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MAEG4070 Engineering Optimization

Mid-Term Exam
Date: Oct 21, 2021 1.5 hours

1. Are the following statements correct (V) or wrong (x)? (10 points)

(1) A linear program always has an optimal solution.

(2) For a point x*, if we have f'(x*) =0, then x* is an optimal point.
(3) A stationary point is not always an optimal point.

(4) Function f(x) = |x + 2| is a linear function.

(5) Newton method can always reach the optimal point.
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Answer:

1) _x (2) _x B _ v @_x_

2. Consider the following linear program:

min x1 + 2x9
1,22

s.t.x1 +3x9>6
T+ >4
31+ 22 > 6
1 > 0,29 >0

(1) Determine the optimal solution using Graphical method. (20 points)
(2) Write down its dual problem. (10 points)

Answer:

(1)

X3

X1

x1+3x2=6

3, +x, =6 X1t xp=4

The optimal solution is x* = (3,1).
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(You may continue writing your solution for Problem 2 on this page)

(2) the dual problem is

max  O6X; +4Xs + 63
A1,A2,A3

st. A1+ X+ 303 <1
SAM + A+ A3 <2
A1, A2, A3 = 0

3. Provethatset S = {(xq,x3)[x; + 2x, = 1,2x; — x5, = 3} is convex. (15 points)

Answer:
Given any two points x = [x1,x,] €S,y = [y1,V2] €S. Forany 0 <1 <1, we have
A+ A -Dy =[x+ 1A —-Dy;, Ax, + (1 = D)y,]
Then we check whether Ax + (1 — )y isin S.

Axy + (1= Dy, + 2[Ax, + (1 = Dyl = Axg +2x3) + (1 — D (y1 + 2y2)
>A+(1-1)=1

2[x; + (1= Dy = [Ax + (1 = Dyl = 22x1 — x3) + (1 — D 2y; — y2)
>31+3(1-21) =3

Therefore, Ax + (1 — A1)y € S, so S is a convex set.
4. (1) Prove that function f(xq,x,) = 12x% — 2x;x, + 3x2 is convex. (10 points)

(2) Determine the optimal point of f(x;,x,) = 12x2 — 2x,x, + 3x2. Is it a global
optimum or a /oca/ optimum? Is it a strict optimum or a relative optimum? (15 points)

Answer:
(1) The gradient of f(xy,x,) = 12x% — 2x,x, + 3x2 is
of f
a_xl = 24x1 - 2x2, a_xz = _le + 6x2
The Hessian is
(24 -2
H(x) = (_2 ) )

H(x) is positive definite. Therefore, f(x;,x,) is a (strictly) convex function.

(2) Let Vf =0, we have x* = (0,0). Since the Hessian matrix is positive definite.
According to the sufficient and necessary condition, x* is a global strict minimum.
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5. Given the primal and dual problems are follows:

Primal Dual
min 4ry 4+ dxo + 3x3 + 624 max  4A1 4+ 9Xs 4+ 2X3 + A4
X1,L2,T3,T4 A1,A2,A3, A4
St 1+ 2x0 + 24 > 4 st. A1 +3+ A <4

3r1+axo+a3+x4>9 201+ <5

T3+ x4 > 2 Ao+ A3+ <3

ry+ax3>1 M+ A+ 236

120,290 >0,23 20,24 >0 M >0, 0>023>0,04>0

(1) One of the complementary and slackness conditions is 0 < (x3 +x, —2) L A3 > 0.
Try to linearize it using the Big-M method. (5 points)

(2) If we know the optimal solution of the primal problem is x* =(2,1,2,0), try to
determine the optimal solution of dual problem based on complementary and slackness

condition. (15 points)

Answer:

(1) The condition 0 < (x3 + x4 —2) L A3 = 0 is equivalent to
0<x3+x4,—2< Mz
0<A3<M(1-2)

z € {0,1}

(2) Since x1 > 0,x; > 0,x3 > 0, we have

N3N A =4
AT N =5
A3+ A+ A =3

Moreover, as x; +x3 > 1, we have 43 = 0. Therefore,

1

Xf4+ 3 =4
2\T+ A =5
AN+ =3

This implies A; ==, 23 = 2,23 = 2, 2; = 0.
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