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Convex Sets

Convex set: the set that contains all line segment between any two 
distinct points in the set 𝒞𝒞

∀𝑥𝑥1, 𝑥𝑥2 ∈ 𝒞𝒞,𝜃𝜃 ∈ [0,1] ⇒ 𝜃𝜃𝑥𝑥1 + (1 − 𝜃𝜃)𝑥𝑥2 ∈ 𝒞𝒞

Intuitive explanation: in a convex set, you can see everywhere
wherever you stand

Try it yourself: Are the following sets convex?
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Convex function

Function f : ℝ𝑛𝑛 → ℝ is convex if dom(f) is a convex set, and the following 
inequality holds

If we change ≤ into ≥, then it is concave
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Convex function

Apart from proving the convexity by definition, in the following, we provide 
two conditions, i.e. first-order condition & second-order condition

Suppose f is differentiable and ∇𝑓𝑓(𝑥𝑥) exists at each 𝑥𝑥 ∈ 𝑑𝑑𝑑𝑑𝑑𝑑(𝑓𝑓)

First-order condition f with convex domain is convex iff
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Convex function

Suppose f is twice differentiable and the Hessian 𝐻𝐻(𝑥𝑥) exists at every 
𝑥𝑥 ∈ 𝑑𝑑𝑑𝑑𝑑𝑑(𝑓𝑓).

Second-order condition function f with convex domain is 
• convex iff

• Strictly convex iff

• Strongly convex iff
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positive semidefinite

positive definite

𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑 is positive semidefinite iff

𝑎𝑎 ≥ 0 and 𝑎𝑎𝑑𝑑 − 𝑏𝑏𝑐𝑐 ≥ 0



Review – KKT point

Lagrangian function

KKT point satisfies
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Convex Optimization

Case 1

Case 2
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Convex
optimization



Convex Optimization

Necessary condition

Sufficient condition
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Unconstrained optimization is a special case

Unconstrained optimization
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Constrained optimization

KKT point Stationary point

∇𝑓𝑓 𝑥𝑥∗ = 0

Convex optimization & global optimum

convex

convex

Convex function & global optimum

min
𝑥𝑥
𝑓𝑓(𝑥𝑥)

Hessian matrix positive semi-definite
→ 𝒇𝒇 𝒙𝒙 convex → global minimum



Example
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Example
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The Lagrangian function is



Example
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Example

(−𝟏𝟏,−𝟏𝟏)
Global optimum
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Example
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Example
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The Lagrangian function is



Example

(
𝟐𝟐
𝟐𝟐

,
𝟐𝟐
𝟐𝟐

)

(𝟏𝟏,𝟏𝟏)

(−𝟏𝟏,−𝟏𝟏)
Global optimum

KKT point is not global optimum
17



Example
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Example

KKT point happens to be global optimum
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The Lagrangian function is



Thanks！
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