MAEG4070 Engineering Optimization

Solution 3

1. The Lagrangian function is
L(z, p) = (x1 — 4)* + (w2 — 4)% + 1 (21 + w2 — 4) + po(21 + 322 — 9)
Then the KKT condition is
2wy —4) +p1+p2 =0
2y —4)+ p1 + 32 =0
0< (—I1—$2+4)J_,u1 >0
0< (—331—3562—|—9)J_,u220
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For the point x* = (E’E) , we can get that py =6,u, = —-1<0.

Therefore, it is not a KKT point.

2. (1) Denote the objective function as f(x) = (x; — 1)? + (x, + 1), then gradient is

Vi@ =] )]

And the Hessian matrix is
2 0
H(x) = l 0 9 ] -0

So f(x) is a convex function. Denote g(x) = x; — 2x, + 5, then the constraint can
be represented as g(x) < 0.

Since both f(x) and g(x) are convex functions, the problem is a convex
optimization.

(2) The feasible region and the contours of the objective function are

Therefore, x* = (—0.6,2.2),f* = 12.8,



(3) The Lagrangian function is
Lz, p) = (x1 — 12 + (2 + 1)? + p(z1 — 220 4+ 5)

The KKT condition is
21 —1)+p=0
22 +1) =2 =0
0<upul(—z1+225—-5)>0

If u* =0, then x;{ =1,x5 =—1, and —x{ +2x, —5=—-1—-2-5=—-8<0,the
constraint is not satisfied.

If u* # 0, then we have —x7 + 2x; — 5 = 0. Together with the first two equations, we

can obtain x* = (—=0.6,2.2),u* = 3.2, = 12.8,

(4) The Lagrangian function is

Lz, p) = (1 — 1)2 + (zo + 1)2 + p(xry — 229 +5)

r% —2x1+ 1+ .T% + 239 + 1+ px1 — 2uwe + dp
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Therefore,

(p—2)*
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.
min L(xz, 1) = bp — —(1-p)3?= —z,u,z +8u—2

The dual problem is
)
max — f/ﬂ + 8u
i 4

st. >0

3. (1) Given any two points x = [x1,x,] €S,y =[y1,¥2] €S. Forany 0<A<1, we
have
Ax + (1= Dy = [Axg + (1 = Dy, Ax; + (1 — Dy,]
Then we check whether Ax + (1 — )y isin S.

2[x; + (1= Dyq] + [Axy + (1 = Dy,] = 22x; + x3) + (1 — D2y +y2)
<41+4(1-1) =4

Therefore, Ax + (1 — A1)y € S, so S is a convex set.



(2) We can minimize the square distance instead, and the optimization problem is

min (r1 —4)% + (22 —4)?

T1,T2

s.t. 2x1 + 20 < 4

The Lagrangian function is

Lz, p) = (x1 —4)* + (2 — 4)* + p(201 + a9 — 4)

The KKT condition is

21 —4)+2p=0
2o —4)+p=0
0<pul(4—2x;—22)>0

If =0, we have x1 = 29 = 4, the constraint is not met.
If > 0, we have

221 =8+ 2= 0
209 =8+ pu= 0
21 +10—4= 0

Therefore, r* = (% 17)2)

Since the optimization is a convex optimization, x* is global optimal.



