e(t)] = trace P
t— t—

Finally, we have

lim E[e(r)] = }il{({em . E[e(0)]+ je%”E[d(r)] : dr} = 0.

t—0

Example: Consider a given plant characterized by the following state space model,

- 0 1 0 £ . 05 B 0.1 0 5
X = 1 X+ | u—+v(t), [v(t)v (1)]=00(t—1) = 0 0 (t—71)

y= [1 O] x+w(t), E[wOw (r)]=Ré(t—1)=0256(t—71)

Solving the Kalman filter ARE, we obtain

{ 0.3962} {x =A%+ Bu+ K, (y-9)

e

{ 0.0792 —0.0343}
, K,

-0.0343  0.0314 —0.1715

§=Ck
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Related topics:

Extended Kalman filter (EKF): In estimation theory, the EKF 1s the nonlinear version
of the Kalman filter, which linearizes about the current mean and covariance. The EKF
has been considered the de facto standard in the theory of nonlinear state estimation,

navigation systems and GPS.

Unscented Kalman filter (UKF): When the state transition and observation models, the
predict and update functions are highly nonlinear, the extended Kalman filter can give
particularly poor performance. UKF uses a deterministic sampling technique known as
the unscented transform to pick a minimal set of sample points (called sigma points)

around the mean, which more accurately captures the true mean and covariance.

Solutions to algebraic Riccati equations (ARESs): Solutions to

ARE:s are rather numerically involved. All solutions are closely gt
CONTROIL

associated with the eigenvectors of a so-called Hamiltonian
matrix. A fairly completed compilation of the literature and

results on solutions to AREs can be found in Chapter 4 of Saberi
et al. (1995).
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Linear Quadratic Gaussian (LQG) Control

u x=Ax+Bu+v Y
y=Cx+w
_|_
X £:A£+BL1+K(y—)3)

P=C
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Problem statement

It is very often in control system design for a real-life problem that one cannot
measure all the state variables of the given plant. Thus, the linear quadratic
regulator, although it has very impressive gain and phase margins (GM = o and
PM > 60 degrees), is impractical as it utilizes all state variables in the feedback,
i.e.,, u = — F'x. In most of practical situations, only partial information of the state
of the given plant is accessible or can be measured for feedback. The natural
questions one would ask:

» Can we replace x the control law in LQR, i.e., u = — F'x, by the estimated state
to carry out a meaningful control system design?

The answer is yes. One of the solutions is called LQG control.

» Do we still have impressive properties associated with the LQG control?

The answer is NO!

» Any solution? Yes. The technique is called a loop transfer recovery (LTR).
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Linear quadratic Gaussian design

Consider a given plant characterized by
X = Ax+ Bu+v(t) v is the input noise (4, B) stabilizable
y=Cx+w(t) w 1S the measurement noise (4, C) detectable

where v(f) and w(¢) are white with zero means. v(¢), w(¢) and x(0) are independent, and

Elv(tyy' (1)]=0Q,6(t-17), O, 20, Elw(t)w' (1)]=R,6(t-7), R, >0, E[x(0)]=x,

The performance index has to be modified as follows:

T
J:Iim—ED(xTQx—lruTRu)dt}, 0>0, R>0

0

The linear quadratic Gaussian (LQG) control is to design a control law that only
requires the measurable information such that when it is applied to the given plant, the

overall system is stable and the performance index is minimized.
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Solution to the LQG problem - the separation principle

Step 1. Design an LQR control law u = — F'x which solves the following problem,

x=Ax+Bu

i.e., compute

PA+A'P-PBR'B'P+0=0, P>0, F=R'B'P.

Step 2. Design a Kalman filter for the given plant, i.e.,
x=AR+Bu+K (y-9), p=Ck
where K, =PC'R.', PA"+AP.—-PC'R]'CP.+Q, =0, P >0.

Step 3. The LQG control law is given by y = —F x, i.e,,

x=Af+Bu+K (y—C?3) » x=(A-BF-K,C)%+K, y
u=-Fx u=—Fx
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Block implementation of an LQG control law with a reference...

Reference
— u
r—t G —0) + PLANT -
./‘ +
/‘ el x|, - T
G =[C,(A-BF) B] —F <= x=(4-BF-K(C)x+K y-BGr
\N «— 7
LQG controller
G is chosen such Matrix C, is related to output variables of interest, say
that the DC gain z=C,x

from 7 to z is unity. where z is to track the reference r.
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Closed-loop dynamics of the given plant together with LQG controller

X =Ax+ Bu+v(t)
y=Cx+w(t)

(A-BF -K,C)Xx—-BGr+K, y

Recall the plant: {
—F x-Gr

and controller { X =
u =

We define a new variable ¢ = x — x and thus
e=x—%= Ax—BFx—BGr+v(t)— Ax+ BFx+ K,Cx+ BGr — K,Cx — K w(t)
=A(x—x)—K,C(x—x)+v(t)—Kw(t)=(A-K Cle+v(t)— K w(t)

and
x=Ax+Bu+v(t)= Ax— BFx—BGr+v(t)= Ax— BF (x—e) — BGr +v(t)

=(A—BF)x+ BFe— BGr+v(t)
Clearly, the closed-loop system is characterized by the following state space equation,
x\ |[4-BF  BF |(x\ [BG| _ . v

= — r+v, v=
e) | O A-K, C|le 0 v—K w

: X
y=|C 0] ( j+ w

' e

The closed-loop poles are given by A(A4— BF) U A(A—- K _,C), which are stable.
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Example: Consider again the inverse pendulum system characterized by

o~ | 1, ~ 0 ~
6 01 0 el
| = |+ 1 ju, o y=[1 0],
E ollg 0

0 — M2

For simplicity, we set M L’ =1, ‘% =1.

Also, consider that there are some input noise v and

measurement noise w with O, =7and R, = 1. We

thus have

CH Tt o)

We proceed to design an LQG control law for the given system to keep the output

)\

ex2097

WN[NPUdJ 9SIAU]

around &= and also minimize the cost function

T—)oo

1 O
—hm E +u Ru)dt |, = , R=1.
{ x "Ox+u u) } 0 L) O}
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Step 1: With the given system data and O and R, we solve the following ARE
PA+A"P—PBR'B'P+0=0

and obtain

F=R'B'P=[24142 2.1974]

3.1075 2.4142
24142 2.1974

which gives the eigenvalues of A—B F at —1.0987+;0.4551.

Step 2: Solving the Kalman filter ARE
PA"+ AP —-PC'R;'CP.+(Q,=0

we obtain

e

B {2.4142 2.4142}

(24142
- K =PC'R' =
24142 3.4142

2.4142

which places the eigenvalues of A—K,C at —1 and —1.4142, respectively.
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Step 3: The resulting LQG control law is given by

[ (24142 1 0 24142
X=(A-BF-KC)x-BGr+K, y= X+ r+ y
] | —3.8284 -2.1974 1.4142 24142
| u=-Fx-Gr = :—2.4142 —2.1974])2+1.4142 r
where G =[C(4-BF)'B]"".
The closed-loop system is given by
0 1 0 0 | 0 ]
—~ (X —1.4142 -2.1974 24142 2.1974 |(x N 1.4142 N v
= r
é 0 0 24142 1 |le 0 v—K w
< 0 0 -14142 0 | 0|

- y=[1 0 0 0](2j+w

Simulation results given on the next page show that LQG control works,
but its performance can be and should be improved before implementing

it to the real problem.
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3.25

3.05

2.95 1

° ’ Initial condition — " .

0.15

0.1

0.05

-0.05

-0.1

| | | | |
(o] 2 4 6 8 10 12 ”
Time (seconds)

-0.15
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What is the shortfall with the LQG design?

» Gain margins and phase margins...

Imaginary Axis

Nyquist Diagram

Nyquist Diagram

PM = 14.3°

GM = (0.82,2.29)

15 0.25
021
1 -
0.15
01t
05
PM=61.3° 2 005f
B
0r et ® 0
2
GM = (0.4142, ) E 005
05F
01+
015
1 F
02+t
15 | | | -0.25
25 1.5 -1 0.5 0 1.4
Real Axis
LQR Control
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Homework Assignment 5 (due in 1 week) + Design Problem 1 (due in 4 weeks)

Reconsider the two-cart system as in Homework Assignment 4, 1.e.,

X1 X7
c ol cand
K
u e Y Y Y ]
—— j"[l - 1"'[2
L I
S O N © NN O I © N

The carts, assumed to have masses M, and M,, respectively, are connected by a spring and

a damper. A force u(?) 1s applied to Cart M, and we wish to control the displacement of

Cart M|, 1.e., z = X,. For simplicity, we assume M,=1, M,=1, F=1 and K=1.

1. Assume all state variables of the plant are available for feedback. Find an LQR control

law, which minimizes the following performance index:

JzT(xTQx+uTRu)dt, O=1,, R=1
0

What are the resulting gain and phase margins of your LQR design?
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2. Assume that there is an input noise (or disturbance) entering the system as:

X=Ax+Bu+ Bv(t),

and the system measurement output is

X
y=£ 1j+W(f)
Xy

where w(?) 1s the measurement noise. Assume both v(¢) and w(¢) have zero means and

Elvty' (0)]1=0,6(t—-1), O,=1, E[w(®)w' (t)]=R,6(t-7), R, {(1) ﬂ

Design an appropriate Kalman filter.

3. Derive the corresponding LQG control law, which combines the LQR law in Step 1
and the Kalman filter in Step 2. What are the closed-loop eigenvalues? What are the
resulting gain and phase margins of your LQG control law? Simulate your design
using SIMULINK with

r=1, x(0)=x,(0)=1, x(0)=2x,(0)=0,

and the initial condition for the Kalman filter being O.
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Introduction to Robust Control

’7 Perturbation

— *

disturbances
Nominal Plant

noise —

control input

—— Controller
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response

measurements

—

«——— commands

George Zames
Canadian Control Theorist
1934-1997
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Representation of uncertain plant dynamics

Example: An HDD servo system...

uncertainties
disturbances noises Win Wout
~ > - HE— Nominal plant y » Resonance modes | 2 .
y
: Noise
nonlinearities | | |
Perturbation <

disturbance
> response

Sensor noise Nominal Plant >
! measurements

control inputs

v

\ 4
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A real control problem

——  Perturbation DE—

disturbances _r —
Sensor noise . Nominal Plant - response
control input > measurements
PR
— Controller references/
) commands

Controller Objective: To provide desired responses in face of

. : . _ disturbances
*¢ Uncertain plant dynamics + External inputs {

Sensor noise

5.6, 8
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Standard feedback loops in terms of general interconnection structure

d
‘ l y Standard feedback

Even though it 1s not directly
formulated in the problem
formulation, classical control
system design deals with
system uncertainties through
specifications imposed on

gain and phase margins...
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u <E; 4, Y
K | ¢ +
r
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Analysis objectives

* Nominal Performance Question (H, Optimal Control):

Are closed loop responses acceptable for disturbances? sensor noise?

* Robust Stability Question (H_, Optimal Control):

Is closed loop system stable for nominal plant? for all possible perturbations?

* Robust Performance Question (Mixed H, /H_ Optimal Control):

Are closed loop responses acceptable for all possible perturbations and all

external inputs? Simultaneously?

Many issues related to robust performance problems are still open!...
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H, and H_, Control Techniques

w [ T..(s) | > Z T
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Introduction to the problems

We first ignore uncertainties (perturbations) in the plant. Will bring such an issue back
later. Consider a stabilizable and detectable linear time-invariant nominal system > with

a proper controller 2. _as in the configuration below:
prop cmp 8

w z

2.

Ur—— 1Yy

v

2.

cmp

A

(x=Ax+ Bu+ Ew .
2 . xcmp _ Acmp xcmp + B cmp y
X: 3y=Cx + D w cmp _
y 1 1 u = Ccmp xcmp + Dcmpy
z=C,x+D,u
\
xeR" < state variable ueR" < control input
sy €R” <  measurement & weR' < disturbance
ze R’ < controlled output Xemp € R" < controller state
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The problems of H, and H,, optimal control are to design a proper control law £,

such that when it is applied to the given plant with disturbance, i.e., Z, we have
» The resulting closed loop system is internally stable.

» The resulting closed-loop transfer function matrix from the disturbance input w
to the controlled output z, say, 7., (s), is as small as possible, i.e., the effect of the

disturbance input on the controlled output is minimized.

= H, optimal control: the H,-norm of 7, (s) is minimized.

= H_optimal control: the H, -norm of 7_ (s) is minimized.

Note: 7_ (s) is a function of frequencies.

[t is meaningless to say if it is large or W 3 Tz
small. The common practice is to Y Y
measure its norms instead. H,-norm Zcmp .
and H_-norm are two commonly used
norms in measuring the sizes of a _(LW

w >

Z

transfer function matrix. o 1L,(8)
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The closed-loop transfer function matrix: 7, (s)

The closed-loop transfer function from disturbance to controlled output can be derived

as follows: Recall...

(X=Ax+ Bu+ Ew :
cmp Acmp + Bcrnp Y
> <y:C1x +D1W and )2
u = Ccmp + Dcmp Y
\Z = CZ X + D2 u
= Ax+ B +D + L
(X = X ( cmp¥emp Cmpy) v Xemp = Acmp'xcmp cmp (Cx+ D W)
1v=C/x +Dw
Z _ C . D ( » Cmp . Dcmpy) = Acrnp)Ccmp + chpC X+ B D w
E
X = AX + Bccmpxcmp + BDcmp y * W cmp = Acrnp cmp +B cmpC X+ chPD w

z=Cx+D,C X, + D, D,y

cmp”“cmp
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cmp”cmp cmp

z=Cyx+D,C,__ x +D2Dcmp(C1x+D1w)

cmp”“cmp

{x Ax+BC, x, +BD,_ (Cx+Dw)+Ew

RO i

t=(A4+BD,,,C)x+BC, x. +(E+BD, D, )w

cmp”rcmp

z=(C,+D,D,, C)x+D,C, x. +D,D  Dw

cmp”rcmp

cl

\ ]
( \ [ \

(( % A+BD, C,  BC, | (x E+BD,, D,
= + w
xcmp chp Cl Acmp xcmp chle

X
— [CZ + DZDcmpCI D2Ccmp] (x ] + D2Dcmle w
cmp

C \ J
Y |

C

cl
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Thus, 7, (s) is given by

1 > Z
Tzw (S) = Ccl (SI o Acl) Bcl + Dcl > Z y
The closed-loop system is internally stable Y |
cmp
if and only if the eigenvalues of
{A +BD,, C, BCcmp} !
cl — o
chp Cl Acmp *‘ T:w(S) > Z
are all in open left half complex plane.
Remark: For the state feedback case, C,=/and D, =0, i.e,, all the states of ‘\
the given system can be measured, X_ can then be reduced to u=Fx and the .Trzz\\'lvvz

corresponding closed-loop transfer function is reduced to

T.,(s)=(C,+D,F)(sI—A-BF) " E

The closed-loop stability implies and is implied that A + BF has stable eigenvalues.
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H,-norm and H_-norm of a transfer function matrix

Definition: (H,-norm) Given a stable and proper transfer function matrix 7, (s), its

H,-norm is defined as
1
2

7 1 =] L trace [ 7., (o7, (jo)'de T
27 -

zw

,

Graphically,

T, o)

4

Note: The H,-norm is the total energy corresponding to the impulse response of
T’ (s). Thus, minimization of the H,-norm of 7 (s) is equivalent to the minimization of

the total energy from the disturbance w to the controlled output z.

CUHK MAE ENGG 5403 - PART 2: DESIGN ~ PAGE 126 © BEN M. CHEN



¢ Singular value decomposition

Given a matrix A € C"*", its singular values are defined as

0i(A) := VN(ARA) = /N (AAR), i=1,2,... k. (2.3.75)

where £ := min{m, n}, assuming that the eigenvalues of A"A and AA" are ar-
ranged in a descending order. Clearly, we have 01 (A) >02(A)>--->01(A)>0.

Let
Al :diag {O‘l(A),O'Q(A)....,O‘k(A)}. (2.3.77)

It can be shown that there exist two unitary matrices such that A can be decom-
posed as:

A=UAV", (2.3.78)
where
Ay .
N = [ 0 ] . ifm > n, (2.3.79)
or
A=[A; 0], ifm<n. (2.3.80)

Decomposition (2.3.78) is called the singular value decomposition of A.
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¢ Example: Given a matrix
1 2 3 4
A=
2 4 6 8

its singular value decomposition is given as

 [124472 0 0 0]  Gene H. Golub
A=UAV'=U V 1932-2007
0 0O 0 O Stanford University
where
[—0.1826 —0.9832 0 0 |

-0.4472 -0.8944 v -0.3651 0.0678 -0.5571 -0.7428
—0.8944 04472 | -0.5477  0.1017  0.7737 -0.3017
| —-0.7303  0.1356 -0.3017  0.5977 |

4

Note: It can be computed using an m-function 3V0 in MATLAB. ex1042

CUHK MAE ENGG 5403 - PART 2: DESIGN ~ PAGE 128 © BEN M. CHEN



Definition: (H_-norm) Given a stable and proper transfer function matrix 7, (s), its

H_-norm is defined as

T

ZW |loo

= sup o,,.[7..(jo)]

0<w<oo

where 6, .. [7., ()] denotes the maximum singular value of 7 (jw). For a single-input-

single-output transfer function 7, (s), it is equivalent to the magnitude of 7 (jw).

Graphically,

- -

o)

Note: The H_-norm is the worst-case gain in 7 (s). Thus, minimization of the H_-norm
of 7 (s) is equivalent to the minimization of the worst-case (gain) situation on the

effect from the disturbance w to the controlled output z.
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Infima (optimal performance) and optimal controllers

Definition: (The infimum of H, optimization) The infimum of the H,-norm of the
closed-loop transfer matrix T,,(s) over all stabilizing proper controllers is denoted

by )/;, that is

L,

¥, :=inf { .| Zo, internally stabilizes . }.

Definition: (The H, optimal controller) A proper controller X is said to be an H,

L,

optimal controller if it internally stabilizes X and ‘ ) = Vs -

Definition: (The infimum of H_ optimization) The infimum of the H_-norm of the
closed-loop transfer matrix T,,(s) over all stabilizing proper controllers is denoted by

7/:; , that is
T

W

| =, internally stabilizes 3" }.

y,, :=inf{

o0

Definition: (The H,, y-suboptimal controller) A proper controller X is said to be an

T, | <y 7).

H_ y- suboptimal controller if it internally stabilizes £ and ‘

00
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Critical assumptions: regular case vs singular case

Most results in H, and H_ optimal control deal with a so-called a regular problem or
regular case because it is simple. An H, or H_ control problem is said to be regular if

the following conditions are satisfied,

1. D, is of maximal column rank, i.e., D, is a tall and full rank matrix [ ]
2. The subsystem (4, B, C,,D,) has no invariant zeros on the imaginary axis;
3. D, is of maximal row rank, i.e., D, is a fat and full rank matrix | ]

4. The subsystem (4, E, C,,D,) has no invariant zeros on the imaginary axis;

i= Ax+ Bu+ Ew An H, or H_ control problem is said to

2. sy=C x + D w
z=C,x+D,u

be singular if it is not regular; i.e., at

least one of the above 4 conditions is

not satisfied.

Note: For state feedback control, Conditions 1 and 2 are sufficient for the regular case.
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Classification of H, and H_ control problems......

@

Regular problem under

static state feedback control

laws...

Noeqpaa a1els

@

Singular problem under

static state feedback control

laws...

Regular problem under
dynamic output feedback

control laws...

3)
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Singular problem under
dynamic output feedback

control laws...
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Solutions to the state feedback problems: the regular case

The state feedback H, and H_, control problems are referred to the problems in which

all the states of the given plant Z are available for feedback. That is the given system is

(x=Ax+ Bu+Ew

X 3y= X

z=C,x+D,u

where (4, B) is stabilizable, D, is of maximal column rank and (4, B, C,,D,) has no

invariant zeros on the imaginary axis.

In the state feedback case, we look for a static control law, instead of a dynamical

control law,

u=F~Fx

which would give us the required H, and H_ performance.
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Solution to the regular H, state feedback problem

h2care
h2state
gm?2star

Solve the following algebraic Riccati equation (H,-ARE)
T T T T -1 T T _
AP+ PA+C,C,~(PB+C,D,)(D,D,) (D;C,+B'P)=0

for a unique positive semi-definite stabilizing solution P > 0. The H, optimal state

feedback law is then given by
u=Fx=-(D]D,)"'( D, C,+B"P)x

It can be showed that the resulting closed-loop system 7 (s) has the following

property:
| 7.,

2 = 7/; :
* 1
It can also be showed that 7, = [ trace (E'PE )] % :

Note: the trace of a matrix is defined as the sum of all its diagonal elements.
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Example: Consider a system characterized by

s el

y=Xx
z=[1 1]x+1-u

)\

ex2121

\

which has two unstable invariant zeros at
1.7639 and 6.2361, respectively. Solving the
H,-ARE using MATLAB, we obtain a positive
definite solution
144 40
P =
{ 40 16

The closed-loop magnitude response from

}, F=[-41 -17]

the disturbance to the controlled output is
given on the right. The H, optimal

performance or infimum is given by ‘\
7, =19.1833

CUHK MAE ENGG 5403 - PART 2: DESIGN ~ PAGE 135

Tzws

10

¢

~
T

Magnitude
[¢)]

10° 10" 102 103

Frequency (rad/s)

107"

Nyquist Diagram

— T Gain Margin

| /\ :

(0.529, 4.673)

and

Imaginary Axis
o

Phase Margin

04 ]
0.6 \\\ / J

N B e —
08 o ]

. B ==l 47.5°

-2 -15 -1 -05
Real Axis

o

It does NOT guarantee an o GM & 60° PM!

© BEN M. CHEN



Classical LQR problem is a special case of H, control

[t can be shown that the well-known LQR problem can be re-formulated as an H,

optimal control problem. Consider a linear system,
x=Ax+Bu, x(0)=X,

The LQR problem is to find a control law © = F' x such that the following index is
minimized: L jw(xTQx+uTRu) »
0

where O > 0 is a positive semi-definite matrix and R > 0 is a positive definite
matrix. The problem is equivalent to finding a static state feedback
H, optimal control law u = F' x for

XxX=Ax+ Bu+ X,w

y =X

0 R%
z = 0 vl x Tt u John Doyle

0 CalTech
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Solution to the regular H_ state feedback problem

Given y >y, solve the following algebraic Riccati equation (H_-ARE) h8care
h8state

A'P+PA+CIC, +y PEE'P—(PB+C\D,)(D}D,) (DIC,+B'P)=0  E"&

for a unique positive semi-definite stabilizing solution P > 0. The H_, y-suboptimal

state feedback law is then given by
u=Fx=—(D;D,)"( D, C,+B P)x

The resulting closed-loop system 7_ (s) has the following property: H T HOO <y.

Remark: The computation of the best achievable H_ attenuation
level, ., is in general quite complicated. For certain cases, 3, can
be computed exactly. There are cases in which " can only be .
obtained using some iterative algorithms. One method is to keep
solving the H_-ARE for different values of y until it hits y,_* for
which and any y< 5, °, the H_-ARE does not have a solution. Please

see the reference by Chen (2000) for details.
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Example: Again, consider the following system

o L

y=X
z=[1 1]x+1-u

4

ex2121

~

It can be showed that the best achievable H
performance for this system is . = 5. Solving
the H_-ARE using MATLAB with y = 5.001, we
obtain a solution

330111.5 110028.8
110028.8 26679.1|

y\

Tzws

F =[-110029.8 —36680.1]

The closed-loop magnitude response from the
disturbance to the controlled output is given
on the right. The worse case gain, occurred at

the low frequency is equal to 5.000999775.
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About good and bad invariant zeros......

For simplicity, we consider the system

(x=Ax+ Bu+Ew
X: sy= X

z=C,x+D,u

with D, being square and full rank, i.e., it is nonsingular. We can then apply a pre-

feedback u =—-D, 1sz +D, '7i to the given system, which yields

(x=(A-BD,'C,)x+BD;'ii + Ew (X=Ax+Bii+Ew
Ty = X = {y= x
1z = 0 x+ [ u z=0x+1Tu

and the Rosenbrock system matrix of the subsystem from u to z is given by

I-A -B : =
pz(S) _ {9 , ) } » All the eigenvalues of A are the

invariant zeros of the system!
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If (4,B,C,,D,) is of minimum phase, i.e., all its invariant zeros are stable, or equivalently

A is a stable matrix, the its corresponding H,-ARE, i.e,,

0 0 I 0

< < < <

— _ ! A
AP+ PA+CIC, - (PB+ D) (DiD, ) (DFC, + BTP)=0

o
o
o
of
o
0

can be simplified as 57
A'"P+PA-PBB'P=0

Then, it can be seen that P = 0 is the required solution!

The optimal solution is given by

u=rF=x

~(I"1)'(I"0+B7-0)x=0

and the solution in terms of the original control input is given by
u=-D;'C,x+D;'i=-D;'C,x
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Similarly, the corresponding H_-ARE, i.e.,
—T — T"O 2 T T ’0 T ’I‘l T ’O T
A'P+PA+GC,+y PEE'P—(PB+CD, ) (D1 B,) (DyC,+B'P)=0

Q
o

can be simplified as
A"P+PA+y*PEE'P—PBB'P=0
Again, P = 0 is the required solution. The optimal solution (for this special situation,

the H_, control has an optimal solution) is given by

i=Fx=—(I'"I)"(1"-0+B"-0)x=0
and the solution in terms of the original control input is given by

u=-D,'C,x+D,'ii=-D;'C,x

In both H, and H, cases, the closed-loop transfer function matrix from w to z is
—\-1
T,.(s)=0-(sI-4) E=0

The disturbance is totally rejected. Also note that the closed-loop system poles are

exactly the invariant zeros of (4, B, C,, D,). They cancel each other!
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If (4, B, C,,D,) has all its invariant zeros to be unstable, or equivalently 4 is an anti-
stable matrix, the its corresponding H,-ARE, i.e.,

A'"P+PA-PBB'P=0
has a solution P = 0 too. But it does not give a stabilizing control law (why?)...

However, it can be converted into a Lyapunov equation

P‘l(—A)T+(—A7)P‘1:—1§1§T [ = P'(-4) P=A-BB'P }

From the Lyapunov stability theorem, it has a unique positive definite solution. The

optimal performance is y, = \/trace(E 'PE) and the optimal solution is given by

iZzsz—(ITl)_l( IT-O+§T-P)x=—Z_>’TPx = u =—(D2_1Cz +(D2TD2)1 BTP)x

The resulting closed-loop system matrix

A

Z+§F:Z—EETP:P1(—Z)TP X 0

X
(0]
v

That is the closed-loop system poles are located right at
the mirror images of the unstable invariant zeros of the
subsystem (4, B,C,,D,).
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Similarly, the corresponding H_-ARE, i.e.,
A"P+PA+y*PEE'P-PBB'P=0
can be re-written as

P'A"+AP'=BB' -y EE’

which can be solved by solving two Lyapunov equations:

lan Petersen

SZT + Z S = EET and TZT + ZT — EET Australian National

University

[t can be showed that

-1
] 1 '
7w:\//1maX(TS_l) and P:[S——ZTJ >0, Vy>y,
Y
The y-suboptimal solution is given as s

Exact Computation
H,-Opllmizalion Vi

of the Infimum ip
4 Output Feedbgck

e et b ¢ e

U= —(D;C2 +(D}D,)" BTP)x

More general results for the singular case can be found in Chen et al. (1992).
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Side note: For the case when 4 has both stable and unstable eigenvalues, there

exists a similarity transformation T such that

_ A 0
T'AT :{ O_ ) }, A stable, 4, anti-stable.

One can then deal with each part separately.

The solution to the ARE corresponding to the stable zero dynamic
partis 0 and the solution to the ARE corresponding to the p= 0 0

unstable part cannot be set to 0 (it can be calculated by solving 0 P

Lyapunov equations as on the previous page), which implies...

» When the disturbance enters the system through the stable zero dynamic

subspace, its effect to the output to be controlled can be totally attenuated.

» When the disturbance enters the system through the unstable zero subspace,

the attenuation of its effect to the output to be controlled is limited.

This once again confirms that a nonminimum phase system would result in a bad

overall control performance including disturbance attenuation.
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Solutions to the state feedback problems - the singular case

Consider the following system again,

(x=Ax+ Bu+Ew
X {y= X

z=C,x+D,u

where (4, B) is stabilizable, D, is not necessarily of maximal rank and

Kemin Zhou

(4, B, C,, D,) might have invariant zeros on the imaginary axis. Loutsiana State
> University

Solution to this kind of problems can be done using the following trick

(or so-called a perturbation approach): Define a new controlled

output - B L 1 \
z C, D . . |

2
~ 4 A small
Z=|ex|=| el Tx+ 0 u , \‘
perturbations Y
_g u_ o 0 _| _8 ]t P Khargonekar

_ University of Florida
Clearly, z oc Z if = 0.
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The perturbed system is nonunique and can be done in many ways. The whole idea is to
make the perturbed system satisfying the regularity assumptions. It can be showed that

(x=Ax+Bu+Ew C, D,
> 1y= X with C,:= |g/ | and D,:=| 0
\Z:é2x+152u 0 el

always satisfies the regularity assumptions when ¢ = 0. We should note that the perturbation
block in D, might be replaced by any other perturbed term so long as the resulting D, is of
full rank. Similarly, the perturbation block in C~’2 might be omitted or replaced by another one

aslongas (4,B,C,, D,)has no zeros on the imaginary axis. Here is an example:

5 2 0 1
X = X+ u—+ w
5 2 0 1 34 L) (2 C[5 2] [o] 1
. X = X+ u-+ w
S R e 5 20!
11 0 _
y:_x or y_x
e 0 0 -1 ran
Z:[l 1]x+0 u \ 2= 0 X+ 0 u Z= : X+ 0 u
& 0 0 P
0 0] |e - T

Note: the blue perturbation blocks in the above example might be omitted as the perturbed
system would also meet the regularity assumptions without these blocks.
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Solution to the general H, state feedback problem
Given a small ¢> 0, Solve the following algebraic Riccati equation (H,-ARE)
TD D ~T A D ~T ~tA Y (ATA TD
AP+ PA+C]C,—(PB+C]D,) (D;D,) (D;C,+B"P)=0
for a unique positive definite solution p > 0. Obviously, p is a function of &. The H,

suboptimal state feedback law is then given by
u=Fx=—(D, D, )_1( D~2Téz+BT}~’)x
[t can be showed that the resulting closed-loop system 7 (s) has

|| T, ||2—>y; as € —>0

[t can also be showed that ‘\
~ }/ . gm2star
[ trace(E'PE )] SRR 7, as € > 0. g:;Zsos

out
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Example: Consider a system characterized by The closed-loop magnitude response

5 2 0 1 from the disturbance to the controlled
FX= X + w i
3 4 1 2 . output:
X 3 y=x .
z=[1 1]x+0-u ;
§ : 2l

Solving the following H,-ARE using MATLAB

-
(&)}
T

with =1, we obtain

Magnitude

—_

- {186.1968 46.2778
& =0.0001

= , F=[-46.2778 -18.2517]
462778 18.2517 5

051

e £=0.1

}, F=[-69.4426 -23.8688] | 10 10° 10 10° 10° 10*

- 0.6944 0.2387 Frequency (rad/s)

i {4.3046 0.6944
* £=0.0001 The optimal performance or infimum

is given by
4! *
}, F=[-4.0023 -1.0012]x10 y, =1.225

~ | 1.5016 0.0004
0.0004 0.0001
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Solution to the general H_ state feedback problem

« [ C. ] "D
Step 1: Givenay >y, ', choose = 1. _ 2 21
C,:= |el| and D,:=| O
0 el |

Step 2: Define the corresponding C, and D, L L

Step 3: Solve the following algebraic Riccati equation (H_-ARE) for P:
A'P+PA+C]C, +y*PEE'P—(PB+C]D, ) (D]D,) (DG, +B'P)=0

Step4:If P>0, go to Step 5. Otherwise, reduce the value of ¢and go to Step 2.

Step 5: Compute the required state feedback control law
u=F x=—(D, D, )_1( ﬁ;éz—l—BTﬁ)x

)

gma8star

More general results for the singular case can be found in Chen (2000). g&iﬁ?

[t can be showed that the resulting closed-loop system 7 (s) has: H T, HOO <y.
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Example: Again, consider the following system The closed-loop magnitude response
from the disturbance to the controlled

5 2 0 1
X = 3 4 X+ 1 u+ 2 w : Output:

0.6

X1 3 y=Xx
z=[1 1]x+0-u

05

o
AN
T

It can be showed that the best achievable H

Magnitude
o
w

performance for this system is 7. =0.5.
Solving the following H_-ARE using MATLAB

with y=0.6 and £=0.01, we obtain a positive

o
N
T

01r

definite solution

! 0 1 1
; 107" 10° 10" 102 10° 10*
i Frequency (rad/s)

. 6.3774 0.1373
~10.1373  0.0131

- Clearly, the worse case gain, occurred
and . at the low frequency is slightly less

F=[-1373 -131.5] than 0.6. The design specification is
. achieved.
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1 PLANT y

STATE FEEDBACK X

OBSERVER
LAwW

F K

»20 Output Feedback Problems «2«
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Solutions to output feedback problems - the regular case

Recall the system with measurement feedback, i.e.,

(x=Ax+ Bu+ Ew
X: <y=Cx + D, w

z=C,x+D,u

where (4, B) is stabilizable and (4, C,) is detectable. Also, it satisfies the following

regularity assumptions:

1. D, is of maximal column rank, i.e., D, is a tall and full rank matrix
2. The subsystem (4, B, C,, D,) has no invariant zeros on the imaginary axis
3. D, is of maximal row rank, i.e., D, is a fat and full rank matrix

4. The subsystem (4, E, C,, D,) has no invariant zeros on the imaginary axis
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Solution to the regular H, output feedback problem

Solve the following algebraic Riccati equation (H,-ARE)
A'P+ PA+CIC,~(PB+C]D,) (D;D,) (DIC,+B'P)=0

for a unique positive semi-definite stabilizing solution P > 0, and the following ARE
04" + 40+ EE" —(0C! + ED] ) (D,D]) (D,E" +C,0)=0

for a unique positive semi-definite stabilizing solution O > 0. The H, optimal output

feedback law is then given by

. | Xy =(A+BF +KC, ) X =K p
o u = F x

cmp

where F=-(D;D,)" (D, C,+B" P)and K =—(QC| + ED/)(D, D).

Furthermore, p ‘\
v, = { trace(E'PE) + trace[ (ATP + PA + C;Cz) 0 ] } : B 2503

h2out
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Example: Consider a system characterized by The closed-loop magnitude response

o [5 2 0 1 from the disturbance to the controlled
(X = x+|  |u+| _|w |
13 4 1 2 . output:
PIREE y=:0 l]x + 1-w 200
z=[1 1]x+1u .o
L ) 160 |
Solving the following H,-AREs using MATLAB, = 1w}
we obtain g™
'3100
po| 14 40 , F=[-41 -17] i
40 16 60
_[497778 233333]  [-24.3333 Y
1233333 140000 © |-160000] | |
i 102 10” 10° 10’ 10? 10° 10*
and an output feedback control law, | Frequency (rads)
([ 5 -2213333 24.3333 The optimal performance or infimum
Xowp = Xomp T /2 b
amp -38 29 16 - 1S glven by
| u= [41 -17] x,, 7, =347.3
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Solution to the regular H_ output feedback problem

Given ay >y, ', solve the following algebraic Riccati equation (H_-ARE)
A'P+PA+C,C, +yPEE'P—(PB+C,D,)(D, D) (D,C,+B'P)=0
for a positive semi-definite stabilizing solution P > 0, and the ARE
OA + AQ + EE" + y*QC]C,0~(OC] + ED)(D.D}) (DE" +C,0) =0

for a positive semi-definite stabilizing solution O > 0. In fact, these

P and Q satisfy the so-called coupling condition: p(PQ) <y
The H_ y-suboptimal output feedback law is then given by [DGKF]

2 . xcmp = Acmp xcmp + chp y
cmp * _
u =C,o X

cmp

where
chp - (I o 7_2QP)_1K9 Ccmp = Fa Gilead Tadmor

A, =A+y EE"P+BF +(I-y~0P)"K(C,+yDE'P),

and where F =—(D,D,)" (D,C,+ B'P), K=-(OC] + ED[Y(D,D[)™".
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Keith Glover

P Khargonekar

Bruce Francis
1947-2018
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Example: Consider a system characterized by

LI

DI y::O l]x + 1w gm8sos
h8out

z=[1 1]x+1-u

It can be showed that the best achievable H_,
performance for this system is . =96.32864.
Solving the following H_-AREs using MATLAB

with y=97, we obtain

23.3556 14.0118

. 144353 40.1168
140.1168 16.0392 |’

{49.8205 23.3556}

and the corresponding controller

cmp

-59.411030 -914.00139 894.116965

u :[—41116796 -—17.039215]xcmp
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{—38808668 —184&4365} {183635389} E
Xomp T+ y
- than 97 (96.998). The H,, performance

The closed-loop magnitude respone
from the disturbance to the controlled

output:

100

90

80

70

60

50

Magnitude

40

30

20

10r

0
1072 10° 102 104 108
Frequency (rad/s)

Clearly, the worse case gain, occurred

at the low frequency, is slightly less

specification is achieved.
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Solutions to the output feedback problems - the singular case

For general systems for which the regularity conditions are not satisfied, it can be

solved again using the perturbation approach. We define a new controlled output:

z C, D,
z=|ex|=|&l |x+| 0 |u ‘\
_(C; T/l_ B O ] _g [_ ngSOS
h2out
and new matrices associated with the disturbance inputs: gm8sos
h8out

~

E=[E &I 0] ad D=[D 0 e&I].

The H, and H, control problems for singular output feedback case can be obtained

by solving the following perturbed regular system with sufficiently small ¢:

_|_
LD Remark: Perturbation approach might

DM@
<

Il
a

&

= have serious numerical problems!
C,x+D,u
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Block diagram of an H, or H_ control law with a reference......

A 4

\ 4

v

_ PLANT
r G Q u Y

v

cmp

A

1 C | Xomp = Ay Xemmp T Bep ¥ =BG

cmp cmp cmp “ cmp C

H, or H_ controller

G=[C,(A+BF)"'B]" assumingz=C,x = z(t)—>r, ast —> .
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Some applications...
Side notes on the H_ singular case
1. .B,-is of- maximal: column rank; i:e.- - is-a tall and-full rank-matrix
2. (-A;ByGyy D ) has ne-invariant-zeros: on-the kmaginary- axis
3. P;-is of maximal row-rank; i-e:;-Py-isa-fat-and full rank matrix
4. (- A 56130} has wo- invariantzeros on-the-imaginary axis

Construction of closed-form solutions and computation of y_" etc...

Anton Stoorvogel & coworkers Carsten Scherer

University of Twente University of Stuttgart BMC & coworkers
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Side notes on (almost) disturbance decoupling

1. If y,"= 0, then the corresponding H, optimal control problem is also called an
H, (almost) disturbance decoupling problem. It can be showed that the H,
almost disturbance decoupling problem is solvable if the following

conditions are satisfied (Good systems!):

* (4,B) is stabilizable and (4, C,) is detectable
* (4,B,C,,D,)isrightinvertible and has no invariant zeros on open RHP

* (4,E,C.,D,)is leftinvertible and has no invariant zeros on open RHP

Necessary and sufficient conditions for the solvability of the almost
disturbance decoupling problem is available in the literature. However, they
can only be expressed in terms of certain geometric subspaces on the given

system...

CUHK MAE ENGG 5403 - PART 2: DESIGN ~ PAGE 160 © BEN M. CHEN



2. If v, =0, then the corresponding H_, optimal control problem is also called an H,

almost disturbance decoupling problem. It can be showed that the H_ almost

disturbance decoupling problem is solvable if the following conditions are satisfied:

* (4, B) is stabilizable and (4, C)) is detectable
* (4,B,C,,D,) isright invertible and of minimum phase

* (4,E,C.,D,)is leftinvertible and of minimum phase

Studies on disturbance decoupling problems led to the development of the geometric

theory in linear systems...

A L
W. M. Wonham Jan C. Willems Carsten Scherer
University of Toronto ~ Belgian Scientist ~ University of Stuttgart BMC & coworkers
1939-2013
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Robust stabilization of systems with unstructured uncertainties

Consider an uncertain plant with an unstructured perturbation,

-

A

A

A

<
<

L
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Small Gain Theory (!)

If A is stable and HAHOO HMHOO <1, then

the interconnected system is stable.

A

\ 4

M <

Assume| 7, | <y.Then the system with
unstructured uncertainty is stable if

1
Al Al <t = Al <

/4

© BEN M. CHEN
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Robust stabilization with additive perturbation

Consider an uncertain plant with additive perturbations,

% has a transfer function G (s)=C (s/—A4, ) B, +D,

— X —

2., is an unknown perturbation.

U Y
Z, 2. and X +2 have same number of unstable poles.

Given a y, > 0, the problem of robust stabilization for plants with additive perturbations
is to find a proper controller such that when it is applied to the uncertain plant, the
resulting closed-loop system is stable for all possible perturbations with their L_-norm
< 7,- (The definition of L _-norm is the same as that of H_-norm except for L_-norm, the
system need not be stable.) Such a problem is equivalent to find an H_ -suboptimal

control law ( with y= 1/ y,) for
(x=A4 x+B_ u+0w

L' v=C_x+D u+Iw

kz:Ox+1u
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Robust stabilization with multiplicative perturbation*

Consider an uncertain plant with multiplicative perturbations,

> has a transfer function G (s)=C, (s/ - 4,)"'B,+D,

N

y ¥ is an unknown perturbation.
u

Dl 3,

Y and ¥ x¥ have same number of unstable poles.

Given ay,, > 0, the problem of robust stabilization for plants with multiplicative
perturbations is to find a proper controller such that when it is applied to the uncertain
plant, the resulting closed-loop system is stable for all possible perturbations with their
L. -norm < y_. Again, such a problem is equivalent to find an H_ y~-suboptimal control law

( with y= 1/ y,) for the following system,

x=A x+B_ u+B_w

N

y=C_ x+D u+D_w

multi °

\Z:Ox+1u
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o ool Lkl ol

- 2
=(1 Off . [+]0 1w
y=[1 0]l J+[o 1w .
67 ex2149
=11 O] .
==[1 o,

where W contains both the input disturbance

WNNpuUdJ 9SI9AU]

and measurement noise (we treat both of them

as system disturbance).

Design H, and H_ controllers such that the resulting closed-loop system is stable,

and the controlled output z is kept around &= 7 as it was done in the LQG design.

Clearly, this is a singular problem as D,=0. It can be calculated that the optimal
performance 7., and ¥, are given as 7., =1 and y, =1.4824, respectively.
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Since it 1s a singular problem, we adopt the perturbation approach to make it

o ookl ol

y= :1 O][Q] n [O 1] D Note that this perturbation

regular, 1.e.,

0 €18 good enough to make
0 01(d . the problem regular. ..
5= |+ ‘U No need to perturb £ and
1 0\@ 0 D, as Conditions 3 and 4
Thus, we have are already satisfied. ..

C,=[l 0], D

Il
—
-
[E—"
e
I\JQI
Il
1
—_ O
o O
L 1
o

[\

Il
1
S M
I

where ¢ 1s a small perturbation variable. For our design, we select £=0.01.
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H, control law

Solving the following H,-AREs

Il
-

AP+ PA+CIC,~(PB+C]D,) (DID,) (DIC,+B'P)
04" + A0+ EE"—(0C! + ED] ) (DD} ) (DE"+C,0)=0

we obtain

P 0.1421 0.0101 _12.1974  2.4142
~10.0101 0.0014 | 2.4142 3.1075

and the corresponding state feedback gain and observer gain matrices

2.1974
F=-[101.005 14.213], K=-
2.4142

The resulting H, control law is given as

_ ~2.1974 1] 2.1974
xcmp:(A+BF+KCl)xcmp—Ky: oy T ¥y

-102.4192 —14.213_x 2.4142

u =Fx,, [ C(4+BF)'B] r=-[101.005 14.213]x,, +100.005
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3.08

3.06

3.04

3.02

2.98

0 | ~Initial condition = ‘

0.25

0.2 t=0 —
0.15

0.1

0.05

-0.05

| | | |
0 1 2 3 4 5 6 7 8
Time (seconds)
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Gain margins and phase margins of the H, control laws

State Feedback Case Output Feedback Case

Nyquist Diagram Nyquist Diagram

0.8

0.6

04 r

02r

PM = 65.45° PM=4551°

Imaginary Axis
o

Imaginary Axis
o

GM = (0.4859,7.5)

GM = (0.0099, o)

-0.2 1

0.4
4+
06
or 08}
_8 1 1 1 1 1 _1 1 1 1 1
-120 -100 -80 -60 -40 -20 0 -2.5 -2 -1.5 -1 -0.5 0
Real Axis Real Axis

* Here we note that the open-loop transfer matrix for the H, output feedback control is
L,(s)=| F(sI-A=BF -KC,)'K |-| C,(sI-4)" B |
which will be studied in detail later in the topic of loop transfer recovery (LTR)...
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H_control law

Solving the following H_-AREs with y=2
AP+ PA+CIC, +y? PEE'P—(PB+CID,)(DID,) (DIC,+BP)=0
04"+ AQ + EE" +y0CIC,0-(0C] +ED} ) (DD} ) (DE"+C,0)=0

we obtain

b 0.1421 0.0101 [2.8739 3.0972
~10.0101 0.0014|” = 13.0972 3.8018

and the corresponding state feedback gain and observer gain matrices

2.8739}

F =-[101.0063 14.2133], K=-
3.0972

The resulting H_ control law 1s given as

u =C.__x

cmp ““emp

z . xcmp = Acmp xcmp + B cmp Y
cmp ¢
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where

A, =A+y EE'P+BF +(1-y?QP) K(C +y>DE"P)

[ -3.2619 1
1 -2103.5235 —14.2129

C,..= —[101.0063 14.213 3]

cmp

By ——(1-70P) K - {3.2619}

3.5198 |

The resulting closed-loop system was derived earlier and is given as follows

([ x A+BD,, C, BC, |( x E+BD,, D,
= + 2%
X B..,C A Xemp B...D,

cmp cmp cm

N

X
z =[G +D,D,C Dccmp]( j + D,D, D W
X

cmp

It 1s shown 1n the singular value plot on the next page that the resulting closed-

loop is indeed has an A, norm of 1.7021 < y=2.
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Singular values of the closed-loop system... ‘\

1.8 e e e —— e Tzws
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~
T
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Time-domain simulation can be done similarly as those in the previous cases...
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Gain margins and phase margins of the H_, control laws

State Feedback Case

Nyquist Diagram

PM = 65.45°

GM = (0.0099, o)

Imaginary Axis
o

_-1 20 -100 -80 -60 -40
Real Axis

-20

Imaginary Axis

1.5

0.5

051

Output Feedback Case

Nyquist Diagram

PM = 49.86°

.
GM = (0.373,6.1)

-2.5 -2 -1.5 -1 -0.5 0
Real Axis

* Here we note that the open-loop transfer matrix for the H_ output feedback control is

L,(8)=~[ Conp (5T = Apy) " By || C(5T = A)'B |
which will be studied in detail later in the topic of loop transfer recovery (LTR)...
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Homework Assignment 6 (due in 1 week) + Design Problem 2 (due in 3 weeks)

P.1: Write the system to be controlled in Homework Assignment 5 in the following form

with

J\

(x=Ax+ Bu+ Ew
y=Cx +Dw

z=C,x+D,u

v(? L : :
W= ( ( ], the combination of the input and measurement noises.

w(t)

1. Determine the best achievable H_-norm of the closed-loop system from w to z?

2. Design an H_, suboptimal control law such that the H_-norm of the resulting closed-

loop system is reasonably close to the optimal value.

3. Plot the singular value of the closed-loop system and find its H_-norm.

4. Find the resulting gain and phase margins of the system under the control law.

5. Assume that there 1s an unstructured but stable perturbation, A, presented in the given

plant. Give the range of ||A||, so that the closed-loop would remain stable.
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P.2: Consider a linear time-invariant system characterized by

oF r= Ax+ Bu+ F w
' z=0Cyx + Dy u,

where Cs = 0,,,xn, D2 = I,,,, and where x € R*, u € R™, w € R and z € R™, are
the state, control input, disturbance input and controlled output, respectively. Assume
that the state variable x is available for feedback, i.e., the measurement output y = =,
and assume that (A, B) is stabilizable and (A, B, C5, D>) has no invariant zeros on
the imaginary axis.

(a) Show that the subsystem (A, B, C3, D-) has a total of n invariant zeros and are
given by A(A), i.e., the eigenvalues of A.

(b) Show that there exist an n X n nonsingular transformation 7" such that

A=r1tar= |4 © ,
0 A,

where A_ and A are stable and unstable matrices, respectively.

(c) Let us define a state transformation * = T'x, where T as given in Part (b). It is
easy to verify that the given system X can be transformed into the following:
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zz[O 0la+ I u,

where B_, B, , E_ and E are respectively appropriate constant matrices. Show
that (A, B) is stabilizable if and only if (A, B ) is controllable.

(d) Show that the solution to the corresponding H> Riccati equation for the trans-
formed system in Part (c), if existent, can be partitioned as follows:

0 0
P= , P, >0.

Find the H, optimal state feedback control law u = Fz for the transformed
system in terms of P,. Show that the resulting closed-loop system has poles at

A(A_)and A(—AL).

(e) Show that v = 0, i.e., the disturbance can be totally rejected from the controlled
output, if and only if E, = 0, i.e., the disturbance is not allowed to enter the

unstable invariant zero subspace.
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Loop Transfer Recovery (LTR) Technique

u X=Ax+Bu Y
y=Cx+Du

X | X=A%+Bu+K(y-9)
P=Cx
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Is LQG controller robust? B [

It is now well-known that the linear quadratic regulator (LQR) has very impressive
robustness properties, including guaranteed infinite gain margins and at least 60°
phase margins. The result is only valid, however, for the full state feedback case. If
observers or Kalman filters (i.e., LQG regulators) are used in implementation, no
guaranteed robustness properties hold. Still worse, the closed-loop system may
become unstable if you do not design the observer of Kalman filter properly. The

following example given in Doyle (1978) shows the unrobustness of the LQG regulators.

Example: Consider the following system characterized by

|1 0 1 110
x-o 1x+1 u+1v, y=| Ix+w

=

\ N,

where x, u and y denote the usual states, control input and measured N /74
L [ L L L L \7‘/

output, and w and v are white noises with intensities 1 and ¢ >0, John Doyle
respectively. CalTech
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The LQG controller consists of an LQR control law and a Kalman filter.

LQR design: Suppose we wish to minimize the performance index

JzT(xTQx+uTRu)dt, R=1, Q:qG)[l 1],g>0

[t is known that the state feedback law v = — F' x which minimize the

performance index Jis given by = R7'B" P, where

PA+ A"P—-PBR'B'P+0=0, P>0.

Nyquist Diagram

We can obtain a closed-form solution, 2t

F:(2+«/4+q)[1 1= f[1 1]. 1

It can be verified that the open loop of the

LQR design with any ¢ = 60 has a gain |
margin of (0.2,00) and a phase margin of '1_'2
101.5 degrees. Thus, it is very robust. 25 : _ ;
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It can also be shown that the Kalman filter gain for this problem can be expressed as

ot [

which together with the LQR law result an LQG controller,

X
u

Suppose that the resulting closed-loop controller has a scalar gain 1 + £ (nominally unity)

(A-BF —KC)%+K y
—Fx

or u=-F(sI-A+BF+KC) 'Ky

associated with the input matrix, i.e.,

0
the actual input matrix=(1+¢)B = { }
l+¢

Tedious manipulations show that the characteristic function of the closed-loop system

comprising the given system an the LQG controller is given by

K($)=II-5*+0-5°+ Q-5 +(2¢k f+k+ f—4)s+(l—ck [)
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A necessary condition for stability is that

2¢kf+k+f—-4>0 and l-¢kf >0

It is easy to see that for sufficient large ¢ and o; the closed-loop could be unstable for a

small perturbation in B in either direction. For instance, let us choose g= o =60. Then it

is simple to verify the closed-loop system remains stable only when — 0.07 <& <0.01 .

This shows that the LQG controller is not robust at all!

What is wrong?

The answer is that the open-loop transfer function of
the LQR design and the open-loop transfer function of
the LQG design are totally different and thus, all the
nice properties associated with the LQR design
vanish in the LQG controller. It can be seen more
clearly from the precise mathematical expressions of
these two open-loop transfer functions, and this leads
to the birth of the loop transfer recovery technique.
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Open-loop transfer function of LQR

A u . x
x = Ax+ Bu

v

_ Fle

Open-loop transfer function: When the loop is broken at the input point of the

plant, i.e., the point marked X, we have
W=-F(sl—A) " Bu

Thus, the loop transfer matrix from u to —u is given by
L(s)=F(s[-A)"B

We have learnt from the previous lectures that the open loop transfer L. (s) have

very impressive properties if the gain matrix /' comes from the LQR design, i.e.,

4$— R'B'P(sI-A)"'B >
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Open-loop transfer function of LQG

y

Tﬁu% x=Ax+ Bu L» C —»
F(sI—A+BF+KCY'K «—.

Open-loop transfer function: When the loop is broken at the input point of the

plant, i.e., the point marked X, we have
il =| ~F(s] - A+BF + KC)'K || C(s] - 4)"' B |u
Thus, the loop transfer matrix from u to —u is given by
L,(s)=| F(sI-A+BF +KC)'K || C(s] - 4)" B

Clearly, L,(s) and L, (s) are very different and that is why LQG in general does

not have nice properties as LQR does.

We note that the stability of the closed-loop system with the observer-based
output feedback control law is determined by this open-loop transfer function,
L,(s). Itis acting like 7'(s) in the Nyquist stability criterion formulation.
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Loop transfer recovery

The above problem can be fixed by choosing an appropriate Kalman filter gain matrix
K such that L (s) and L (s) are either exactly or almost matched over a certain range

of frequencies. Such a technique is called Loop Transfer Recovery (LTR).

The idea was first pointed out by Doyle and Stein in 1979. They had given a sufficient
condition under which L (s) = L,(s). They had also developed a procedure to design
the Kalman filter gain matrix K in terms of a tuning parameter ¢ such that the
resulting L (s) — L,(s) as ¢ — o, for invertible and minimum phase systems. The

technique is known as LQG/LTR in the literature.

Doyle-Stein conditions: It can be shown that L (s) and L,(s) are

identical if the observer gain K satisfies

K(I+C®K) =B(COB)", ®=(sI—A)

i i : i N ) Guntér Stein
which is equivalent to B=0 (prove it!). Thus, it is impractical. Honeywell
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Classical LTR design

The following procedure was proposed by Doyle and Stein in 1979 for left invertible and

minimum phase systems : Define
0,=0,+q' BVB', R=R,

where (, and R, are noise intensities appropriate for the nominal plant (in fact, 0, can be
chosen as a zero matrix and R,= /), and V'is any positive definite symmetric matrix (/

can be chosen as an identity matrix). Then the observer (or Kalman filter) gain is given by
K =PC'R™
where P is the positive definite solution of
AP+PA"+Q,-PC'R'CP=0
[t can be shown that the resulting open-loop transfer function L (s) from the above

observer or Kalman filter has

L, (s)—L.(s), as g — oo,
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Example: Consider a given plant characterized by

. 0 1 0 35
X = 3 4 x+1 U+ 1 v, vy=[2 1]x+w

with E[v(#)] = E[w()] =0 and E[v(t)v(7)] = E[w(1)w(7)] = 6(¢ — 7).

This system is of minimum phase with one invariant zero at s = — 2. The LQR control

law is given by

U =—Fx:—[50 lO]x

The resulting open-loop transfer function Z,(s) has an infinity gain margin and a phase
margin over 85°. We apply the Doyle-Stein LTR procedure to design an observer-based

controller, i.e.,

u=—F[®"'+BF+KC]'K y

where K is computed as on the previous page with

o2 Blis _eneaOlo o[ 1228 2138
17| 61 T T 2135 3721447 |
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Nyquist plots...
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New formulation for loop transfer recovery

Consider a general stabilizable and detectable plant,
x=Ax+Bu
yv=Cx+Du

The transfer function is given by G(s) = COB+ D, ® = (sl — A)™'. Also,let F bea
state feedback gain matrix such that under the state feedback control law uz = — F' x
has the following properties: i) the resulting closed-loop system is asymptotically

stable; and ii) the resulting target loop L, (s5) = F'® B meets design specifications.

N u )
x = Ax+ Bu ad

v

— F

Such a state feedback can be obtained using LQR design or any other design methods
so long as it meets your design specifications. Usually, a desired target loop would
have the shape as given in the figure on the next page.
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Typical desired open-loop characteristics...

i To avoid high-frequency
un-modolled dynamnics

4 r

max singular values

Siva S. Banda
Air Force Research Lab
USA

To have a good
disturbance rejection

min singular values
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The problem of LTR is to find a stabilizing controller u = —x(s)y

A u G(s) 4

v

A

K (s)

such that the resulting open-loop transfer function from u to —z, i.e,,
L,(s)=x(s)G(s)

is either exactly or approximately equal to the target loop L,(s). Let us define the
recovery error as the difference between the target loop and the achieved loop,
l.e.,

E(s)=L.(s)—L,(s)=FDB-x(s)G(s)
Then, we say exact LTR is achievable if £(s) can be made identically zero, or almost

LTR is achievable if £(s) can be made arbitrarily small.
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Observer-based structure for x(s)

Shr R ,Q u G(.S') y >
—Z’;‘ B +
= » D ——0O
B
X %-l— s
F e ()] m K <—<“)
" C

Observer-based Controller

Ax+Bu+K(y—-Cx—Du)

u=-Fx

Dynamic equations of x(s): X

<>
Il

Transfer function of x(s)=x (s)=F(® ' +BF+KC—-KDF) 'K
Achieved open-loop: L (s) = x_ (s)G(s)
=| F(®"' +BF + KC~KDF) 'K |-(C®B+D)
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Lemma: Recovery error, £ (s), i.e., the mismatch between the target loop and the

resulting open-loop of the observer-based controller is given by

oooooooooooooooooooooooooooooooooo

_ F[1+((D_1+KC)_ (B—KD)F} (®‘1+KC)_1K(C®B+D) A(I + B4
l =(I+4B)"' 4

1 _
=(]-|—M) |:F((D -I-KQ KC(DB-l-F((D 1+KC) KD:| l ((I)fl +KC)71KC
=(I+MY 1{F[1 (@ +KO) o |@B+F(0™ +KC) KD} =1~(®"+KC) @
=(1+M)" [FCDB F(cD +KC) B+F(CD‘1 +KC)_1 KD}
=(1+M)'[FOB-F(@ " +KC)'(B-KD)]
.................................. Credit to G C Goodman in

_ (]+M)_1 (FCDB—M) a master thesis

conducted at MIT in 1984

Mlchael Athans
-1 -1
E,(s)=FOB-[I+M(s)] [FOB-M(s)|=M(s)[/+M(s)| (/+FDB) 1931\74—15020
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Loop transfer recovery design

It is simple to observe from the above lemma that the loop transfer recovery is
achievable if and only if we can design a gain matrix K such that A/ (s) can be made

either identically zero or arbitrarily small, where M (s) = F(cI)‘1 + KC)_1 (B-KD).
Let us define an auxiliary system

(= A"x+CTu+F"w

zaux: Ty =X + MZ—KTX

1z = B'x+D'u

® Closed-loop transfer function from wto zis (B'=D'K')(sI —4" +C'K')" F" =M (s).

Thus, LTR design is equivalent to design a state feedback law for the above auxiliary
system such that certain norm of the resulting closed-loop transfer function is made
either zero or arbitrarily small. As such, the H, and H_ optimization techniques (with

7% =0and y, =0, ie., the corresponding almost disturbance decoupling problems)
can be used to solve the LTR problem.
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What really got me interested in control
was my first unintentional discovery. I
was asked to simulate some examples
on loop transfer recovery (LTR) in the
book Control System Design, by Bernard
Friedland. It was mentioned in the text

Stein condition (which can never be
met in any physical system, by the way)
by removing the link to the observer,
to my surprise, the recovery perfor-
mance turned out to be unbelievably
good. When I showed the result to my
advisor, I got kicked out of his office,
as apparently I had violated the com-
mon belief in control systems design—
the separation principle. Nevertheless,
the discovery eventually led to a new
controller structure for the LTR design

A story behind a new

controller structure
for LTR...

u
o S — G(s) L
E Full Order Observer ~.,__.* | .
Based Controller I
Q
.‘{: - ¥ +
@ 0o K o

..........................................................................
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LTR design via CSS architecture-based controller

Proposed by Chen, Saberi & Sannuti in 1991, the CSS based

controller has the following characteristics:

: G(s) s

Y

—U

F k4 @ K —0

¥

45

CSS Based Controller

Dynamic equations of x(s): X, =(4—KC)x, +K,
u=u=—Fx,

Transfer function of x(s)=x,(s)=F (D" +KC)"'K
Achieved open-loop: L (s)=x.(s)G(s)
=| F(®"'+KC) 'K |-(CB+D)
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Lemma: Recovery error, E_(s), i.e., the mismatch between the target loop and the

resulting open-loop of the CSS architecture-based controller is given by
-1
E(s)=M(s)=F(®" +KC) (B-KD)

Proof. E (s)=L.(s)—L.(s)

-1

=FOB-F(®"'+KC) K(COB+D)

=F(o"'+KC) [(cp—l +KC)®B~KCDB —KD]

= F(0"'+KC) (B+KCOB - KCDB~KD)
=M(s)

[t is clear that LTR via the CSS architecture-based controller is achievable iff one can
design a gain matrix K such that the resulting M (s) can be made either zero or

arbitrarily small. This is the same as the LTR design via the observer-based controller.
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What is the advantage of CSS structure?

Theorem. Consider a stabilizable and detectable system X characterized by (4, B, C, D)
and target loop transfer function L,(s) = FOB.

» Assume that X is left invertible and of minimum phase

which implies that the target loop L,(s) is recoverable by both observer-based and
CSS architecture- based controllers.

» Also, assume that the same gain K is used for both observer-based controller and
CSS architecture-based controller and is such that for all ® € (3, where Q is some

frequency region of interest,

6. [FOB]>1 O e

Then, for all w € O, Loop Transfer Recovery:
Analysis and Design

e [E(JO)| < 0o [ E, ()]

é 1993

Proof of this result can be found in Chen et al., Automatica, vol. 27, 1991;

and a monograph by Saberi et al. (1993).
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Remark: In order to have good command following and desired disturbance rejection
properties, the target loop transfer function L, (j®) has to be large and consequently,
the minimum singular value o, [Lt ( ja))] should be relatively large in the appropriate

frequency region. Thus, the assumption in the above theorem is very practical.

Example: Consider a given plant characterized by

T L =[2 1]x+0
x—_3_4x1u,y— X u

Let the target loop L,(s) = F ®B be characterized by a state feedback gain F' = [50 10].

Using MATLAB, we know that the above system has an invariant zero at s =— 2. Hence it
is of minimum phase. Also, it is invertible. Thus, the target loop L, (s) is recoverable by

both the observer based and CSS architecture-based controllers.

. e : . 6.9
Using the H, optimization method, we obtain matrix K = i
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Target loops and achieved loops...
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Recovery errors...
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Nyquist Diagram
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Advantages and drawbacks of multivariable control techniques

The advantages of the multivariable control techniques covered:

>

It is relatively easy to formulate the control system design process into some

optimization problems, which can effectively be solved using MATLAB.

The problem formulations are mathematically elegant and are applicable to

general MIMO systems.

Some techniques, such as LQR, can automatically guarantee remarkable robust
properties (such as impressive gain and phase margins). Some, such as H

control, could yield a design that is robust to perturbation and uncertainties.

The drawbacks are also very obvious:

>

It is tedious to tune the parameters (e.g., O and R in LQR, weighting functions

in H, and H control) used in optimization associated with the design process.

It is hard, if not impossible, to formulate the design process directly linked to
the time-domain specifications (such as overshoot, settling time and/or rise

time), as it is done in classical control.
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Robust & Perfect Tracking (RPT) Control™

\ 4
v

v PLANT y

—>?4>© U

v

v

cmp

A
A

= A +chpy

cmp N xcmp ~ “Tomp xcmp

We have spent too much time on frequency-domain methods... It is time to

improve time-domain performance!

© BEN M. CHEN
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Robust and perfect tracking control

The robust and perfect tracking (RPT) control technique

Ben M. Chen

Robust and H_. Control

developed by Chen and his co-workers is to design a controller
such that the resulting closed-loop system is stable, and the
controlled output almost perfectly tracks a given reference
signal in the presence of any initial conditions and external

disturbances.

One of the most interesting features in the RPT control method
is its capability of utilizing all possible information available in
its controller structure. Such a feature is highly desirable for
UAV flight missions or other unmanned vehicles involving
complicated maneuvers, in which not only the position reference
is useful, but also its velocity and even acceleration information

are important or even necessary to be used in order to achieve a

good overall performance.
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Problem formulation

Consider the following continuous-time system:

X = A Xx+ B u + = Xo,
5 2o Ci1 (8.1)

E=C x+ D u +\) \

where x € R” is the state, u € R™ is the control input, w € R" is the external distur-
bance, y € R” is the measurement output, and g € R is the output to be controlled.
Given the external disturbance w € Lp. p € [l.oo), and any reference signal vector

Robust to
disturbance &
initial condition

rcR withr, #, -oo, P50 0> 1, being available, and () being either a vector

of delta functions or in Lp, the RPT problem for the system in (8.1) is to find a
parameterized dynamic measurement control law of the following form:

{ V= Acmp(€)v+Bemp(€)y + 60(8% ey (8) (8.2)
i .

U= Cemp(€)V+ Demp(€)y + Ho (€ o (8) RPT CONTROL

such that when the controller of (8.2) is applied to the system of (8.1), we have the
following

1. There exists an €* > 0 such that the resulting closed-loop system with r =0 and
w = 0 is asymptotically stable for all € € (0,€"].

2. Let Z(t, €) be the closed-loop controlled output response and let e(z, €) be the re- Perfect in
sulting tracking error, i.e., e(t,€) := Z(t,€) — r(t). Then, for any initial condition
of the state, xo € R",

tellp= ([ etrear)
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Solvability conditions:

Corollary 8.0.1. Consider the given system (8.1) with its external distur-
bance w € L,, p € [1,00), its initial condition z(0) = zo. Assume that all
its states are measured for feedback, i.e., C; = I and D; = 0. Then, for any
reference signal r(t), which has all its i-th order derivatives, 1 =1,2,---,k — 1,
k > 1, being available and r(®)(t) being either a vector of delta functions or in
L,, the proposed robust and perfect tracking (RPT) problem is solvable by the
control law of (8.2) if and only if the following conditions are satisfied:

1. (A, B) is stabilizable;
2. Dgg = 0;
3. Lp, ie., (A, B,Cs,D,), is right invertible and of minimum phase.

The solvability condition for the general measurement feedback case is rather
complicated. Please refer to the reference text for details (Theorem 9.2.1).

CUHK MAE ENGG 5403 - PART 2: DESIGN ~ PAGE 207 © BEN M. CHEN



Solution:

Remark 8.0.1. Note that the required gain matrices for the state feedback
RPT problem might be computed by solving the following Riccati equation,

PA+A’P+C;C*2-(PB+C';D2)(D;D2)*I(PB+C;D2)'=o, (8.4)

for a positive definite solution P > 0, where

) Cz 3 D2
sz 5In£+n 3 D2: 0 )
0 el
0 I, 07
% Ao 0 A — :
L0 0 0.
0
B=|0|.Cy=[-1, 0 0 -- 0 (3], Dy=Ds.
0
»-1
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The required gain matrix is then given by
- -~ ~ -1 Sd & !
Fe)=—(D,D;) (PB+C,D;) =[Ho(e) - Heoa(e) Fle)],

where H;(e) € R™*¢ and F(e) € R™*™. Finally, we note that solutions to
the Riccati equation (8.4) might have severe numerical problems as € tends
smaller and smaller. ®]

The RPT state feedback control law:
u=FE&)x+H(e)r+H (e)i++H_ (&)r"™"
which feeds in all the possible reference signals.

Such a controller structure is a perfect choice for flight control systems, in
which not only the position reference is relevant, but also the velocity and

acceleration references are crucial in many applications.
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Special case...

For the special case when the given plant is of a double integrator; i.e,,

o o) e o< =t a7

where p is the position and v is the acceleration, assuming the reference position
(p,), velocity (v,) and acceleration (a,) are all available, it can be shown that the RPT

control law can be calculated in the following closed-form

w, 20, |(P) (o 260,
u=—— +| — | p, + V. +a
E E \% E &

where ¢ is the damping ratio and @, is the natural frequency of the closed-loop

system, and ¢ is the tuning parameter.

We note such a plant is very common in real applications including the outer loop
flight control systems. In fact, the RPT control is very effective in improving flight

performance for UAVs.
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Case study: Unmanned helicopter flight control systems

i\
J
:
=

N {
Mission N
Management v
~ An unmanned system
> Path Trajectory Outer Loop Inner Loop Measured
»| Planning Generation Control Control Signal
v" Inner Loop to stabilize UAV attitude v’ Outer Loop to control position/velocity
o PID Control (commonly used) o PID Control (commonly used)
o Optimal Control o Pole placement
o Robust Control o RPT Control
o Nonlinear Control o Robust Control
O e O oo
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Detailed control structure
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Wind disturbance
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Inner-loop control system design setup

Vwind L L
- hl n Guowei Cai
r . Ben M. Chen
_ 3] - INN ER h Tong Heng Lee
INNER-LOOP act out Unmanned
> ROTORCRAFT R
CONTROLLER otorcraft Systems
X DYNAMICS M

X=[¢ O p q as bs r Sped,int V’]T
Uyet = [61at lon 6ped]T
y=[¢0 6 p q r |

hou :=[¢ 6 ]
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Inner-loop linearized model at hover

I y=Cx
- h()u[ :COU[x
¢
0
P
y:
q
r
W
¢
hout: 0
4

~ X=AXx+Bu+Ew

SO OO OO0 O OO

SO OO OOCOCOCOoO

SO OO OO OO

l 0 0
0 0.9992 0
—0.0302 -0.0056 —0.0003
0 —-0.0707 267.7499
0 —1.0000 —-3.3607
—1 0 2.4483
0.0579  0.0108 0.0049
0 0 0
0 0.0389 0
0 07
0 0
0 43.3635
0 0
2.5878 0
—0.0663 0
0 —83.1883
0 —3.8500
0 0.

0 0.0009
0 -0.0389
585.1165 11.4448
—0.0003 0
2.2223 0
—3.3607 0
0.0037 —21.9557
0 -1
0 0.9992

i 0 0

0 0

—0.0001 0.1756

0.0000 0.0003

E= 0 0

0 0

—0.0002  —0.3396

0 0

L 0 0

n
o
n
)

=
=Rt E=E=E= R E==)

COO0C OO0 OO0

0"
0
—0.0395
0.0338
0

0
0.6424
0

0

One can use the techniques covered earlier, i.e., H, control, H_, control, or LQG to

design an appropriate inner-loop controller for the above system.
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Inner-loop command generator

m 5, The inner-loop command generator is given as
< ay, ; | INNER-LOOI br _ =
&004 == Comiao S, 0 0.0019 0.0477
2
&\6 6, P |= 0 0.1022 -0.0037 |a,,
6.) |-0.1022 0 0.0001

Here we note that the purpose of adding the inner-loop command generator is

to yield a unity DC gain...
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Outer-loop control system design setup

OUTER
ap RoTOR- P,
CRAFT
DyNAMICS

VIRTUAL

Law

OUTER-
LOOP An,r
CONTROL

ACTUATOR
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Properties of the virtual actuator

0 T P 8 ! L] I P 2 5 ) e s
) =k
g g
z-0r i
3 ]
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s 40— 5
2z |
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10’ 10! ) \ 10 0* 10" 10’ 10
X Channel ‘ Z Channe

; i
10° 10"
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Phase (deg)
~

Phase (deg)
) U
=
T

- ; ; R L i
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Frequency (rad’s)

: i i
107 10" 10’
Frequency (rad/s)

Frequency response of the virtual actuator...

(dB)

1) | -
o

Unstable Zeros!

Magnituds

L
10°

From practical point of view, it is safe

Phase (deg)
\ 2
=

to ignore them so long as the outer-

s

loop bandwidth is within 1 rad/sec...

5
10
Frequency (rad/s)
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Properties of the outer-loop dynamics

It can also be verified that coupling among each channel of the outer loop dynamics is
very weak and thus can be ignored. As a result, all the x, y and z channels of the

rotorcraft dynamics can be treated as decoupled, and each channel can be characterized
by
2) [0 17(p) (0

= +| |a
Vi 0 O\ w 1

where p. is the position, v. is the velocity and a- is the acceleration, which is treated a

control input in our formulation.

For such a simple system, it can be controlled by almost all the control techniques
available in the literature, which include the most popular and the simplest one such as

PID control...
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Outer-loop RPT control law

Un (
| 2
Qv = — wl:lz,y 2Cywn,y Yn n wn,y n 2§ya)n y
" e’ £ Vi g2
2
Azn= — wf;i,z 2G,0n7 :| (Zn ) n (a)ll),l )+ (ZCzwn z
E- £ Wn £~

gx =1,
Onx = 0.54, @y =062, @,,=0.78
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0.7 &, =1..

Simulation of RPT control with

Position

red: actual response; blue: reference
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Position

30
30
30
© BEN M. CHEN

25
25
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0.7 & o,=1 (cont.)

red: actual response; blue: reference

Simulation of RPT control with

N g

Time (sec)

0.5
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Concluding Remarks

Improvement of transient performance.
Nonlinear control techniques.

Issues on implementation of controllers on physical systems...
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Composite Nonlinear Feedback (CNF) Control...

Nonlinear switching for transient improvement
A

[ \
Keyidea.. u=Fx+Gr —fe " BP'|x+(4+BF)'BGr|

fastrise
time with small damping ratio slow Séttling time |

hu%e with no overshoot
overshoot N / e, /

/largedampingratio '

Magnitude

0.5

~--{ CNF Control

typical responses of a 2nd order LTI system with bounded input

o

Time
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Zongli Lin
University of Virginia

Siva S. Banda
US Air Force Research Lab

© BEN M. CHEN



CNF Control Toolkit...

The toolkit, programmed by Guoyang Cheng, provides a user-

friendly interface to tune nonlinear parameters... Guoyang Cheng
Fuzhou University

The CNF Control Toolkit Version 3.0 - Developed by a Research Team at National University of Singapore
Load data Save data Export controller Root locus Bode plot Nyquist plot Sensitivity functions Print Close

PLANT

St
0
10
0.
0.
7

ep v
04
02 [ ]
28

0.0037215
2.55379
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Applications of CNF Control...

A Benchmark Problem mw A

Kemao Peng
Venkatakrishnan Venkataramanan

Before ending this book, we post in this chapter a typical HDD servo control design [T
problem. The problem has been tackled in the previous chapters using several design Servo Systems
methods, such as PID, RPT, CNF, PTOS and MSC control. We feel that it can serve as "
an interesting and excellent benchmark example for testing other linear and nonlinear
control techniques.

We recall that the complete dynamics model of a Maxtor (Model 51536U3) hard
drive VCM actuator can be depicted as in Figure 11.1:

VCM ACTUATOR
Win

Wout

DISK

DATA TRACK .
R/W HEAD Noise

Figure 11.1. Block diagram of the dynamical model of the hard drive VCM actuator
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Some good references in nonlinear systems and control...

Nonlinear Output
Regulation

NONA]-‘I;KI%EB NON LINEAR Nonlinear Control e e
CONTROL SYSTEMS = -
B =

Jie Huang

THIRD EDITION

Jean-Jacques E Slotine
Weiping Li

|
HASSAN K. KHALIL lHlHM

Jean-Jacques Slotine Hassan Khalil Alberto Isidori Jie Huang
MIT Michigan State University University of Rome CUHK
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Implementation of controllers......

Implementation of control laws obtained in this part in the real systems can be done
using analog devices. It is, however, much more convenient and efficient to realize a
controller using a computer or digital signal processor (DSP) instead. There are two

ways to design an implementable controller:

i. Design a continuous-time controller like we have done so far in this class and
then discretize it using some discretization techniques such as ZOH or bilinear

transformation to obtain an equivalent digital controller.

RO) + _ E() UGs)

Y (s)
K(s) >

G(s) >

)

A 4

ZOH

R Y(s)
) iT 1 K(z) G(s) -

A 4

-
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ii. Alternatively, we can discretize the system to be controlled first to obtain a
sampled-data system or discrete-time system and design a controller in the
discrete-time setting. The discrete-time controller obtained can then be

implemented directly using a computer or digital signal processor (DSP).

ZOH
R E ~ Y

(2) + _(Z) K() U(z) s =@ /T (2) X
R(2) + E(2) ) U(z) Y(2)

v

K(2)

G(z)

=T >
Such an approach is to be covered in a course on computer control systems or
digital control systems.
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Final remarks......

>

We have learned in this course the most fundamental linear systems theory. It is
sufficient to understand multivariable control design methods and to carry out some

basic multivariable control systems design.

None of the multivariable control techniques covered in this course can be directly
applied to solve real-life problems unless one fully understands the nature of the
problem to be solved. However, the design methods presented in this course can be

used as the first attempt (and guideline) in solving the actual problem.

A good system to be controlled is always superior to a good control technique to
achieve good performance. A
good system is referred to a
plant with good system
structural properties. As

mentioned in Part 1, one can

find such topics in the text by

. Zongli Lin Yacov Shamash
Chen, Lin and Shamash (2004). University of Virginia ~ Stony Brook University BMC
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What'’s the next?...

Autonomous inspection system...
Autonomous unmanned system...

L R T O
Systems
A | Datasets Mission/task Motion Control | Positioning
‘ Management Planning System 5 [ /SLAM
%!
l GCS
)
GIS 3D Training and "
a Reconstruction Inspection Data :
A 1
¥ v l
Digital Twin - BIM Al-based _Dam
Processing Automatic control system... g
i l l -
REFERENCE
: ' Controller System to be controlled Qe
+

Inspection Report of Built Assets
A

Dynamic model...  x= f(x,u), yv=h(x,u)

Tegeo

From Inertial Measurements
to Smart Cities

Smart Cities......
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Process of
Infrastructure Inspection
and
3D Reconstruction

& N \
Ay ¢
oS Ya
T i 4 - -
MR A . A

Real industrial application
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All that 1s visible is only imagination. All that is
invisible is part of the visible.

VT8 A

That’s all, folks! Thank you!
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