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Liuchao JIN MAEGS5070 Nonlinear Control Systems Assignment #6

Problem 1

Show that the one-dimensional system x = —a (¢) x where a(t) is continuous and nonnegative
. . . . T

overt > ( is exponentially stable if there exista 7 > 0 such that, for any > 0, ft " a (r)ydr>vy

for some y > 0.

leT a(r)dr

Hint: For any ¢ > 19, e~ <e V<l

Solution:

For the system, x = —a (¢) x, the solutioin for x (¢) is
x (1) = x (t9) & o “* ()

If for any ¢ > 0, ftHTa (r) dr > vy for some y > 0,

t t+T to+2T t t—tg
/a(T)dT:/ a(T)dT+/ a(T)dT+-"+/ a(t)ydr > y @
fo to to+T =T r

Therefore,

t

— dx _t—to
¢ o MO g Y

T (3)
Hence,
/t(t) a(x)dx

x (1) =x(to) e <x(tg) eVe ()

We can conclude that X = —a () x is exponentially stable.

Page 1 of 8



Liuchao JIN MAEGS5070 Nonlinear Control Systems Assignment #6

Problem 2

Condition (4.19) on the eigenvalues of A (1) + AT (1) is only, of course, a sufficient condition.

For instance, show that the linear time-varying system associated with the matrix

—1 e!/2
A(r) = 5
ool .
is globally asymptotically stable.
Solution:
—1 e'/2 ¢ x| +e?
A(I)Z e — X1 _ X1 +é€2X9 (6)
0 -1 X2 —X2
we can obtain the solution for xs (7):
xg (1) = x2 (1) €70 (7)
Because x1 = —x1 + eéxg
t T
x1 (1) = x1 (89) e~ 710 +/ e U elxy (1) dr
o
1
=x1 (19) e 710) 4 / e Delxy (1) e T dr
o
(8)

t
= x1 (19) e 710 4 xq (1g) e~ (710 / e2dr

)
= x1 (19) e 710) 4 2x5 (1) e~ 10 (e% - et?o)

= x1 (1) €™ 1710) + 25 (1) " (570) — 2 (19) €™ (1 570)

We can conclude that X = —A (¢) x is globally asymptotically stable since lim;_, x; (#) = 0,7 =
1,2.
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Problem 3

Determine whether the following systems have a stable equilibrium. Indicate whether the

stability is asymptotic, and whether it is global.

(a)
RN
X9 0 =2 [x9
(b)
[X1] 3 [—1 2sint X1] (10)
X9 0 - (l + 1) X9
(c)
Xl -1 €2t X1
= 11
MR PN g
Solution:
(a)
_ 3t : _ 3t
A(t):[ 10 e ]:>[X1]:[ 10x1 +e XQI (12)
0 -2 X9 —2x9
we can obtain the solution for x3 (7):
xg (1) = x3 (1) €7 20710) (13)

Because %] = —10x] + e%xy

t
x1 (£) = xq (19) e 1000) 4 / e 0003 (1) dr

10

t
~ 1y (19) e~ +/ £~100-0) 37 (10) ¢=2(-10) g
o

t
=xq (tO) e—(t—to) + X9 (t()) e—(lOt—Qto) / elleT (14)

fo
=x1 (t0) e—(t—lo) + %XZ (t0) e—(z—2to) (ellt _ 611t0)

t+310 —(10t-1319)

1
- —xa(tp) e

1
_ —(t-tp)
= t + —x9 (¢
x1 (to) e 72 (to) e 11

We can conclude that X = —A () x is unstable since lim;_,, X1 (¢) = oo.
(b)

—2sint
—2sint 2(t+1)

-2 2sint

T _
AW +AT (1) = [ZSint —2(t+1)

:—(A(t)+AT(t)):[

(15)
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The determinant of — (A (1) + AT (1)) is equal to
det [— (A () + AT (r))] —4(r+1)—4sin2r > 4(1+1) =4t >0 (16)

Therefore, — (A (¢) + AT (1)) is positive definite, which means A (¢) + AT (¢) is negative
definite. Hence, A; (A (¢) + AT (1)) < —A for some A > 0. We can conclude that the
system is globally asymptotically stable.

(©)

-1 % X1 —1xq + €% x5
A = =
L PR e o Y s I

we can obtain the solution for x3 (7):
xa (1) = xg (1) € 21710 (18)

Because %] = —10x] + e%xy

t
x1 (2) = x1 (19) e~ 10 +/ e U3 xy (1) dr

to
t

=x1 (t9) 710 4 / e e xy (19) e 210 g
to

t (19)
= x1 (t9) €710 + xo (1) 720 / e'dr

10
= x1 (t0) e~ (1710) 4 xo (t0) e~ (1=210) (et — ')

= x1 (t0) €77 + x3 (19) €' — x5 (19) ™70

Since we can find constant r (R, tg) = %e‘S’O,VR > (0, such that ||x (7p)|| < r = ||x ()| <

R, t > 19, so, the equilibrium point at origin is stable.

However, lim; o, x1 (¢) = x2 (¢9) €', so it is not asymptotically stable.
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Problem 4

Show that the following system is globally exponentially stable with a detailed argument.

X;=— (5+x§ +x§)x1
Xg = —xg +4x3 (20)
X3 =—(2+sint)x3

Solution:
Leta (t) = 2+sint. Then

- fr(z) (2+sinT1)dT

x3 (1) = x3 (t9) e = ||x3le~ "0 (21)

Therefore,

t
x9 (1) = e 70 x5 (10) + / e 4 (1) dr (22)

to
Thus, it is ready to see that the system is globally exponentially stable upon using Proposition

1 on the x; subsystem (Slotine et al., 1991).
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Problem 5

(i) For the autonomous system x = f (x), x € R", show that, if, in a certain neighborhood Q

of the origin, there exists a continuously differentiable scalar function V' (x) such that

*V(0)=0 Vt>0
* V (x) can assume strictly positive values arbitrarily close to the origin.

s V (x) is positive definite (locally in Q)
then the equilibrium point O is unstable.

(ii) Show that the E.P. of x = ¢ (x) is unstable where ¢ (x) is continuous and satisfies
xc(x) > 0,x #0.

Hint: Let R > 0 be such that V is P.D. on By = {)c|||x||2 < R2} and Bg C Q, and let

M =maxV (x) (23)

X€Br

V is continuous & Bg compact = M exists. Also, M > 0 since V (x) can assume strictly
positive values arbitrarily close to the origin. For any R > r > 0, there exists x (0) such
that 0 < |lx (0)]| < r, and V (x (0)) = a > 0. Since V (x) is positive definite (locally in Q),
V(x(t)) >V (x(0)) >0forallt > 0. Let U = {x|x € Bg and V (x)} > a. Then U is compact.
Thus there exists L > 0 such that

L =min {V} (24)

xeU

If ||x (¢,x0)]| < R for all t > 0, then

V (x (t,x0)) — Vo (x0) = ‘/Ot V (x (t,x0)) dt > [}t Ldt = Lt

(25)
= V (x(t,x0)) > Vo (x0) + Lt > M
when r > %(XO) which contradicts Equation (23). Thus, the E.P. is unstable.
Solution:
(i) Let R > 0 be such that V is P.D. on Bg = {x|||x||> < R?} and Bg C Q, and let
M =maxV (x) (26)

xeBgr
V is continuous & By compact = M exists. Also, M > 0 since V (x) can assume strictly
positive values arbitrarily close to the origin. For any R > r > 0, there exists x (0) such
that 0 < ||x (0)|| < r, and V (x (0)) = a > 0. Since V (x) is positive definite (locally in
Q),V(x(t))>V(x(0)) >0forallt > 0. Let U = {x|]x € Bgand V (x)} > a. Then U
is compact. Thus there exists L > 0 such that

L = min {v} (27)
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If ||x (¢,x0)]| < R for all t > 0, then

V (x(t,x0)) — Vo (x0) = /Ot V (x (t,x0)) dt > /Ot Ldt = Lt

= V(x(t,x9)) = Vo(xo) + Lt > M

(28)

when t > W

which contradicts Equation (23). Thus, the E.P. is unstable.

(i) If we take V (x) = x2, we can see that V (0) =0 V¢ > 0. And V (x) = 2xx = 2xc (x) >
0,Vx # 0, so V is globally positive definite.

Therefore, the equilibrium point of X = ¢ (x) is unstable.
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