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Liuchao JIN MAEGS5070 Nonlinear Control Systems Assignment #9

Problem 1

Consider the following system

X1 = X1+Xx9

Xo = x3+cos(x1)u 1
= 2 (1)
X3 = X1+x5+Ax3

y = 1

(a) For what values of A is the system minimum phase? nonminimum phase?

(b) Assume a state feedback control law u = k (x) is such that j (¢) + 4y (¢) + 2y (¢) = 0.
Is the equilibrium point at the origin of the closed-loop system (locally) asymptotically
stable for all 1 € R? Why or Why not?

Solution:

(a) The Jacobian linearization of the system at the origin is given by

X =Ax+ Bu
(2)
y=Cx
with
110 0
a=lo 0 1], B=[1|, c=[1 0 0] 3)
10 A 0
The transfer function of the above linear system is then given by
H(s)=C(sI-A)'B
. s(s—=2A) s—A 1
= C 1 -1)(s— -1 |B
SG-DG-D+1 (s=Ds=1 s (4)
s 1 s(s=1)

s—A
s(s=1 (-1 +1

The system has a zero at s = A. Thus, it is minimum phase for all 4 < 0 and it is

nonminimum phase for all 2 > 0.

(b) No. Since when A4 > 0, the system is nonminimum phase at the origin, the equilibrium

cannot be made locally asymptotically stable.
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Problem 2
The motion equation of a single-link robot rigid-joint manipulator is given by

y+aysin(y) =p(x)u &)
(a) Give the state space equation of Equation (5) with x; = y and x9 = y.

(b) Assume 1 < a <2and 0.5 < B(x) < 2.5, using a = 1.5 to design a sliding mode control
law u such that
ds®

o < —|s] (6)

where s = é + 2e withe =y — y,.

(c) Assume y, is a unit step function, simulate your design on the closed-loop system
consisting of the plant Equation (5) with a = 2 and the sliding mode control law with
a = 1.5. Illustrate the performance of your control law by plotting y (¢) and y, (¢) in the
same figure for 0 < ¢ < 20. Also, plot u (¢) for 0 < ¢ < 20.

(d) In the control law designed in part (b), replace sgn (s) by sat (s/0.2), and repeat part (c).

Hint: In simulation, you can let F (x) = |@ (x) — @ (x)| and B (x) = 1.

Solution:

(a) Letx; =y and xo = y, the state-space equation is

X1 = X2
X9 = —axgsinxy + B (x) u (7)
y=x1

(b) Define the estimate ,é of B (x) by ,é = (b,m-,,b,,,ax)l/2 = ‘/75 and let b = (b,,m/bmin)l/2 =
V5.

Using a = 1.5 yields that

@ = —1.5x9sinxy (8)
Aa=a(x)—a= |Aa| =|a(x) —a| < 0.5 |x2sinx)| = F (x) = 0.5 |xosinx| (9)

Therefore,

u=-a(x)+j;—aé (10)
Because s = ¢ + 2e, a1 = 2. Therefore,
i =1.bxosinx; + 4 — 2é (11)

Because the sliding mode control law u should satisfy

ds?
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we can know that n = % Therefore, we can let ¢ (x) be

¢ (x) =b(F(x)+n)+(b-1)u

1
= V5 (0.5 [xzsinx |+ 5| + («/S - 1) I1.5x sinx; + g — 2€|
. 1 . (13)
=v5(0.5 |xo sinxq| + 3 + (\/5— 1) |1.5x9 sinxy + Vg —2 (¥ — yq)|
1
= ‘/5 0.5 |x9 sinxq| + 5 + (\/g - 1) [1.5x9 sinxy + ¥4 — 2 (x2 — y4)|
Hence, we can design a sliding mode control law u as follows:
w=p"[a—¢(x)sgn(s)]
= [1.5xosinx; + J4 —2¢ — ¢ (x) sgn (s)] (14)

[1.5x9 sinx1 + Jg — 2 (x2 = yq) — ¢ (x) sgn (s)]

Sl Gl

where

¢ (x)=V5 (0.5 |xo sinxq| + %) + (\/5 - 1) |1.5x9 sinxy + Jg — 2 (x2 — ya)| (15)

s=¢+2e=(y—yq)+2(y—ya) = (x2 = Yq) +2 (x1 = yq) (16)

The MATLAB shown below is used to simulate the performance of the designed controller.

1 elec; clf; clear all;

2 %% sgn part

3 [t,x] = oded5(’'Q9_2_Systemsgn’, [0,20],[0 0]);

4 phi = 0.540.5+abs(x(:,2) .*sin(x(:,1)));

5 y.d=1;

6 y_ddot = 0;

7 y_dddot = 0;

8 v = x(:,1);

9 ydot = x(:,2);

10 s = ydot-y_ddot+2«* (y-y_d);

11 u = -phi.xsgn(s)+1.5%x(:,2).*sin(x(:,1))+y_dddot-2« (ydot-y_ddot);
12 figure(l);

13 hold on;

14 plot(t, y,’color’,[0.667 0.667 1],’LineWidth’,2.5);

15 plot(t, y_d+t*0,’color’, [l 0.5 0],’LineWidth’,2.5);

16 hold off;

17 grid on;

18 legend(’ Sy\left (t\right)s$’,’Sy_d\left (t\right)$’,’ interpreter’,’ latex’);
19 =xlabel(’S$t, \ (\mathrm{s})$’,’interpreter’,’latex’);

20 ylabel (' $\theta, \ (\mathrm{rad})$’,’interpreter’,’latex’);
21 a = get(gca,’XTickLabel’);

22 set(gca,’XTickLabel’,a,’FontName’,’'Times’,’ fontsize’,12);
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23 set(gca,’'position’, [0.15 0.20 0.6 0.6]1);

24 set (gcf,’position’, [100 100 800 600]);

25 set(gcf,’renderer’,’painters’);

26 filename = "Q9-2-yyd-sgn"+".pdf";

27 saveas (gcf, filename);

28 figure(2);

29 plot(t, u,’color’,[0.667 0.667 1],’LineWidth’,2.5);
30 grid on;

31 =xlabel (’$t, \ (\mathrm{s})$’,’interpreter’,’latex’);
32 ylabel (' $Su, \ (\mathrm{N\cdot m})$’,’interpreter’,’latex’);
33 a = get(gca,’XTickLabel’);

34 set(gca,’XTickLabel’,a,’FontName’,’Times’,’ fontsize’,12);

35 set(gca,’position’, [0.15 0.20 0.6 0.6]);

36 set (gcf, 'position’, [100 100 800 600]);

37 set(gcf,’renderer’,’painters’);

38 filename = "Q9-2-u-sgn"+".pdf";

39 saveas (gcf, filename) ;

40 %% sat part

41 [t,x] = oded5(’Q9_2_ Systemsat’, [0,20],[0 01]);

42 phi = 0.5+0.5+abs(x(:,2) .*sin(x(:,1)));

43 y d = 1;

44 y_ddot = 0;

45 y_dddot = 0;

46 yv = x(:,1);

47 ydot = x(:,2);

48 s ydot-y_ddot+2x (y-y_d) ;

49 u = -phi.*sgn(s)+1.5xx(:,2) .*sin(x(:,1))+y_dddot-2* (ydot-y_ddot) ;
50 figure(3);

51 hold on;

52 plot(t, y,’color’,[0.667 0.667 1],’LineWidth’,2.5);

53 plot(t, y_d+tx0,’color’,[1 0.5 0],’LineWidth’,2.5);

54 hold off;

55 grid on;

56 legend(’S$y\left (t\right)s$’,’Sy_d\left (t\right)$’,’interpreter’,’latex’);
57 =xlabel(’$t, \ (\mathrm{s})$’,’interpreter’,’latex’);

58 ylabel(’S\theta, \ (\mathrm{rad})$’,’interpreter’,’latex’);

59 a = get(gca,’XTickLabel’);

60 set(gca,’XTickLabel’,a,’FontName’,’Times’,’ fontsize’,12);
61 set(gca,’position’,[0.15 0.20 0.6 0.6]1);

62 set (gcf,’position’, [100 100 800 600]);

63 set (gcf,’renderer’,’painters’);

64 filename = "Q9-2-yyd-sat"+".pdf";

65 saveas(gcf, filename);

66 figure (4);

67 plot(t, u,’color’,[0.667 0.667 1],’LineWidth’,2.5);

68 grid on;
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69
70
71
72
73
74
75
76
77

O© 0 9 O L A W NN =

b
W o = O

~N N bW =

~
(@]
~

0 N N Lt AW

xlabel (' $t, \ (\mathrm{s})$’,’interpreter’,’latex’);

ylabel (' Su, \ (\mathrm{N\cdot m})$’,’interpreter’,’latex’);

a = get(gca,’XTickLabel’);

set (gca, ' XTickLabel’,a,’FontName’,’' Times’,’ fontsize’,12);
(geca, 'position’, [0.15 0.20 0.6 0.61);

set (gcf, "position’, [100 100 800 6001);

set (gcf, '’ renderer’,'painters’);

filename = "Q9-2-u-sat"+".pdf";

saveas (gef, filename) ;

where the codes for the system representation are shown below:

function xd = Q9_2_Systemsgn (t, x)
xd (1) = x(2);
phi = 0.5+0.5%abs (x(2)*sin(x(1)));
y_d =1;

y_ddot = 0;

y_dddot = 0;

y = x(1);

ydot = x(2);

s = ydot-y_ddot+2« (y-y_d);

u = —-phixsgn(s)+1.5xx(2)+*sin(x (1)) +y_dddot-2x (ydot-y_ddot) ;
xd(2) = —-2xx(2)+*sin(x (1)) +tu;
xd = xd’;

end

and the sgn function is designed as follows:

function y = sgn(s)
if s ==
y = 0;
else
y = s./abs(s);

end

end

The simulation results are shown in Figure 1.

The codes for the controller are changed for sat function as shown below:

function xd = Q9_2_Systemsat (t, x)
xd (1) = x(2);
phi = 0.5+0.5+xabs (x(2) *sin(x(1)));
y_d = 0xt+1;
y_ddot = 0;
y_dddot = 0;
y = x(1);
ydot = x(2);
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Figure 1: Simulation results for the controller with sgn.

s = ydot-y_ddot+2x (y-y_d);
u =
xd(2) =
xd = xd’;

end

-2xx(2)*sin (x (1)) +u;

(b)uvs. t.

—phi*sat (s)+1.5*x(2)*sin(x (1)) +y_dddot-2«* (ydot-y_ddot) ;

and the sat function is designed as follows:

sat (s)
< 0.2

function y =
if abs(s)
y = S;
elseif s < O
y = -1;
else
y = 1;
end
end

The simulation results are shown in Figure 2.
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Figure 2: Simulation results for the controller with sat.
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Problem 3

Consider the motion equation of a single-link robot rigid-joint manipulator given in Equation
(5) where 8 (x) =1 for all x.

(a)

(b)

(©)

(d)

Assume a = 1.5, yg = 2sint and s = é + 3e. Design a control law of the form (8.7) of
the lecture note with k = 2 and simulate the performance of your control law by plotting
y (t) and y, (¢) in the same figure for 0 < ¢ < 20. Also, plot u (¢) for 0 < t < 20.

Assume the actual value of a = 2. Use the same control law as the one in Part (i) to
simulate the performance of your control law by plotting y (¢) and y, (¢) in the same
figure for 0 < ¢ < 20. Also, plot u (¢) for 0 < ¢ < 20.

Assume a is unknown, put the system in the form (8.3) of the lecture note and identify

aop, ai, az and fi, fo.

Design an adaptive control law of the form (8.10) and (8.12) of the lecture note with
vi = 3. Assume the actual value of a = 2.5, respectively. Simulate the performance of
your control law by plotting y (7) and y, () in the same figure for 0 < ¢ < 20. Also, plot
u (t) and a; (¢) for 0 <t < 20.

Hint: Note Part (iv) of Remark 8.1.
Solution:

(a)

AN L AW N~

Because B (x) =1, ag = 1. Consider the control law,

m
u:aofo(x,t)—ks+2a,-ﬁ(x,t) (17)
i=1
where k = 2, and
fo(x,t) =Fg—aré (18)

Because s = ¢ + 3e, a1 = 3. Therefore, the designed control law for the system is as

follows:
u=7yq—3é—2s+1.5ysin(y)
d . (19)
= §a—3(xa—ya) — 2 ((x2 — ya) + 3 (x1 — ya)) + 1.5x9 sinxy

The MATLAB shown below is used to simulate the performance of the designed controller.

clc; clf; clear all;

%% Q9-3-a

[t,x] = oded5('Q9_3_a_System’, [0,20],[0 01);
y_d = 2*sin(t);

y_ddot = 2xcos(t);

y_dddot = -2xsin(t);
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ydot = x(:,2);

s = ydot-y_ddot+3* (y-y_d);
10 a0 = 1;
11 f0 = y_dddot-3* (ydot-y_ddot) ;
12 u = a0*xf0-2%xs+1.5%xx(:,2) .*sin(x(:,1));
13 figure(l);
14 hold on;
15 plot(t, y,’color’,[0.667 0.667 1],’LineWidth’,2.5);
16 plot(t, y_d+t*0,’color’, [l 0.5 0],’LineWidth’,2.5);
17 hold off;
18 grid on;
19 legend(’S$y\left (t\right)$’,’Sy_d\left (t\right)$’,’ interpreter’,’latex’);
20 xlabel(’$t, \ (\mathrm{s})$’,’interpreter’,’latex’);
21 ylabel (' $\theta, \ (\mathrm{rad})$’,’interpreter’,’latex’);
22 a = get(gca,’XTickLabel’);
23 set(gca,’XTickLabel’,a,’FontName’,’Times’,’ fontsize’,12);
24 set (gca,’position’,[0.15 0.20 0.6 0.6]);
25 set (gcf,’position’, [100 100 800 600]);
26 set (gcf,’renderer’,’painters’);
27 filename = "Q9-3-a-yyd"+".pdf";
28 saveas (gcf, filename) ;
29 figure(2);
30 plot(t, u,’color’,[0.667 0.667 1],’LineWidth’,2.5);
31 grid on;
32 xlabel (' $t, \ (\mathrm{s})$’,’interpreter’,’latex’);
33 ylabel (’Su, \ (\mathrm{N\cdot m})$’,’interpreter’,’latex’);
34 a = get(geca,’XTickLabel’);
35 set(gca,’XTickLabel’,a,’FontName’,’Times’,’ fontsize’,12);
36 set(gca,’position’, [0.15 0.20 0.6 0.6]);
37 set (gcf,’position’, [100 100 800 600]);
38 set (gcf,’renderer’,’painters’);
39 filename = "Q9-3-a-u"+".pdf";
40 saveas (gcf, filename);
41 %% Q9-3-b
42 [t,x] = oded5('Q9_3_b_System’, [0,20],([0 0]);
43 y_d = 2xsin(t);
44 y_ddot = 2xcos(t);
45 vy_dddot = -2*sin(t);
46 yv = x(:,1);
47 ydot = x(:,2);
48 s = ydot-y_ddot+3* (y-y_d);
49 a0 = 1;
50 f0 = y_dddot-3* (ydot-y_ddot) ;
51 u = a0*xf0-2xs+1.5*x(:,2) .*sin(x(:,1));
52 figure (3);
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53 hold on;

54 plot(t, y,’color’,[0.667 0.667 1],’LineWidth’,2.5);

55 plot(t, y_d+t*0,’color’,[1 0.5 0],’LineWidth’,2.5);

56 hold off;

57 grid on;

58 legend(’S$y\left (t\right)$’,’Sy_d\left (t\right)$’,’interpreter’,’latex’);
59 xlabel(’$t, \ (\mathrm{s})$’,’interpreter’,’latex’);

60 ylabel (’S$\theta, \ (\mathrm{rad})$’,’interpreter’,’latex’);
61 a = get(gca,’XTickLabel’);

62 set(gca,’XTickLabel’,a,’FontName’,’Times’,’ fontsize’,12);
63 set(gca,’position’,[0.15 0.20 0.6 0.6]);

64 set (gcf,’position’, [100 100 800 600]);

65 set (gcf,’renderer’,’painters’);

66 filename = "Q9-3-b-yyd"+".pdf";

67 saveas (gcf, filename) ;

(
(
(
(

68 figure(4);

69 plot(t, u,’color’,[0.667 0.667 1],'LineWidth’,2.5);

70 grid on;

71 =xlabel(’$t, \ (\mathrm{s})$’,’interpreter’,’latex’);

72 ylabel (’S5u, \ (\mathrm{N\cdot m})$’,’interpreter’,’latex’);
73 a = get(gca,’XTickLabel’);

74 set(gca,’XTickLabel’,a,’FontName’,’Times’,’ fontsize’,12);
75 set(gca,’position’,[0.15 0.20 0.6 0.6]);

76 set (gcf,’'position’, [100 100 800 6001);

77 set (gcf,’ renderer’,’painters’);

78 filename = "Q9-3-b-u"+".pdf";

79 saveas (gcf, filename);

where the codes for the system representation are shown below:

1 function xd = Q9_3_a_System(t,x)

2 xd (1) = x(2);

3 % phi = 0.5+0.5+xabs (x(2)*sin(x(1)));
4 y_d = 2xsin(t);

5 y_ddot = 2*cos(t);

6 y_dddot = —-2%sin(t);

7 y = x(1);

8 ydot = x(2);

9 s = ydot-y_ddot+3* (y-y_d);

10 a0 = 1;

11 f0 = y_dddot-3x (ydot-y_ddot) ;

12 u = a0xf0-2*s+1.5%x(2)*sin(x (1)) ;
13 xd(2) = -1.5*%x(2)*sin(x (1)) +u;

14 xd = xd’;

15 end

The simulation results are shown in Figure 3.
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Figure 3: Simulation results for the controller with for the adaptive control with k = 2.

(b) The codes for the system representation are changed as shown below:

o\

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15 end

function xd =

Q9_3_b_System(t, x)
x(2);
0.5+40.5%abs (x(2)*sin(x(1)));

2xsin(t);

xd (1) =
phi =

y_d =

y_ddot =

y_dddot =

y = x(1);

ydot = x(2);

s = ydot-y_ddot+3x (y-y_d);

a0 = 1;

f0 = y_dddot-3« (ydot—-y_ddot);

2+«cos (t);

-2xsin (t) ;

u = al0*xf0-2%s+1.5%x(2)*sin(x(1));
xd(2) = —-2xx(2)+*sin(x (1)) +tu;
xd = xd’;

The simulation results are shown in Figure 4.

(c)

m
aoy(”) + Zaif (x,t)=u
i=1

Here,ap=1,a; =a,as =0, fi (x) =x2sinxy, fo(x) =0

(d)

u=aofo(x,t)—ks+2" a;fi (x,1)

éi:—yl-sgn(ag)sf,-,izl,--- ,m

Because y; = 3 and ag = 1, Equation (21) can be simplified into

u=(Js-3(x2—-yq) —2((x2—yq) +3 (x1 — yq)) +d1xzsinx;
ar=-3((x2 = yq) +3(x1 — yq)) x2sinxy
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Figure 4: Simulation results for the controller with for the adaptive control with k = 2 and the actual value of

a=2.

The Simulink as shown in Figure 5 is used to simulate the performance of the designed

controller.

And we use the following code to plot the results:

clear all; clc;

figgl = openfig(’Q9-3-d-ahat.fig’,’'reuse’);

grid on;

xlabel (' $t, \mathrm{\ \left (s\right)}S$’,’interpreter’,’latex’);
ylabel (' $\hat{a}$’, ’interpreter’,’latex’);

% legend (' $y_ds’, ’'Sy$’, ’interpreter’,’latex’,’Location’,’southeast’);
title('’);

a = get(gca,’XTickLabel’);

O 00 N N L AW N =

set (gca, ' XTickLabel’,a,’FontName’,’ Times’,’ fontsize’,12);
(geca, "position’, [0.15 0.20 0.6 0.61);
(
(

—_
o

set

—
—_—

set (gcf, "position’, [100 100 800 6001);
set (gcf, ' renderer’,’'painters’);

filename = "Q9-3-d-ahat"+".pdf";

—_ = =
A W

saveas (gecf, filename) ;

—_
W

close(figgl);

—_
(@)}

figg2 = openfig(’Q9-3-d-u.fig’,’reuse’);

—_
-

grid onj;

x1im ([0.07 2017);

ylim([=5 6]);

xlabel (' $t, \ (\mathrm{s})$’,’interpreter’,’latex’);
ylabel (' Su, \ (\mathrm{N\cdot m})$’,’interpreter’,’latex’);

NN = =
N = O O

% legend(’$y_ds’, ’'SyS$’, ’interpreter’,’latex’,’Location’,’southeast’);
title(’’);
a = get(gca,’XTickLabel’);

N DN
wn A~ W

set (gca, ' XTickLabel’,a,’FontName’, ' Times’,’ fontsize’,12);
set (gca, 'position’, [0.15 0.20 0.6 0.6]1);

[\
@)}
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Figure 5: Block diagram for the system.

27 set (gecf,’position’, [100 100 800 600]);

28 set (gcf,’ renderer’,’painters’);

29 filename = "Q9-3-d-u"+".pdf";

30 saveas (gcf, filename) ;

31 close(figg2);

32 figg3 = openfig(’Q9-3-d-yyd.fig’,’reuse’);

33 grid on;

34 legend(’S$y\left (t\right)$’,’Sy_d\left (t\right)$’,’ interpreter’,’latex’);
35 xlabel (' S$t, \ (\mathrm{s})$’,’interpreter’,’latex’);

36 ylabel (’$\theta, \ (\mathrm{rad})$’,’interpreter’,’latex’);
37 title(’'’);

38 a = get(geca,’XTickLabel’);

39 set(gca,’XTickLabel’,a,’FontName’,’Times’,’ fontsize’,12);
40 set(geca,’position’,[0.15 0.20 0.6 0.6]);

41 set (gef,’'position’, [100 100 800 600]);

42 set (gcf,’renderer’,’painters’);

43 filename = "Q9-3-d-yyd"+".pdf";

44 saveas (gcf, filename) ;

45 close (figg3);

The simulation results are shown in Figure 6.
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Figure 6: Simulation results for the controller with for the adaptive control law of the form (8.10) and (8.12) of
the lecture note.

Page 14 of 14



	Cover page
	1 
	2 
	3 


