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Convex Sets

Convex set: the set that contains all line segment between any two
distinct points in the set C
Vx,x, €EC,0€]01] = O0x;+(1—-0)x, €C

Intuitive explanation: in a convex set, you can see everywhere
wherever you stand

Try it yourself: Are the following sets convex?
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Convex function

Function f: R™ — R is convex if dom(f) is a convex set, and the following
inequality holds

fOxy + (1 —0)xo) <Of(x1)+ (1 —0)f(x2),¥0 € [0,1],Vr1, 22 € dom(f)

flx)
A

< ° > . .
afi) + (1 — o) ixs) If we change < into =, then it is concave

Fxq )T~
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Convex function

Apart from proving the convexity by definition, in the following, we provide
two conditions, i.e. first-order condition & second-order condition

Suppose fis differentiable and Vf (x) exists at each x € dom(f)

First-order condition f with convex domain is convex iff

fy) > f(x)+ Vf(x) (y — z),Va,y € dom(y)

f(y) first-order approximation of f(y)
f(x) is global underestimator )+ V(1) (y—x)
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Convex function

Suppose fis twice differentiable and the Hessian H(x) exists at every

x € dom(f).
Second-order condition function f with convex domain is
* convex iff positive semidefinite

¥

H(:L') = 0, Vo € dOTn(.f) [CCl Z] is positive semidefinite iff
i i o o a=0andad —bc =0

e Strictly convex iff positive definite

/

H(x) > 0,Vx € dom(f)

e Strongly convex iff

H(x) —al = 0,Ye € dom(f)



Review — KKT point

min f(x)

xT

s.t. h(x) =0,g9(z) <0

where f : R" - R, h: R" - R"™, g : R" — R" are continuously differentiable.

m

Lagrangian function L(x,\,pu) = f(a) + Z Ashi(x™) + Zu;gj(:ﬁ*)
i=1 =1

KKT point satisfies V.L(x*, X, p*) =0
hi(z™) =0,Vi=1,....,m
0<—gjz") L ,u,; >0,Vji=1,..r



Convex Optimization

~ Casel IIliIl f(x)
s.t. a r—b;=0Vi=1,....m
gi(x)<0,7 =1,....r

is convex optimization if f(x) and g;(x), Vs are all convex functions.

Convex
« e . —
optimization

Case 2 max f(x)
€T
s.t. (,L r—0,=0Vi=1,....m
gi(x)>0,7=1,...r

is convex optimization if f(z) and g;(x), Vs are all concave functions.




Convex Optimization

Necessary condition

Let 2™ be a local minimum and a regular point.
Then there exist unique Lagrange multiplier vectors \* = (AT, ..., A%)). 1* = (u], ooy 1)
VaoL(x®, A", ") =0
hi(z*) =0,Vi=1,....,m
0<—gj(a®) Lp;>0,Vj=1,..r

Sufficient condition

If the optimization is a convex optimization, and point z* is a regular and KK'T point,
then x* is a global optimum.



Unconstrained optimization is a special case

Constrained optimization Unconstrained optimization
KKT point Stationary point
VaoL(x®, X, ") =0 VF(x*) =0

hi(z®) =0,Vi=1,....,m
0<—gj(2™) Lp; =20,Vj=1,..r

Convex optimization & global optimum Convex function & global optimum
convex _
min f(x) min f (x)

s.t. a?:r: — b =0, Ve = 1, ssa T
9i(2)<0,j =1,..,r
~N

convex

Hessian matrix positive semi-definite
- f(x) convex = global minimum
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Example

Determine the optimal solution of

min — 2x] + x9
T1,T2

st.x1+x9+23>4
r1 + 209 + 223 < 6

r1, 19,13 >0

Solution:

Obviously, this optimization problem is a convex optimization.

First, let’s turn it into a standard form
min — 2x1 + x9
£r1,Tr2
S.t. — 1 — T2 — I3 g —4
r1+ 219 + 223 < 6
— X1 SO,—SEQ §O,—m3 SO
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Example

The Lagrangian function is

L(z,pu) = —2x1+x0+ p1(—21 — 29 —x3+4) + po(xy + 229 + 323 — 6)
+ p3(—21) + pa(—22) + ps(—x3)

The KK'T point satisfies

—2— i +p2—p3 =0

L —p1 +2p2 —pg =0

—p1 + 3p2 —ps =0
0<(z1+ax2+ax3—4) Lp >0
0<(—x1 —219—223+6) L o >0
0<zy Lpus=>0

0<ax9 L g >0

0<ax3 L pus=>0

The KKT point is 2* = (6,0,0)?, which is a global optimum.
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Example

Determine the optimal solution of

min x; + o
T1,T2

s.t.xd + a5 <2

Solution:
First, we need to check if g(x) = 2% + 23 is a convex function.
The Hessian matrix is

H(:r:):[g 8]»0

Therefore, g(x) is convex and the problem is a convex optimization.

The Lagrange function is

Lz, ) = 21 + 290 + p(af + 25 — 2)
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Example

The Lagrange function is
L(x,p1) = w1 + a9 + p(af + 235 — 2)
The KKT point satisfies

14 2px; =0
14 2px9 =0
0<(2—af—a3) Lu>0
If =0, we have 1 = 0, contradiction!
1

If 11 # 0, then 2% + 25 = 2, together with z1 = 29 = —3
We have (z*, u*) = (-1, —1, %), Which is a global optimum.

(-1,-1) M. .

Global optimum S
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Example

Determine the optimal solution of

min xi + x2
T1,T2

s.t. 1< af4 a3 <2

Solution:
First, we rewrite the problem in a standard form

min ri + o
L1.L2

S.t. ’Il—l—’L < 2
2
Ifl_Ijg 1

let g1(x) = 2§ + 25 and go(x) = —a% — 3.

By checking their Hessian matrix, we know that g;(x) is convex and go2(x) is not.

Therefore, the above problem is not a convex optimization.

15



Example

The Lagrangian function is

Lz, p) = 21 + 20+ (2% + 25 — 2) + po(—2 — 23+ 1)

The KKT point satisfies

14+ 2pu121 — 20101 =0
14+ 2p129 — 219109 = 0
0<(2—af—23) Ly >0
0<(axf+a5—1)Lpus>0
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Example

For p1; and s, at least one of them equals to zero.
Case 1: 1 = po = 0, we have 1 = 0, contradiction!
Case 2: 111 =0, u2 # 0, we have

Therefore, * = (% g) = (0 %) T x
Case 3: 111 # 0, u2 = 0, we have ~
(_11_1)
T = 19 = _i Global optimum "~
2011

:1:%4—:1;%:2

Therefore, 2* = (=1, —1), u* = (3,0).

KKT point is not global optimum
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Example

Determine the optimal solution of
min ri1ro
1,72

s.t. x? + a3 <2

Solution:
We already know g(r) = 2% + 235 — 2 is a convex function.
For f(x) = w29, its Hessian matrix is

0 1

L0 is not semi-positive definite.

H(x) =

Therefore, f(x) is not convex and the problem is not a convex optimization.
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Example

The Lagrangian function 1s
L(z,p) = 120 + p(a] + 23 — 2)

The KKT point satisfies

ro 4+ 2x1p0 =0

r1 4+ 2x91 =0

0< (2—:1:%—:13‘%) L >0

Case 1: p* =0, then we have z* = (0, 0).
Case 2: ; # 0, then (2%, p*) = (1, —1, %) or (z*, p*) = (—1,1,1).
Note that

‘ 1
(1 +22)° >0 <= 2119 > —5(51:% +a3) > —1

Therefore, points (z*, u*) = (1, —1, %) and (z*, pu*) = (—1, 1,%

KKT point happens to be global optimum

) are global optimum.
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Thanks!
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