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Problem 1

For each of the following systems, find all equilibrium points and determine the type of
each isolated equilibrium.

(a)

.Ci?l = X9
i + i x
Ty = —I — —
2 1 2
(b)
Zifl = —2,171 + ZL’Q(l + SCl)
fQ = —.7}1(1 + x1>
Solution:
(a)
The equilibrium points x* = [ xi ] satisfy
X
2

3 =" = , , (D
—x]+ 2 —-x;=0 0 0 0

Taking the Jacobian of the appropriate function yields that

0 0 1
e lisa
0
For x* = ,
0 0 1
I 3)
ax x=x* —1 _1
The eigenvalues of A, are
~1+V3i
A1 = — 4)
Therefore, the equilibrium point (0, 0) is a stable focus.
2
For x* = ,
0 0 1
a. =9 5)
a.x x=x* 2 _1
The eigenvalues of A, are
=] ©®)
2=,
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Therefore, the equilibrium point (2, 0) is a saddle point.
-2
For x* = ,
[ 0
0 0 1
Ac=) o ™
Ox | |2 -1
The eigenvalues of A+ are
A2 = ! (8)
2= 5
Therefore, the equilibrium point (-2, 0) is a saddle point.
(b)
The equilibrium points x* = [ xi ] satisfy
X
2
2+ x5 (1+x7) =0 N 0 ©)
—x; (1+x7) =0 0
Taking the Jacobian of the appropriate function yields that
0 -2+ 1+
9 _ 2T (10)
Ox —-1+2x; 0
0
For x* = ,
of -2 1
Ay = — = 11
OX [ _ [—1 O] (1)
The eigenvalues of A,+ are
-1
2= . (12)

Therefore, the equilibrium point (0, 0) is a stable node.
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Problem 2

Consider the nonlinear system

T, = Tg— 561(1'% + a;§ — 1)2,1’1(0) = 210

By = —x1 — a2 + 25 —1)% 29(0) = w99

(a) Show that the system has a limit cycle.
(b) Determine the stability of the limit cycle.
(Hint:) Use polar coordinates.

Solution:

(a)

The polar coordinates are introduced as follows:
1/2
r=(x3+3)
and
0 = tan~! (x2/x1)

Rearranging Equation (13) gives
r? = x? +x2

Taking the derivative of Equation (15) yields

Substituting the conditions in the question into Equation (16) gets

2

d 2
2r—r =2x1 [xz - X1 (x% +x§ — 1) + 2x9

dt

Simplifying Equation (17) leads to

Rearranging Equation (14) gives

Differentiating Equation (19) yields
1 do _ 1 dX2 1 dx 1

- = X -
cos2@dt xp dt Zx% dt

Substituting the conditions in the question into Equation (20) gets

1 d0 1 Y
L P +x2 - 1)
cos?20dt x1 [ R (xl *2

X
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—X1 — X9 (x% +x5 —

1)2]

1 2
_x2—2 [XQ - X1 (x%+x§ — 1) ]

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

1)
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Simplifying Equation (21) leads to
do

i
When the state starts on the unit circle, the above equation shows that 7 (¢) = 0. Therefore, the

-1 (22)

state will circle around the origin with a period 1/27. When r > 1, then 7 < 0. This implies
that the state tends toward the unit circle from the outside. When r < 1, then 7 < 0. This
implies that the state tends to diverge from it. Therefore, the unit circle is a semi-stable limit
cycle (Slotine et al., 1991).
(b)

When the state starts on the unit circle, the above equation shows that 7 () = 0. Therefore,
the state will circle around the origin with a period 1/27. When r > 1, then 7# < 0. This implies
that the state tends toward the unit circle from the outside. When r < 1, then 7 < 0. This

implies that the state tends to diverge from it. Therefore, the limit cycle is semi-stable.
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Problem 3

Consider the system

T = @9

To = axy+ bry — x%xz - x?

Show that there can be no limit cycle if b < 0.

Solution:

ofi , 0fs _

=b-x2<0 23
8x1 (9)62 x1< ( )

By Bendixson’s criterion, there are no periodic orbits. Therefore, there can be no limit cycle if
b < 0.
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