MAEG4070 Engineering Optimization

Solution 1

1. For the original problem, first, we turn the “max” into “min”

min — 3z — a9

x1 .22
s.t. 22y + |22 — 3] <10
x4+ Hre > 3
r1 > 1

Then we eliminate the absolute value in constraints

min — 31 — a9
1,2

s.t. 2z a0 < 13
—2x1 4+ 19 = =7
xr1+bre = 3
x> 1

Introduce slack or surplus variables to turn the inequalities into equalities

min —3x1 — 19
T1,T2,Y1,Y2,Y3

s.t. 201+ a0 +y1 =13
—2r1 4+ a2 — Y2 = —7
T+ 5Hr2 — Y3 =3
ryZ21ly1 20,y2 20,y3 20

Let v =x; —1,v; = 0, we have

min —3v1 —x9 — 3
U1,T2,Y1,Y2.Y3

s.t. 2v1 + a2 +yp =11
—2v1 a2 —y2 =5
v + Hro — y3 = 2
v 20,91 20,92 20,3 2 0

Finally, let x, = uq —uy,uq; = 0,u, = 0, we have

min —3vy —up +us — 3
V1,U,U2,Y1,Y2,Y3

s.t. 201 +up —us +yp =11
—2v1+up —ux — Y2 = —5
vl + duyp — dug — Y3 = 2
v1 2 0,ur = 0,u2 2 0,y1 =2 0,92 = 0,y3 = 0



Therefore, the compact form is

T = ['L’l«.uhuzsyh.yzsy:ﬂT
c= [-3,-1,1,0,0,0]

2 1 -1 1 0 0
A= -2 1 -1 0 =1 0
15 -5 0 0 -1

b= [11,-5,2]"

2. The feasible region of this LP is

X2

7 x1+2x2=8

S -
7 le_xZ—S

The optimal solution is x* = (1.5,0), the optimal valueis f*=3x15-2x0=4.5

3. The dual problem is

max  2A; + 102 + 5A3
A1, A2,A3

St. A+ A <2
A+ A3=0
Al —2X4+2M3 >3
A1 >0,A<0

4. Given any two point x = [x1,x,] €S,y = [y1,¥2] €S. Forany 0 <1 <1, we have
A+ A -Dy=[Ax + (1 =Dy, A, + (1 = D)y,]
Then we check whether Ax + (1 —A)y isin S.
3[Az1 4+ (1 — Nyi] — [Axa + (1 — N)y2]
A(Bxry —xa) + (1 — XN)(3y1 — y2)
A+1-A=1
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Az + (1 =Xy ] + [Aza + (1 — Ay
< Al +a2) + (1= M)y +y2)

< A+1-A=1

Therefore, Ax + (1 — A1)y € S,so S is a convex set.

5. The function is convex.
First, obviously, the domain of f(xq,x,) is a convex set.

Second, the gradient of f(xq,%;) = x2 — 4x,x, + 4x5 + 3x; + x, is

of of
a—xl=2x1—4x2+3,a—xz= —4X1+8X2+1
The Hessian is
2 -4
H(x) = (_4 . )

H(x) is positive semi-definite. Therefore, f(xq,x,) is a convex function.



