MAEG4070 Engineering Optimization

Summary of Lecture 8-10

Yue Chen
MAE, CUHK

email: yuechen@mae.cuhk.edu.hk
Nov 7, 2022



What have we learned?

Lecture 8:
* Constrained optimization with equality (necessary/sufficiency condition)
e Constrained optimization with inequality (necessary condition)

Lecture 9:
* Check if a problem is a convex optimization?
 Determine the global optimum of a convex optimization

Lecture 10:
* Write the dual problem of an optimization



Constrained Optimization with Equality

min f(x)

X

s.t. hi(x)=0,i=1,....,m

where f :R" - R, h; : R*" - R.Vi=1,....m.

* We suppose both f and h;, Vi are continuously differentiable functions
* Note that the theory also applies to case where f and h;, Vi are continuously
differentiable in a neighborhood of a local minimum.



Constrained Optimization with Equality

Necessary condition (local optimum = ? )

Define the Lagrangian function

L(z,\) = f(z) + Z)\z‘hé(ﬂi)
1=1

Then, if 2™ is a local minimum which is regular,
the Lagrange multiplier conditions are written

ViL(z™,\*) =0, VL(z",\*)=0

There are n + m unknowns variables/and n + m equations.



Constrained Optimization with Equality

Sufficiency condition (? - local optimum)

When f and h;, Vi are twice continuously differentiable.
If ¥ € R" and A\* € R™ satisty

VoL(z*,\*) =0, VL(z*,\*) =0
SN2 L, /\*)Iy > 0,Vy # 0, Vh(z*)Ty = 0

Then 2™ is a strict local m&ﬂmum.

(v2 f(z*) + Z A;‘v%(a:*))
=1



Constrained Optimization with Inequality

General Form:

min f(x)
xT

s.t. h(z) =0Jg(z) <0

where f: R" - R, h: R" -5 R, g : R — R" are continuously differentiable.
Here,



Constrained Optimization with Inequality

Necessary condition (local optimum = ? )

Assume that x™ is regular, similarly, we can write down the Lagrangian function

L(x, A, pt) =

+Z)\h

Let 2™ be a local minimum and a regular point.

Then there exist unique Lagrange multiplier vectors \* = (A}, ..., \”

Vo L(x™, X",

Z H;Q’j(x*
=1

=0

M

m)s 1= (], i)

Complementary
Slackness



Example

Find the KKT point of

min :’1:% — 1% o .”L'%
T1,22,3 ‘

S.t.x1+ a0+ 23 > 3
r1+x0—x3 > 1
Solution: First, write the problem in the standard form

min 7 + 23 + m%
r1,r2,Tr3

st. —x1—x9—2x3+3 <0
—ry—a2+ax3+1<0

The Lagrangian function is

L(z,p) = 25 + a5+ a5 + p1(—21 — 29 — 23+ 3) + po(—a1 — 29 + 23 + 1)



Example

The KKT condition is

201 — g — po =0

209 — i1 — po =0

203 — 1 + po =0

p(—xry —axo —x3+3) =0
po(—xry —xo+ax3+1) =0
p1 =0

pr2 = 0

—r1 — X9 —x3+3 <0
—x1 — 22+ a3+ 1 <0



Example

Start with p(—x1 — a2 —23+3) =0, po(—x1 — a2+ 23+ 1) =0.

Case I: ;11 =0

Case I-1: s =10

We have r1 =19 =23 =0, but —x;1 — 29 —x3+ 3 =3 > 0, there is no solution.
Case I-2: s #0

Then we have —x1 — x9 + x3 + 1 = 0. together with

201 — o =0
2x9 — o =0
203+ o =0

We have 1 = 19 = % r3 = —%, but —x; — 29 — 13+ 3 = % > (), there is no solution.
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Example

Case II: 1 # 0
Case II-1: 1o =0
Then we have —x1 — 29 — x3 + 3 = 0, together with

201 — 1 =0
209 — 11 = 0
203 — 1 =0

We have vy =29 =23=1. 11 =2>0and —z1 — a9+ a3+ 1 =0 <0.
Therefore, (x*, p*) = (1,1,1,2,0) is a KKT point.
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Example

Case II: ;11 #0

Case II-2: p5 # 0 Then we have

—xr1— a9 —13+3=0
—r1—To+a3+1=0
201 — iy — 2 =0
209 — j11 — 1o =0

203 — 1 + p2 =0

We have 21 = 29 = 23 =1, u; = 2, puo = 0, which is contradict with us # 0. No solution.
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Convex Optimization

Casel min f(x)
T
y T . - ; — ,
st.a;xe—0;,=0,Vi=1,....,m
g9i(x)<0,7=1,....r

is convex optimization if f(x) and g;(x),Vj are all convex functions.

Case 2 max f(x)

st.alx—b;=0,Yi=1,...m
gi(x)>0,j=1,...,r

is convex optimization if f(x) and g;(x),Vj are all concave functions.
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Convex Optimization

Necessity condition
Let 2™ be a local minimum and a regular point.
Then there exist unique Lagrange multiplier vectors \* = (A}, ..., \r)), p* = (i3, ..., it
VeL(z* N, 1) =0
hi(z*) =0,Vi=1,....m
0<—gj(2") Lu; >0,Vi=1..r

Sufficiency condition

If the optimization is a convex optimization, and point z* is a regular and KK'T point,
then x* is a global optimum.
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Example

Determine the optimal solution of

min (z; — 1)* + (29 — 1)*

T 15
st. 1+ a0 —2<0
LCQ—LEl:l
x1 > 0
IQZO

The Lagrangian function is

Lz, pu,\) = (21 — 1) + (2 — 1)° 4+ pa (21 + 29 — 2) + Moo — 21 — 1) — oy — 322
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Example

First, since f(x) is a convex function, g;(z),Vi = 1,2,3 and h(x) are linear functions.

Therefore, this problem is a convex optimization.

The KK'T condition is

2y — 1)+ p1 — A —pg =
2@ = 1) +p1 + A — pz =
To — T1 =

pr () + a2 —2) =
H2U1 =

H3T2 =

pis p2, p3 > 0
—r1—a9+2>0

xr1 >0

xo >0
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Example

Case I: ;11 =0
Case I-1: 19 =10
Case I-1-1: pu3 =0

2 —1)—A=0
22 — 1)+ A =0

To —x1 =1

So (z1,72) = (3,3). Easy to check other conditions are satisfied.

Case I-1-2: pu3 # 0

Then we have 29 = 0, 1 = —1 < 0. No solution.

Case I-2: 15 #0

Then we have x1 =0, 29 = 1, u3 = 0.

Since 2(x2 — 1) +pu1 +A—pu3=0+0+A—-0=0,s0 A =0.

Since 2(x; — 1)+ puy — A — o = —2 — g = 0, we have ps = —2 < 0. No solution.

17



Example

Case II: 1 # 0
So r1 + x9 = 2. With 29 — xr1 = 1, we have = = (%,
Therefore, o = 3 = 0.

).

(N [UV)

2(£C1—1)—|—[L1—)\:—1—§—[L1—)\:O
2@ — D)+ +A=14+pu;+A2=0

A= —1, 1 = 0. No solution.

b=

The optimization problem has a global minimum z* = (

3) with f* =

1
5 -
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Dual Optimization

The primal problem:

min f(x)

The Lagrangian is

L(x, A\, p) = f(x) + Z Aihi(x) 4+ Z 1 G;

i=1 j=1
We define the dual function as

Q(A, 1) = min L(x, A, j1)

Then the dual optimization is

max Q(A\, )
W

s.t. >0
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Example

Write the dual problem of

max — 2

s.t.2< <4

First, rewrite it in the standard form:

min 22
€T

s.t.x—4 <0
—x+2<0

The Lagrangian function is

Lz, p) =2 + i (x —4) + po(—x + 2)
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Example

Q(pe1, p2)

min L(z, 1)

xr

= mina? + pui(x —4) + po(—x + 2)
xr

— min(r + B2y (EL 22

x 2 2
M1 — 2
= — (—2 )2 — dpuy + 20
Therefore, the dual problem is
1 o—
max — (M)Q — 4y + 2410
1,12 2

s.t. u1 =2 0,0 =20

— 4y + 29
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Thanks!
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