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Introduction — Simple example

A company has some resources to produce three products (denoted as A, B, C). Each
product consumes a different mix of resources, and there will be a profit from selling
the product. The endowment of resources and its relationship with products are:

Production: Y1 =0 y, =0 y3; =0
A B C Endowment
Steel 3 4 2 S 600
Wood 2 1 2 < 400
Label 1 3 3 < 300
Machine 1 4 4 g 200
Profit 2 4 3

Maximize 2y, + 4y, + 3y;



Introduction - General case

A company has R kind of resources to produce N items. Item n € {1, ..., N} needs a,,,
unit of resource r € {1, ..., R}. The endowment of resource r € {1, ...,R} is c,. The
price ofitemn € {1, ..., N} is b,,. How to maximize the total profit?

Variable: y,, denotes the number of item n produced
Objective: total profit X_, b, v,

Constraints: 1) do not exceed the resource endowment Zn 1A Vn < ¢, V7r=1,...,R
2) vy, =20,vn=1,..,N

ma\ E b Un

Yn , Vn
n=1

S.t. E Anrtn < ¢, Vr =1,.... R
n—=1

Yp > 0,Vn=1,...N



Introduction — General case

A company can also choose to sell all of its resource endowments ¢,,,Vr =1, ...,R to
let another company to produce. Suppose the price for resource r € {1, ...,R} is x,.
The company wants to ensure that the profit Y.X_, a,,.x, of selling a,,1, ..., g unit of
resource 1, ..., R respectively, which are just adequate to produce one unit of product n
is no less than the profit b,, of producing and selling this unit of product n by itself.
Meanwhile, it tries to minimize the total payment Y.¥_, ¢, x,- by the other company for

purchasing resources, so that the other company is willing to buy resources and

produce.
R

min Cr Iy
Ty, VT
r=1

R

S.t. Zamxr >b,,Vn=1,.... N
r=1

x> 0,Vr=1,.... R

-



Basic models

Primal problem Dual problem
N b — [blr ...,bN]T R
31317}’8‘61}; 1 bnyn y — [}’1; --'in]T CIIC‘qul%V’I}‘ CrZLy X = [xl; -..;xR]T
n= ’ r=1
N R
S.t. Z A Y < Cp V7 =1,..., R S.t. Zamna:f,q >b,,Vn=1,....N
n=1 A: RVNXR . Rrx1 r=1
ynZO,Vnzl,jN $T207VT:17"'3R
( max bTy \ ( min CTZU \
Y i
Compact form s.t. ATy < ¢ s.t. Ax >b
y >0 r 20

\_ ) g J




Another Example

Can you tell me the optimal value of the following LP in 10 seconds?

min x, + o + xr3 + x4 + 5 + x4

s.t. 201 + x2 + 313+ 8xy + dxs + 316 > 5
6x1 + 229 + 623 + 24 + 25 + 46 > 2
201 + Txo + 13+ 24 + 425 + 326 > 1

Adding up all constraints, we have

10(x1 + 22 + 23 + 4 + 25 + 26) > 8

We can easily find such a solution, so the optimal value is 0.8.

LP duality is a straightforward generalization of this simple trick!



Another Example

How to find a systematic way to estimate a lower bound of an LP’s optimal value?

min
T

S.t.

C11

a11°1

a21X1

AN1L]

dixq

CoX9 1

122

2212

AN2T2

doT2 -

.+

CRLR

A1RTR

A2RTL R

ANRLTR

drpr R

> by XA =0
ng XAZSO
= by XAy
N
> bah,
n=1

dy

+

N
z anrln
n=1

We want to determine the 1,,, Vn, so thatc = d and Y_, b,,A,, gives a lower bound
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Another Example

To get the best (highest/tightest) lower bound, we maximize ¥¥_; b, 1,

max bi A1 + boAo + ... + by AN

A,V
S.t. a1 A1 +asi Ao+ ... Fani AN = ¢
(19X + @290 + ... + an2 AN = 2

A1RAN + aGopAo + ... + aNRAN = CR
A >0, 0 <0,..,.\, R



Another Example

Primal problem

min ch

xr

s.t. Ax > b

[
1

v

Dual problem

max bl )\
A

AT\ = ¢
A >0

10



General Form

Primal problem Dual problem
min ¢!z max b A\; + b Ao + b3 A3
s.t. Ajx|>1by 0 A\ s.t. AT A + AL + Ag)\. c
AQQZEEQ—:—XQ __________ TN >0, <0,\3€eR
Ag“}“ = bg . )\3

i

>0
min ¢!
st. A > b 0 A max bl A; — b3 Ao + b (A3 — A3) + 07y
— A 2 —by 2 A » st AT — ATN + AT (g —N) + Ty = c

Asx > b3 @ A ’
3 =13 ? , A1 2 0,A2 >20,A3 20,03 20,A4 20
— Azx > —bz Ay

x>0 : M\
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Principles for LP duality

Primal LP

Dual LP

min ¢ x

s.t. Ax > b
x>0

Objective: min
Objective coefficient: cT
Constraint coefficient: (A,b)

Objective: max
Objective coefficient: bT
Constraint coefficient: (AT,c)

n-th variable n-th constraint
vars: =0 Cons: | =

<0 >

free =

m-th constraint m-th variable

< <0
Cons: = Vars: |20

= free

max by

s.t. Aly < e
y >0




Example - 1

Primal problem

__—_—————_
—
—
-
-

X+ X, +X3=4

3x;+ 2X,+Xx3=5

>0, x,2 0, x@o

Dual problem

@ 4N\, + 5\,

s.t. A+ 3A,<

_-
~~~
—_—
—
—

A+ 2\, <4

~—y
-
—y -
e e am omm = =
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Example - 2

Primal problem Dual problem
min X, + 2x, + X, max 4A;+A, + A
s.t. X+ X,- x3@4 st. A+ A, j,Z)@@l
€ o .-
Xl'X2+X3=1 \\\\ ”,”’ Al_AZ-I-A.BZZ

~

2X, + X+ X3S 1-- Teell MEA A=

- i N
x1®, X,<0 A|2)0, A;<0

-
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Example - 3

Primal problem

min 2x,+ 5x, + 3x;

s.t. x;+3x,-x324
X=Xyt 2x3=1
2x,+4x,+ x3<1

X;0,x320

Primal LP

Dual LP

Objective: min
Objective coefficient: cT
Constraint coefficient: (A,b)

Objective: max
Objective coefficient: bT
Constraint coefficient: (AT,c)

n-th variable
Vars: =0

<0

free

n-th constraint
Cons:

Il ivIA

m-th constraint

Cons:

Il ivIA

m-th variable
<0

Vars: |20

free




Example - 3

Primal problem Dual problem
min 2x, + 5x, + 3x, max 4A;+ A, + A
s.t. x;+3x,- xg@il\ s.t. Aj+A,+ 2]3@)2
XXt 2=l el - 3%,2 N, +4),=5
2x, + Axy + Xy S Lo--"7 7 ,\—\\\\ A+ 2\, +A;<3

f’
’—
-

xl@f), X320 \?\\I@J, A<O0
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Example - 4

Primal problem

min 5x; + x, + 9x;

s.t. 3x;+x,+2x; =27
2X,+ 2X,+ X532 15
X+ 5x,+ 7x; <42

X;0,x320

Primal LP

Dual LP

Objective: min
Objective coefficient: cT
Constraint coefficient: (A,b)

Objective: max
Objective coefficient: bT
Constraint coefficient: (AT,c)

n-th variable n-th constraint
vars: =0 Cons: | =

<0 =

free =

m-th constraint m-th variable

< <0
Cons: = Vars: |20

= free




Example - 4

Primal problem Dual problem
min 5x;+ X, + 9x, max 27\, + 15A, + 42A,
s.t. 3x +Xx,+ 2xy =27 s.t. 3A;+2A, + )\3@5
-7
2X, + 2X, + X3(2 )15 - 2N, +50,=1
X1+ 5X2+ 7X3 §’42— ~~~~~~~~~~~~~~ 2A1+)\2 + 7)\3S9

’—
-
-
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Example - 5

Primal problem

max 2x,+ 3x,+ 7x3

s.t. Xx;+2x,+x3<60
2x,+ 3x,+ X532 15
5x,+ X, + 2x3 = 20

x;20,x,<0

Primal LP

Dual LP

Objective: min
Objective coefficient: cT
Constraint coefficient: (A,b)

Objective: max
Objective coefficient: bT
Constraint coefficient: (AT,c)

n-th variable
Vars: =0

<0

free

Cons:

n-th constraint

IniviAa

m-th constraint

Cons:

Il ivIA

vars:

m-th variable
<0

=20

free




Example - 5

Primal problem Dual problem
max 2x,+ 3x,+ 7x, min 60A, + 15\, + 20A,
s.t. X+ 2%, + x3(< B0 s.t. A+ 2\, +5A(=)2
1 2 3@)‘2\ 1 2 i ;@
2X+ 3%, + X3 215 T~. .- 2%+ 3\, + ;<3
SX,+ X, + 2X; =20 -="" " \\\ AN+A, +20,=7

20



Why do we need dual problem?

1. When the primal problem has a lot of constraints and few variables, solving the dual
problem can reduce the computation time
(Because of the procedure of some well-known algorithms, e.g. Simplex)

2. Help to prove the primal problem is infeasible
(When the dual problem is unbounded, the primal problem is infeasible)

3. Sensitivity analysis
(Shadow price, the impact of constraint coefficients on the optimal objective value)



Duality Theorems

Symmetric: The dual of dual problem is the primal problem.

’

)

_/

min ¢!z \_piirl'a_l _____ ‘iu_""L max bhA
st. Az >0 | ATx<e
\ x>0 )dual primal\ A>0
Proof:
max bl \ min (—bl)\ max (—c! )z
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Duality Theorems

Weak duality: Let x4, Ay be a feasible solution of the primal problem and the
dual problem, respectively. We have c'xy > b A,.

Proof: since x is a feasible solution of the primal problem, we have
Axg = b, x5 =0
We also have 1, = 0, therefore, AJ Ax, = A{b. So
bTAg < xJAT Ay < xjc = cTx,

Dual opt = primal opt

€ D€ >
Dual solutions Primal solutions




An example

Primal problem Dual problem
min 20x; + 20x- max A1+ 20 + 33 + 4\,
T1,T2 A1, 22,23,
s.t. x1+ 20 > 1 S.t. A1 4+ 2X90 + 2A3 + 34 < 20
201 + 19 > 2 2M1 + Ao + 33 + 24 < 20
201 + 319 > 3 A >0,7=1,2,3,4
3r1 + 2x4 > 4
r1, 9 >0
. . . . 6 1
For the primal problem, x, = (1,1)” is a feasible solution x* = (—,—
c"xq = 40 is an upper bound of the objective value >’

A* = (0,0,4,4\dT1* = 28

For the dual problem, 1, = (1,1,1,1)7 is a feasible solution
d’ A, = 10 is an lower bound of the objective value

24



Duality Theorems

Weak duality: Let x4, Ay be a feasible solution of the primal problem and
the dual problem, respectively. We have c'x, > b 4,.

Primal (min) Dual (max)

Bounded below ¢ > Bounded above

<€

Infeasible \ Unbounded above
;\ Infeasible

Unbounded below

Feasible Feasible



Duality Theorems

min — X1 — I
r1,T2

S.t. x1 —x90 > 1
—x1+x9 > 1

r1,x9 > 0 Infeasible

max A1 + Ao
A1,A2

S.t. A1 — Ao < —1
— A+ Ao < —1

A1, A2 >0 Infeasible

26



Duality Theorems

min — A; + Ao
A1,A2

st. — A1+ X >1
— A — X >1
A1, A2 2 0 Infeasible

max Ii1 + I
r1,r2

s.t. —x1 —ax9 < —1
:1?1—:6221

1,22 2 0 Unbounded above

27



Duality Theorems - This lecture: focus on linear programs.

For nonlinear programs, strong duality needs
more conditions than feasibility (future lectures)

Optimality criterion: Let x,, Ay be a feasible solution of the primal problem
and the dual problem, respectively. If ¢c'x, = bT2,, then x,, A, are the
optimal solution of the primal and dual problems, respectively.

Proof:
According to weak duality, we have cTx > bTA,, Vx € X
Since cTxy = bT Ay, we can know x, is the optimal solution.

Strong duality: If both the primal and dual problems are feasible, then both of

them have an optimal solution, i.e. x*, 1™, and the optimal values are equal, i.e.
clx*=d 2

28



Duality Theorems

Primal problem Dual problem
min ¢’ x max bl A
T A
s.t. Az > b AN <c
x>0 A=0

Complementarity and slackness: Suppose x*, A" are the primal and dual
optimal solutions, respectively. Then, we have

alx*>b = A=0
2,>0 = alx*=b



An Example

Primal problem Dual problem
irlng 20x1 4+ 20x9 /\15\121’8;\};/\4 A1+ 2X0 + 33 +4)\

s.t. 1 + 219 > 1 s.t. A1+ 2 0 + 2A3 4+ 34 <20
201 + 190 > 2 2A1 + A2+ 3A3 + 274 < 20
2r1 + 32 > 3 Aj>0,5=1,2,3,4
31r1 + 2x4 > 4
r1, Lo >0

: : : o 6 1
If we know the optimal solution of the primal problemis x™ = (E’E)’
Try to determine the optimal solution of dual problem based on
Complementarity and slackness.



An Example

Since x7 > 0,25 > 0, we have

A1+ 20 + 2A3 + 34 = 20
201 + Ao + 33 + 24 = 20

Moreover, as 27 + 225 = 1.6 > 1 and 227 + 25 = 2.6 > 2
we have AT = 0, A3 = 0.
Therefore,

23 + 3 4 = 20

3)\3 + 2)\4 = 20

So A} =4, \5 = 4, dual optimal is \* = (0,0, 4, 4)%.

Primal problem
min 20x + 20z

T1,22

st.rp+2r0 21 A4
201 +x2>2 Ay
201 + 319 > 3 )»3
3x1 + 22, >4 Ay
r1,r9 > 0

Dual problem

max AL+ 2X0 + 33 + 4\
A13A25A35A4

S.t. A1 + 2Xo + 2A3 + 34 < 20 xl
2A1 + Ao + 3A3 + 274 < 20 xz
Aj>0,7=1,2,3,4

31



Economic Interpretation

According to Optimality criterion, we have
f* — cTx* = pT1* = Aibl + +ATVbN

If parameter b,, changes, what is the impact on the optimal value f*?

of .

_ N = \v
Obl Ly 85)11\.? A

Therefore, A;, can be interpreted as the change of f* should there be 1
unit change of b,,. We call it “shadow price” in economics.

The scarcer the resource, the greater the impact of its changes on the
objective function (cost), and therefore the higher the shadow price.



Thanks!



	幻灯片编号 1
	幻灯片编号 2
	幻灯片编号 3
	幻灯片编号 4
	幻灯片编号 5
	幻灯片编号 6
	幻灯片编号 7
	幻灯片编号 8
	幻灯片编号 9
	幻灯片编号 10
	幻灯片编号 11
	幻灯片编号 12
	幻灯片编号 13
	幻灯片编号 14
	幻灯片编号 15
	幻灯片编号 16
	幻灯片编号 17
	幻灯片编号 18
	幻灯片编号 19
	幻灯片编号 20
	幻灯片编号 21
	幻灯片编号 22
	幻灯片编号 23
	幻灯片编号 24
	幻灯片编号 25
	幻灯片编号 26
	幻灯片编号 27
	幻灯片编号 28
	幻灯片编号 29
	幻灯片编号 30
	幻灯片编号 31
	幻灯片编号 32
	幻灯片编号 33

