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Problem 1

Determine the stability of the following system at the origin. Indicate whether the stability is
asymptotic, and whether it is global.

¤𝑥1 = 𝑥2

¤𝑥2 = −𝑥31 + sin4 𝑥1 − 𝑥72

(1)

Solution:
Here we use Lemma 2 of Invariant Set Theorem (Slotine et al., 1991). For the system (1),

𝑐 (𝑥1) = 𝑥31 − sin4 𝑥1 and 𝑏 (𝑥2) = 𝑥72. Therefore,

𝑦𝑏 (𝑦) = 𝑦8 > 0, 𝑦 ≠ 0 (2)

and
𝑦𝑐 (𝑦) = 𝑦

(
𝑦3 − sin4 𝑦

)
(3)

Let 𝑓 (𝑥) = 𝑥3 − sin4 𝑥.
𝑓 ′ (𝑥) = −4 sin3 𝑥 cos 𝑥 + 3𝑥2 (4)

Because sin 𝑥 cos 𝑥 ≤ sin2 𝑥+cos2 𝑥
2 = 1

2 (Cauchy–Schwarz inequality),

𝑓 ′ (𝑥) = −4 sin2 𝑥 sin 𝑥 cos 𝑥 + 3𝑥2 ≥ − sin2 𝑥 + 3𝑥2 ≥ −2𝑥2 = 3𝑥2 = 𝑥2 ≥ 0 (5)

Hence, 𝑓 (𝑥) is a monotonically increase function, And we note that 𝑓 (0) = 0. Therefore,
𝑓 (𝑥) > 0 when 𝑥 > 0 and 𝑓 (𝑥) < 0 when 𝑥 < 0. Therefore, we can conclude that

𝑦𝑐 (𝑦) = 𝑦

(
𝑦3 − sin4 𝑦

)
> 0 (6)

Hence, the system is asymptotically stable at the equilibrium point 𝑥 = 0.
Moreover,

lim
|𝑦 |→∞

∫ 𝑦

0
𝑐 (𝑟) 𝑑𝑟 = lim

|𝑦 |→∞

∫ 𝑦

0

(
𝑟3 − sin4 𝑟

)
𝑑𝑟 > lim

|𝑦 |→∞

∫ 𝑦

0
𝑟3𝑑𝑟 = lim

|𝑦 |→∞

1

4
𝑦4 = ∞ (7)

Hence, the system is globally asymptotically stable at the equilibrium point 𝑥 = 0.
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Problem 2

Consider Lienard’s equation
¤𝑥1 = 𝑥2

¤𝑥2 = −𝑥2 sin2 𝑥1 − 𝑏 (𝑥1)
(8)

where 𝑏 (𝑦) is continuous function over 𝑦 ∈ R and satisfies 𝑦𝑏 (𝑦) > 0, 𝑦 ≠ 0.

(a) Show the following function

𝑉 (𝑥1, 𝑥2) =
1

2
𝑥22 +

∫ 𝑥1

0
𝑏 (𝑦) 𝑑𝑦 (9)

is a Lyapunov function for the system.

(b) Show that the origin is locally asymptotically stable.

(c) Can you conclude global asymptotic stability of the origin based on this Lyapunov
function? Why?

Solution:

(a) Because 𝑦𝑏 (𝑦) > 0, 𝑏 (𝑦) > 0 for 𝑦 > 0 and 𝑏 (𝑦) < 0 for 𝑦 < 0. Hence,
∫ 𝑥1

0
𝑏 (𝑦) 𝑑𝑦 > 0

for 𝑥1 ≠ 0. Therefore,

𝑉 (𝑥1, 𝑥2) =
1

2
𝑥22 +

∫ 𝑥1

0
𝑏 (𝑦) 𝑑𝑦 > 0 (10)

Taking the derivative of Equation (9) gets

¤𝑉 (𝑥1, 𝑥2) =
𝜕𝑉 (𝑥)
𝜕𝑥1

¤𝑥1 +
𝜕𝑉 (𝑥)
𝜕𝑥2

¤𝑥2

= 𝑏 (𝑥1) 𝑥2 + 𝑥2

(
−𝑥2 sin2 𝑥1 − 𝑏 (𝑥1)

)
= 𝑥22 sin

2 𝑥1 ≤ 0

(11)

Therefore, 𝑉 (𝑥) is positive definite, and ¤𝑉 (𝑥) is negative-semi definite, from which we
can conclude that

𝑉 (𝑥1, 𝑥2) =
1

2
𝑥22 +

∫ 𝑥1

0
𝑏 (𝑦) 𝑑𝑦 (12)

is a Lyapunov function for the system.

(b) Invariant Set Theorem is used in this question. For 𝑥1 ∈ (−𝜋, 𝜋) − {0}, if ¤𝑉 (𝑥1, 𝑥2) = 0,
𝑥2 = 0, so ¤𝑥2 = 0. Substituting 𝑥2 = 0 and ¤𝑥2 = 0 into Equation (8), we can get 𝑥1 = 0.

Therefore, ¤𝑉1 (𝑥) = 0 if and only if 𝑥 =

[
𝑥1

𝑥2

]
=

[
0

0

]
for {(𝑥1, 𝑥2) |−𝜋 < 𝑥1 < 𝜋, 𝑥2 ∈ R }.

Therefore, the system is locally asymptotically stable.

(c) Global asymptotic stability of the origin based on this Lyapunov function can not be
concluded because ¤𝑉 (𝑥1, 𝑥2) = 0 when {(𝑥1, 𝑥2) |𝑥1 = 𝑘𝜋, 𝑘 ∈ Z, 𝑥2 ∈ R } so we cannot
find the invariant set.
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Problem 3

Using the Krasovskii Theorem to show the global asymptotic stability of the equilibrium point
at the origin of the following system

¤𝑥1 = −3𝑥1 + 𝑥2

¤𝑥2 = 𝑥1 − 3𝑥2 − 𝑥52

(13)

Solution:

𝜕 𝑓

𝜕𝑥
=

[
−3 1

1 −3 − 5𝑥42

]
(14)

𝐹 (𝑥) = 𝜕 𝑓

𝜕𝑥
+ 𝜕 𝑓 𝑇

𝜕𝑥
=

[
−6 2

2 −6 − 10𝑥42

]
< 0,∀𝑥 (15)

Thus, the equilibrium point is asymptotic stable.
Moreover,

𝑉 (𝑥) = 𝑓 𝑇 (𝑥) 𝑓 (𝑥) = (−3𝑥1 + 𝑥2)2 +
(
𝑥1 − 3𝑥2 − 𝑥52

)2
(16)

is radially unbounded. Thus, the equilibrium point is global asymptotic stable.
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Problem 4

Consider the following system:

¤𝑥1 = 𝑥2

¤𝑥2 = −𝑐 (𝑥1) − 𝑏 (𝑥2)
(17)

where the functions 𝑐 and 𝑏 are continuous satisfying the sign condition. Using the variable
gradient method to derive a Lyapunov function for Equation (17) as follows:

𝑉 (𝑥1, 𝑥2) =
∫ 𝑥1

0
𝑐 (𝑦) 𝑑𝑦 + 1

2
𝑥32 (18)

Solution:
Let ∇𝑉 = [𝑎1𝑐 (𝑥1) , 𝑎2𝑥2]. Because

𝜕∇𝑉1
𝑥2

=
𝜕𝑎1𝑐 (𝑥1)

𝑥2
= 0 =

𝜕𝑎2𝑥2

𝑥1
=
𝜕∇𝑉2
𝑥1

(19)

we can make 𝑎1 = 𝑎2 = 1. Then, ¤𝑉 can be computed as

¤𝑉 = ∇𝑉 ¤𝑥 = 𝑐 (𝑥1) 𝑥2 + 𝑥2 (−𝑐 (𝑥1) − 𝑏 (𝑥2)) = −𝑥2𝑏 (𝑥2) (20)

Bcause 𝑏 is continuous satisfying the sign condition, ¤𝑉 < 0, which means ¤𝑉 is negative definite.
Therefore, the Lyapunov function can be expressed as

𝑉 (𝑥) =
∫ 𝑥1

0
∇𝑉1 (𝑥1, 0) 𝑑𝑥1 +

∫ 𝑥2

0
∇𝑉2 (𝑥1, 𝑥2) 𝑑𝑥2

=

∫ 𝑥1

0
𝑐 (𝑥1) 𝑑𝑥1 +

∫ 𝑥2

0
𝑥2𝑑𝑥2

=

∫ 𝑥1

0
𝑐 (𝑦) 𝑑𝑦 + 1

2
𝑥22

(21)
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