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[Tl 1  Introduction

Input-output linearization is one of the fundamental nonlinear control
methods.

It can be used to solve the asymptotic tracking problem for a class of
nonlinear systems of the following form:

z = f(z)+g(z)u r e R, ue R™
= h(x) y € RP. (6.1)

It is also the basis of some other more advanced nonlinear control methods
such as sliding control and adaptive control.
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O 2 Asymptotic tracking by input-output

linearization

Given
& = f(z)+g(@)u
y = hi) (6.2)
and a reference input (desired output) y4(t), find a state feedback control
= k(z,ya(t), -,y (¢) (6.3)

where k(0,..,0) = 0 and p is an integer called relative degree of (6.2) s.t.
(i) The E.P. of & = f(x) + g(z)k(z,0,...,0) is asymptotically stable.
(i)

lim (y(#) — ya(t)) = 0

t—o00

Remark: Condition (i) guarantees (local) BIBO stability (Total Stability).
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O 2 Asymptotic tracking by input-output

linearization (cont.)

Idea: Let

e(t) = y(t) — ya(t) (6.4)

and try to find an integer p > 0 and a state feedback (6.3) such that e(t)
satisfies

P (1) + a1V (t) + ... + aye(t) =0 (6.5)
where aq, ..., are such that

sP 4+ a1sP) 4+ Qap_15+ ap (6.6)

is a stable polynomial.
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O 2 Asymptotic tracking by input-output

linearization (cont.)

As a result, e satisfies

lim e(t) =0 (6.7)

t—o00

(6.5) can be achieved if (6.2) is input-output linearizable in a sense to be
clarified later.

Note: The integer p is defined by the given system and is called the
relative degree of the system. In the special case where (6.2) is linear, p is
the relative degree of the transfer function of (6.2).
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[C] 2.1 Chain integrator system

ta| —

4
S

Consider the following so-called chain integrator system
y™ =y (6.8)

which is a linear system with the relative degree n. Let 1 = v,
To =1, -+, ¥, =y 1. Then the state space realization of (6.8) is

z = Ax+ Bu
= (Cx
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Tl 2.1 Chain integrator system (cont.)

where
0 1 0 0 0
0 0 1 0 0
A = , B= ,
0 0O 1 0
0 0 0 0 1
Yy
Y
C = [1.... .. 0, z= _
y(nfl)

Therefore (6.8) can be converted into the standard form (6.2).
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Tl 2.1 Chain integrator system (cont.)

Let e = y(t) — ya4(t). In order to achieve (6.5) with p = n, i.e.

™ =5 () + a1 (™Y — 7 )+ L+ anly — (1) = 0. (6.9)

substituting (6.8) into (6.9) gives

(=" (1) + (™™D =y 0) + o+ anly — ya) = 0
= =gy oy =) — = anly — va)
O Zn: e, (6.10)
i=1
(6.10) can be written as
U = —Q1Ty — WTp—] — ... — QT + yén) + Ozlyfln*l) + ...+ 1ya
= k(z,yaq, ...,yc(ln))

which is in the standard form.
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Tl 2.1 Chain integrator system (cont.)

When yz = 0, the closed-loop system is
& = Ax+ Bk(z,0,...,0) = (A — Blan,...,a1])x

0 1 0 ... 0
0 0 1 ... 0
= x. (6.11)
0 0 0 .. 1
—a, —ap_1 0 .. —oq

Clearly, (A — Blaw, ..., 1]) is a companion matrix with its characteristic
polynomial being

" +aps™ D £ angs 4 . (6.12)
Thus, if aq, ..., a;, are such that (6.12) is a stable polynomial, the E.P. of
(6.11) at the origin is G.A.S.

Note: For this simple system, the integer p is equal to n, which is the
dimension of the system.
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2.2 Companion form

T1 = X9
i‘Q = I3
PR (6.13)
&y = a(z) + f(z)u
y=1I
where 3(0) # 0. (6.13) can be equivalently put into the form
Y
Yy = a(z) + B(x)u, where 1z = Y (6.14)
y(n_l)
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Tl 2.2 Companion form (cont.)

To achieve asymptotic tracking for (6.13), note that using an input
transformation

a(z) + B(z)u = ug (6.15)
or
 Ug — o)
u= B (6.16)
gives
y™ =y, (6.17)

which is in the chain integrator form.
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Tl 2.2 Companion form (cont.)

Thus, by (6.10), letting

Ug = yfln) — Z e (6.18)
i=1
gives
e™ + a1V 4 +ae=0 (6.19)

Therefore, substituting (6.18) into (6.16) gives

(n) _ o p(n—i) _
Yy D i Qi€ o)
u= 30r) (6.20)

which achieves asymptotic tracking.
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Tl 2.2 Companion form (cont.)

Note:

(i) Again for this simple system, the integer p is equal to n, the dimension
of the system.

(ii) It can be verified that

0 1 0 0
0 0 1 .. 0
z = f(x)+ g(x)k(z,0,..,0) = | .. z(6.21)
0 0 0 ... 1
—a, —oap—1 0 ... —oq

which is a stable linear system since its characteristic polynomial
s" + ars™ Y 4+ 4 ap_15 + ay is stable.

(iii) The closed-loop system (6.19) is a linear system. Thus the control law
(6.20) stabilizes the given system by making the closed-loop system a
stable linear system.
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Tl 2.2 Companion form (cont.)

Example: The inverted pendulum

j?l = X2

. mgl | 4 U

Ty = ——sinx —
2 J '
y = n

By (6.20),

l
u = (yd(t) — alé — (g€ — % sinx1> J

results in € + ajé + ase = 0.
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[C] 2.3 General case

&t = f(r)+g(@)u, zeR"
y = h(x), ueR, yeR (6.22)

Idea: convert it into the (partial) companion form

Step 1
Differentiating y until there exists an integer p such that

y?) = a(z) + B(z)u (6.23)

where 5(x) # 0 or at least 3(0) # 0.
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Tl 2.3 General case (cont.)

Step 2
Using the input transformation

 Ug — o)
u= “Bw) (6.24)

to obtain

y ) =, (6.25)
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Tl 2.3 General case (cont.)

Step 3
Using
p .
Uq = yc(lp) - Z ;e (6.26)
i=1
gives
e®) 4 ael 4 4 ap_1€ + ape = 0. (6.27)

Thus, by (6.20), the control law that achieves (6.27) is

Y e ) — a(a)

— (p)
u= 50) =k(2,yds - ¥y ). (6.28)
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Tl 2.3 General case (cont.)

Remark:

The closed-loop system is
&= f(2) + g(@)k(@, ya, - y")-
Need to check the stability of
&= f(z)+ g(x)k(z,0,...,0).

The stability is not guaranteed unless p = n.
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Tl 2.3 General case (cont.)

Example:
ary exp(z2)
T = r1x9 | + 1 u
T2 0

y = h(z) =3

where a is some constant.
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Tl 2.3 General case (cont.)

Simple calculations gives

Yy = d3=12

Yy = x1T9 + u.
Thus, p = 2. Using the control law (6.28), that is,
u = —x1x+ g — a1é — age = k(x, Y4, Yd, Yd)
gives

€+ are+ age = 0.
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Tl 2.3 General case (cont.)

Note that
k(x,0,0,0) = —z1x9 — Q1§ — QoY = —T1T2 — Q1T — Q23
and

i = f(z)+g(x)k(z,0,0,0)
azry + exp(r)(—r1Ts — 122 — A3)
= T1T9 — T1T9 — 1 To — Oax3 = fe(x).
€2
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Tl 2.3 General case (cont.)

The Jacobian matrix of f.(z) at the origin is:

a —o; —Q2

ofe
J = 8f == 0 —a] —QQ
T la=0 0 1 0
sS—a a1 (6]
det(sI —J) = 0 s+a; ay|=(s—a)(s®+ a5+ )
0 —1 s
Therefore,
a<0 A.S.

a>0 unstable

a=20 cannot conclude.
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Tl 2.3 General case (cont.)

Note:

(i) (6.23) can be viewed as an informal definition of the relative degree p
of the given system. As long as such an integer exists, one can find an
input transformation (6.24) such that the output y and the new input u,
satisfy the linear relation (6.25) (chain integrator). The control law (6.26)
is designed based on the linear system (6.25). That is why the approach is
called input-output linearization.

(ii) Unfortunately, for this general case, the integer p may not exist, and
even if it exists, the closed-loop system under the control law (6.28) with
yq(t) set to zero may not be asymptotically stable or even stable. Thus
whether or not p exists and whether or not the control law (6.28) may
stabilize the system need to be further studied next.

(iii) If p = n, the closed-loop system can always be made an
asymptotically stable linear system.
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C] 3 Solution of input-output feedback
linearization

3.1 Notation

Suppose that i : R — R! is a smooth function and f : R — R",
g : R™ — R™ are vector fields. Then we introduce the following notation:

on [ah ah]

Ox ox1’ " Oxp,
Lth = h
fi(z)
Oh oh Oh
L —_— e, =
h Z(‘?xl [axl’ ’axn] fn(2) ox (z)

We call % the gradient of h and L¢h the lie derivative of h along the
vector field f(x).
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Tl 3.1 Notation (cont.)

Since Lyh is still a smooth function from %" — RL, we can define

oh o (2h
Lih = Ly(Lsh) = Ly <8mf(x)> = Wf(x)
In general,
oLk 'h

Lkh(z) = Ly (L’;:lh(x)): S f(a)

Also, for £k =0,1, ...

LyLkh(x) = L, (L’;h(x)) —g(a).
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[C] 3.2 Relative degree

Consider the relation of the derivatives of y and w in a neighborhood of
some given point xg € R" (z¢ is called an “analysis point” and is often
taken to be an equilibrium point).

y = h(x)
Jo= oti= 0@+ ()= Leh(e) + Lyh(z)u

Suppose Lyh(xz) = 0 in a neighborhood of zj. Then

y = th(l').
Since ¢ is independent of u, further differentiating ¢ gives

OL¢h OL¢h OL¢h
j= Phe)y LD gy 0Ll

Ox
= L%h(m) + LyL¢h(x)u
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Tl 3.2 Relative degree (cont.)

If LyL¢h(x) =0 for z in a neighborhood of xg, then

i(t) = Lih(z).
Repeat this procedure until we find an integer p such that
(i)

LygLkh(z) =0

for all K < p—1, and for all z in a neighborhood of z.
(ii)

LyL{™Vh(xo) # 0.
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Tl 3.2 Relative degree (cont.)

Then the system’s input-output relation at xg is given by

y®) = Loh(x) + LgL?_lh(x)u = o(z) + B(x)u.

Then, we say the system has a relative degree p at the point xg. For
example,

—x1 exp(x2)
t=f(z)+g(x)u= | 122 | + 1 u
T2 0

Jie Huang ( MAE, CUHK) Input-Output linearization



T 33 Solvability of input-output linearization

The following statements are equivalent:
(i) The system is input-output linearizable at zg
(i) The system has a relative degree at xg
(iii) There exists an integer p such that

(a) LgL’}h(m) =0 for all k < p—1 and for all z in a neighborhood of
o, and

-1

(b) LyLY¥ ™V h(x0) # 0

(iv) The system has an input-output relationship at z in the sense that

yP) = L?h(:z:) + LgLfflh(x)u

where Ly L™ h(x0) # 0
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T 33 Solvability of input-output linearization

(cont.)

Remarks: (i) If the system has a relative degree at z, then, for
j=0,1,--- (p—1), and sufficiently small t,

with z(0) = zo.

(i) There exists a state-feedback control law

~Lhh(@) + g (1) — 0 azeled
u =
LyL{™Vn(x)

= ki($, yd(t)’ ) yc(lp) (t))

where e = y(t) — y4(t) such that u achieves

P () + areP V() + ...+ ape(t) =0
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T 33 Solvability of input-output linearization

(cont.)

(iii) If there exists a positive integer p such that

LyL¥™Vn(z) £ 0, Va
LyLih(z) =0, Vk<p—1, Vo

then p is called a global relative degree or uniform relative degree of the
system and the system is said to be globally input-output linearizable.
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T 33 Solvability of input-output linearization

(cont.)

(iv) For linear systems

Tz = Ax+ Bu
= Cx

we have f(z) = Az, g(x) = B, h(zx) = Cz. It can be easily verified that
Lin(z) = CA*z,  LyLhh(z) = CA*B
The relative degree p is characterized by an integer p such that

cA*B = 0 Vk<p-—1
CAP7'B # 0
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T 33 Solvability of input-output linearization

(cont.)

(v) Let
H(s) = C(sT — A) 1B = 12
a(s)
where, from linear system theory,
a(s) = det(sl —A)=s"+a1s" '+ .. +an_15+ay
b(s) = bis" .. +by,15+by
bph = CB

b = CAB+a;CB

b, = CA"'B+..+a, 1CB

Therefore, p is the difference between the degree of a(s) and the degree of
b(s). That is why p is called relative degree.
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T 33 Solvability of input-output linearization

(cont.)

(vi) Some systems may not have well defined relative at some points,
e.g., the ball and beam system described by the following equations

T = X2
Ty = Bx1:n4 BG sin xg
i‘g = X4
Ty = U
y = 1

does not have a relative degree at zg = 0 since

y = w2
= DBaxjzi — BGsinxs

y®) = Buya? — BGxycos s + 2B z4u.

Why?
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T 33 Solvability of input-output linearization

(cont.)

(vii) In general, the system does not have a well defined relative degree
at a point xg if the first function of the following sequence

Lgh($)7 Lgth(l‘), T 7LgL?g(x)7 U

which is equal to zero at the point x = xq, but is not identically zero in
any neighborhood of zg.
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T 34 Stability of the closed-loop system

Assume the system

i = f(z)+g(z)u
y = h(z)

has relative degree p at x¢p = 0, that is, 3 p such that

(a) LgL’}h(az) =0forall k< p—1and all zin a neighborhood of
xo =0, and

(b) LyLY¥ Vh(xo) #0.

Then we have

yP) = Lih(z) + LgL;p_l)h(a:)u.
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[Tl 3.4 Stability of the closed-loop system (cont.)

Thus the control law

L)+l S e
LyL'™Vn(x)

achieves
e 4+ el 44 ap_1€+ame =0

where e = y — 4.
Note that condition (a) implies, for all = in a neighborhood of xy = 0,

§ = Lyh(a), . y® = Lih(z).

Therefore (¥ = L’J}h(:c) - yg), i=1,---,p, and u takes the following

form u = k(z, yq, ...,y((ip)).
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[Tl 3.4 Stability of the closed-loop system (cont.)

We will consider the stability of the closed-loop system
&= f(z) + g(z)k(,0,...,0) (6.29)

where

k(z,0,...,0) = . (6.30)

Jie Huang ( MAE, CUHK) Input-Output linearization



[Tl 3.4 Stability of the closed-loop system (cont.)

(i) Local A.S. of the E.P. of (6.29)

Let
4= % 2=0 5= - % 2=0 b= ak(xé;)’ . =0
Then the Jacobian linearization of

= flz)+g(@)u

y = h(x) (6.31)
at the origin is given by

t = Ax+ Bu
= Cx (6.32)

The Jacobian linearization of (6.29) at the origin is

t=(A—-BK)zx (6.33)

Clearly the E.P. of (6.29) is L.A.S. if all the eigenvalues of (A — BK) have
negative real parts.
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[Tl 3.4 Stability of the closed-loop system (cont.)

(i) Lemma: Assume (6.31) has a relative degree p at z = 0. Then
(6.32) also has a relative degree p, i.e.,

k _ _
{C’AB_O Vi<p—1 (6.34)

CAP~'B #£0

Sketch of the proof:
It can be shown that

OL sh(x) ) Ohof
— <Wf> FD*(axax)

oLy () af

=CA
ox ¢
ox ox

z=0

8L’}h(w)

= CAF k=23 ..
63;' b ) )

z=0

=0
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[Tl 3.4 Stability of the closed-loop system (cont.)

Therefore,

LyLkh(x)

z=0 N ox

Thus, the fact that LgL’}h(:v) =0forall 0 <k <p—1andforall zina
neighborhood of g = 0 implies CA*B =0 for all 0 < k < p — 1, and the

fact that LgLfc_lh(x)‘ |0 implies CAP" 13 0.
=

Exercise: Show that (6.34) implies that the row vectors
C,CA,--- ,CAP~! are linearly independent.
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[Tl 3.4 Stability of the closed-loop system (cont.)

(iii) Theorem: Assume (6.31) has a relative degree p at the origin.
Then the transfer function of (6.32) is

H(s) = C(sI—A)"'B= Z((Z))
. bpsn—p + ...+ b,_15+ by (6 36)
o4 asm 4 ta,_ 15+ an '

and

det(sI — (A — BK))
1
~ CA-1B

As a result, the E.P. of (6.29) can be made L.A.S. if all the roots of b(s)
have negative real parts, and is unstable if some roots of b(s) have positive
real part.

b(s)(s” + a1’ + ..+ apm1s+ ). (6.37)
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[Tl 3.4 Stability of the closed-loop system (cont.)

Sketch of the proof:
(a) (6.36) holds since the relative degree of (6.32) is also p.

(b) To prove (6.37), we need to calculate det(s] — (A — BK)). This can
be done as follows:
Consider the control law

u=k(z,0,...,0) (6.38)

which gives the closed-loop system
v
LyLy h(x)
g(x)
LyLy ™ h(z)
y = h) (6.39)

= f(x)+ g(x)k(z,0,...,0) +
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[Tl 3.4 Stability of the closed-loop system (cont.)

The linearization of (6.39) is

. B
y = Cz (6.40)
The transfer function from v to y is
Y(s) ., B
= I - (A—- BK -
V(s) Clsl =(A=BK) =g
b(s) 1

" det(sI — (A— BK))CA» B (6.41)

because the numerator of C(sI — A)~!B = the numerator of
C(sI — (A — BK))™ !B for any K since

ot 5]—(AC—BK) —OB} _ detqsng _OBH_% ?D
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[Tl 3.4 Stability of the closed-loop system (cont.)

> Remark: Given & = Az + Bu, y = Cx + Du, its transfer function is

det[SI_A —B]

C D

P(s)=C(sI — A 'B+D= dot(sT — )

Proof: Note that
-C 1 O1xn, 1 C D
_ I, —(sI — A)_lB
“\ Opx1 C(sl — A)_lB + D
Thus

-B

. -1 sl — A
det[(s] — A)™ "] det [ c D

}:dﬂ—mlB+D
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[Tl 3.4 Stability of the closed-loop system (cont.)

On the other hand, note that
y ) = Lhh(x) + Lyl h(x)u. (6.42)

Thus under the control law (6.38), we have

0
gy = — Z aiyP) +v.
i=1
Y (s) 1
= =
V(s) sP+oagsP L a,mis+ap
b(s)
= . A4
b(s)(sP +ansP~l 4+ ... + ) (6:43)
Comparing (6.41) and (6.43) gives
1 _
det(sI — (A— BK)) = mb(s)(s’” + a8’ + Lt ap).
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[Tl 3.4 Stability of the closed-loop system (cont.)

(iv) Example

ar exp(z2)
T=| 122 | + 1 U
. A4
2 0 (6.44)
Yy=x3

We have shown before that p = 2, and under the control law
u=k(z,0,0,0) = —z122 — 1 T2 — Q2x3,

the E.P. of the closed-loop system is L.A.S. if a < 0, and is unstable if
a>0.
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[Tl 3.4 Stability of the closed-loop system (cont.)

Now consider the Jacobian linearization of (6.44) at the origin

a 0 0 1
T = 00 0fjz+]|1|u
0 10 0
y = [0 0 1]
Simple calculation gives
H(s) = C(sT — A B= —5=4
det(sI — A)

i.e., b(s) = s —a. Thus, the E.P. of the closed-loop system is L.A.S. if
a < 0, and is unstable if a > 0 since b(s) is unstable if a > 0 and stable if
a < 0.
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C] 3.5 Minimum phase systems

(i) Consider linear system

y = Cx (6.45)

Let H(s) = C(sI — A)"'B = X
@ (6.45) is said to be minimum phase if all the roots of b(s) have
negative real part and nonminimum phase if otherwise.

@ The system is said to be strictly nonminumum phase if at least one
root of b(s) has positive real part.
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Tl 3.5 Minimum phase systems (cont.)

(i) Nonlinear system

& = f(z)+g(@)u
h(z) (6.46)

@ (6.46) is said to be (locally) minimum phase if its linearization (6.45)
is minimum phase, and is said to be strictly nonminimum phase if its
linearization (6.45) is.

@ Input-output linearization method only applies to minimum phase
system. When p = n, (6.46) is minimum phase.

(iii) The case where the linearization of nonlinear system (6.46) is neither
minumum phase nor strictly nonminumum phase is called critical case.
The stability property of the closed-loop system resulting from
input-output linearization control law for this case cannot be ascertained
based on the Lyapunov’s linearization method.
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] 3.6 Design example for a robot system

A flexible-joint mechanism : Figure 6.6 illustrates a mechanism
representing a link driven by a motor through a torsional spring ( a
single-link flexible-joint robot).

Figure 6.6 : A flexible-joint mechanism

Motion equation:

I + Mgsing + k(g1 — q2) =
Jio — k(g1 —q2) = u

Jie Huang ( MAE, CUHK) Input-Output linearization 52 /113



[Tl 3.6 Design example for a robot system (cont.)

State equation:
Letting = = [q1, d1, g2, Go]” gives

T2 0
_ Mgl _ k(e _
t=f(z)+g(x)u= i sinzy — 711 —23) + 0 1.
T4 0
B2y — x3) 3
Assume q; is the output. Let y = 1. Then
Yy = 1=
. . Mgl . k
j = Z9=— 7 sinz] — T(wl — x3)
Mgl
y® = —Tgmg coszy — (22 — z4)
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[Tl 3.6 Design example for a robot system (cont.)

Mgl k

y(4) = —T(:bg cosxy] — 1xesinwy) — Y(xg — @y)
_ Mgl [/-Mgl . _ﬁ( — x3) 2
= 7 7 sinay — (21— a3) | coszy —apsing;
_k(_ Mgl sinz — ﬁ(x —x3) — é(m —x3) — lu
I I S A A
Mgl Mgl k
— Ig sin z1 (x% + g cosxq + I> (6.47)
7 I T3 Ji 7 7 COS X1 IJU

= Ljh(z) + LyL}Lu = a(z) + B(z)u

Clearly % # (0. The system is globally input-output linearizable.
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[Tl 3.6 Design example for a robot system (cont.)

Given y4(t), let e = y — yq(t).
Then the control law

(4)

yy (1) — a1e® — agé — azé — age — a(z)

Blx)

u =

will achieve
e® + ale(S) + a9é + azé + age = 0.

Thus asymptotic tracking can be achieved.
In particular, when y4(t) = 0, global A.S. can be achieved.
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Tl 4.1 Nonlinear State Transformations

The concept of diffeomorphism can be viewed as a generalization of the
familiar concept of coordinate transformation.

Let V' be an open neighborhood of a point zg € R” and f: V — R" be
continuous. Let W = f(V) ={y e R" |y = f(z) & x € V}. Then W is
open and contains f(xg). If there exists a continuous function

g: W — R" such that g(f(z)) = « for all z € V, then the function g is
said to be a (local) inverse function of f and is denoted as f~!. If

V =W =R", then g is said to be a global inverse function of f.

Examples:
a) Let 3 where z € ® . Then f has a global inverse
(a) Let f(z) = 2° wh R . Then f has a global i
1
) =y3.
(b) Let f(xz) = Az where z € R and A € R"*™ is nonsingular. Then f

has a global inverse f~1(y) = A~y
(c) f(z) = 22 does not have a global inverse.
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Tl 4.1 Nonlinear State Transformations (cont.)

Diffeomorphism: Let V' be an open neighborhood of a point zy € R"
and ¢: V — R". ¢ is called a (local) diffeomorphism if it is smooth on V/,
and its inverse ¢! : ¢(V) = V exists and is smooth. If V = ¢(V) = N7,
then ¢ is called a global diffeomorphism on R”.

Remark: Global diffeomorphisms are rare, and therefore one often looks
for local diffeomorphism, i.e., for transformations defined only in an open
neighborhood of a given point.
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Tl 4.1 Nonlinear State Transformations (cont.)

Given a nonlinear function ¢(x), it is easy to check whether it is a local
diffeomorphism by using the following well-known inverse function
theorem.

Inverse function theorem: Let V' be an open set of R" and

¢ : V — K" be smooth. If the Jacobian matrix g—‘fc) is nonsingular at some
point xg € V, then there exists an open neighborhood U of zg in V such
that ¢ : U — ¢(U) is a diffeomorphism.

Remark: If ¢ : V = R" is C', and the Jacobian matrix % is nonsingular
at some point xg € V, then there exists an open neighborhood U of zq in
V such that the inverse of ¢ denoted by ¢! : ¢(U) + U exists and is C.

A diffeomorphism can be used to transform a nonlinear system into
another nonlinear system in terms of a new set of states, similarly to what
is commonly done in the analysis of linear systems.
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Tl 4.1 Nonlinear and State Transformations (cont.)

Consider the dynamic system described by

&= f(x) +g(@)u
= h(z).

Let ¢ : R — R™ be a global diffeomorphism. Then the function z = ¢(x)
defines a new set of states with its inverse function denoted by

r=¢"1(2).

Differentiation of z yields

.06, 99
Z_a:rx_ax

In terms of z, the new state-space representation is
2= Lpp(¢~ " (2)) + Led(¢~ " (2))u = f*(2) + g"(2)u
y=h(z) =h(¢~'(2) = h*(2)

where the functions f*, g* and h* are defined obviously.

(f(@) + g(x)u) = Lyp(x) + Lyd(x)u.
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Tl 4.1 Nonlinear State Transformations (cont.)

An Example of Global Diffeomorphism:

For the robot system, let z = ¢(x) be defined as follows

z1 = h(z)=x
2o = Lsh(z) = x9
Mgl . k
z3 = L%h(aj) =— Ig sinzy — T(:pl — x3)
Mgl k
z4g = L?}h(:r:) = —ngz:g cos T — F(:L‘g —xy). (6.48)
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Tl 4.1 Nonlinear State Transformations (cont.)

Then (6.48) defines a global deffeomorphism in the sense that we can
solve x1, 9, x3 and x4 from the above equations in terms of z1, 29, 23, 24
as follows:

r = 2
Ty = 2
I Mgl
vy = Aty <z3 + Ig sin zl) or  x=¢(2)
1 Mgl
T4 = 2+ % <Z4 + Tg cos z1) . (6.49)
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Tl 4.1 Nonlinear State Transformations (cont.)

Moreover, under the new coordinates, we have

1
29
Z3

Z4

Jie Huang ( MAE, CUHK )

zZ2

zZ3

Z4

L;Lch(m) + LgL?}h(aj)u

Lih(¢7(2)) + LgL3h(¢" (2))u (6.50)
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Tl 4.1 Nonlinear State Transformations (cont.)

Remark:

The robots system is globally diffeomorphic to a nonlinear system in
companion form. All systems with p = n can be put into the companion
form by state transformation. A further input transformation

Lih(z) + LyLh(z)u = Lih(¢™" (2)) + LeL3h(¢™ " (2))u = v

gives a linear system as follows:

?31 = Z9
?;’2 = Z3
23 = Z4
iy o= o (6.51)

Thus the robot system can be put into a linear system by state and input
transformation.
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Tl 4.1 Nonlinear State Transformations (cont.)

Example : A non-global diffeomorphism
The nonlinear vector function

[ 2 ] _ $(z) = [ 271 + 5r123 ] (6.52)

29 3sin o
is well defined for all 1 and x5. lts Jacobian matrix is

% 2+ 523 10179
or 0 3cos xo

which has rank 2 at x = (0,0). Therefore, the inverse function theorem
indicates that the function (6.52) defines a local diffeomorphism around
the origin.

In fact, the diffeomorphism is valid in the region Q = {(x1,22), |z2| < §}
because the inverse exists and is smooth for z in this region.

However, outside this region, say, at |z2| = 7, ¢ does not define a
diffeomorphism, because the inverse does not uniquely exist.
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Cla2nA Special Version of The Frobenius Theorem

@ The Frobenius theorem provides a necessary and sufficient condition
for the solvability of a special class of partial differential equations,
and it is an important tool in the formal treatment of feedback
linearization for nth-order nonlinear systems.

@ This section will present a special version of the Frobenius Theorem.

Frobenius Theorem (Special version): Let g : R — R™ be a vector
field and g(xzg) # 0 for some zp € R™. Then there exist n — 1 smooth
functions ¢; : R — R, i =1,--- ,n — 1, such that, for x in a
neighborhood of x,

and the row vectors %dn (wo), -+, =g+ (o) are linearly independent.
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] 4.3 Normal Form and Zero Dynamics

In general, suppose system (6.46) has a relative degree p at zp = 0 with
p <n. Let ¢;(x) = L}_lh(x), i=1,---,p. Then, by the exercise in page

42, the p row vectors %jﬁz)\x:o, 1=1,---,p, are linearly independent.
Therefore, there exist n — p smooth functions ¢;(z), i = (p+1),---,n
vanishing at the origin such that Bg—f)yng is nonsingular where

¢1(z)
P(x) = :

By inverse function theorem, ¢(x) is invertible in a neighborhood of z.

66 / 113
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Tl 4.3 Normal Form and Zero Dynamics (cont.)

Let z = ¢(x). Then

21

<2

Zp
(£56a) + ot Mhom)| -,
(Lfp+1(x) + Lyppt1(x)u) |x:¢,—1(z)

(Lf¢n($) + Lg(bn({l?)U) ’x:qS*l(z)
. (6.53)

We call (6.53) the normal form of the system (6.46).
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Tl 4.3 Normal Form and Zero Dynamics (cont.)

Remark: Since system (6.46) has a relative degree p at xp = 0, with
¢i(x) = L;flh(a:), i=1,---,p, we have

ngbl(x)zov izla"'vp_l

for « in an open neighborhood of the origin. By the Frobenius Theorem, it
is possible to choose ¢;(x), i = p+1,--- ,n, such that

for x in an open neighborhood of the origin, and ‘% )\x o is nonsingular,
i.e., ¢(x) is locally invertible. It is clear from (6. 53) that this set of choices
will render the equations (6.53) a more special expression as follows:
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Tl 4.3 Normal Form and Zero Dynamics (cont.)

Z1

22

“p

(L;zh(;c) + L, L;—lh(x)u) 1y = O+ B
Lf¢p+1(x)‘m:¢*1(z) = p+1(2)

Lf¢n(x)|x:¢—1(z) = n(2)

21. (6.55)
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Tl 4.3 Normal Form and Zero Dynamics (cont.)

Under the control law

—a(z) —aiz, — - — pzy
u = )
B(2)
the closed-loop system is
21 = 2
Zp-1 = 2
Zy = —Q1zp— - — Qp2
Zor1 = Ypr1(2)
271 = ’Yn(z)
y = Zz.

Jie Huang ( MAE, CUHK )
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Tl 4.3 Normal Form and Zero Dynamics (Cont.)

If oy, ,, are such that s” + ozgp*l) + -+ ap_15+ a, is stable, then
limy—00 (21,22, -+ ,2p) = 0 and (zp41,- -+ , 2n) Will be governed by
é’p+1 = ’yp+1(0,...,O,Zp+17...72n)
Zno= (0,5 ,0,2p41, -, 2n). (6.58)

(6.58) is called the zero dynamics of (6.46).

Thus under the input-output feedback control law (6.56), the origin of the
closed-loop system (6.57) is A.S. only if the origin of (6.58) is A.S.
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Tl 4.3 Normal Form and Zero Dynamics (Cont.)

Remark: (i) A more general definition of the minimum phase system can
be given in terms of the zero dynamics (6.58). System (6.46) is said to be
(global) minimum phase if the origin of (6.58) is (globally) A.S, and is said
to be non-minimum phase if the origin of (6.58) is unstable.

(ii) The above definition also applies to the critical case.

(iii) If p = n, system (6.46) has a trivial zero dynamics since the dimension
of (6.58) is zero and it can be fully linearized to a chain integrator form by
an input transform a(z) + B(z)u = v.
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Tl 4.3 Normal Form and Zero Dynamics (Cont.)

(iv) Let € = (2p41,- -+ »2n)T and

’Yp-f—l(oa"' 7072p+17' o 7Zn)

’Yn(oa aOaZerlv"' 7211)

Then the zero dynamics (6.58) can be put in the following compact form:

£=7(¢)

It can be shown that the roots of b(s), i.e., the zeros of the Jacobian
linearization of (6.46) at the origin coincide with the eigenvalues of the
matrix g—z(O).

Exercise: The origin of (6.29) is asymptotically stable if and only if the
origin of (6.57) is asymptotically stable.
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Tl 4.3 Normal Form and Zero Dynamics (Cont.)

Example:
ary exp(z2)
T = r1x9 | + 1 u
T2

y = h(x)=u3

where a is some constant.

It is known that this system has a relative degree 2 at the origin with
h(z) = x3 and Lyh(x) = x2. Let ¢1(x) = x3, ¢p2(x) = x2 and

¢3(x) = x1 —exp(w2) + 1. Then z = ¢(x) is a global diffeomorphism
since we have z = ¢~ 1(2) = (23 + exp(z2) — 1, 22, 21) and

Lyps = [1, —exp(z2),0]g(xz) =0
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Tl 4.3 Normal Form and Zero Dynamics (Cont.)

Thus the (global) normal form of the system is

21 = 29
Zy = Ty =x122+u= (23 +exp(z2) — 1)z2 +u
Z3 = Iy —exp(x2)ie = awy + exp(x2)u — exp(x2) (122 + u)

= ax; —exp(x2)z122 = (23 + exp(22) — 1)(a — exp(22)22)
and the zero dynamics is
733 — azs

The eigenvalue of the zero dynamics is equal to a which coincides with the
zero of the Jacobian linearization of the given system at the origin.
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[Tl 5.1 Lie Brackets

Definition 6.2 Let f and g be two vector fields on ™. The Lie bracket of
f and g is a third vector field defined by

[f,9l=Vg f=Vfyg.

The Lie bracket [f, g] is commonly written as adyg (where ad stands for
“adjoint”).

Repeated Lie brackets can then be defined recursively by

ad}g =g
adyg = [f, adjc_lg], fori=1,2,....
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[Tl 5.1 Lie Brackets (cont.)

Example 6.7: The following system

1 = —271 + axs +sinz;

T9 = —x9cos Ty + cos(2x1)u

can be written in the form & = f(x) + g(x)u with the two vector fields
defined by

—2x1 + axg + sinxy 0
L , 9(2) = :
9 COS X1 cos

)= |
Their Lie bracket can be computed as

f,g] = 0 0 B —2 + coszy a
91 = —2s8in(2z1) 0 Tosinxy  —cosz g

a cos(2x1)
cos 1 cos(2z1) — 2sin(2x1)(—2z1 + axe +sinxy)
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[Tl 5.1 Lie Brackets (cont.)

Lemma 6.1 Lie brackets have the following properties

(i) bilinearity:
[a1fi + azf2, g] = ai1[f1, 9] + a2[f2, g]
[f7 ai191 + 01292] = al[fv gl] + Oég[f, 92]

where f, f1, fo and g, g1, g2 are smooth vector fields, and aq, as are
constant scalars.

(i) skew-commutativity:

(i) Jacobi identity:
Ladygh = LyLgh — LyLth

where h(z) is a smooth scalar function.
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[Tl 5.1 Lie Brackets (cont.)

Proof
(1) Bilinearity:

la1fi +azf2,g9] = Vglarfi +aafa) = V(aifi +azfa)g
= a1(Vgfi—=Vfig)+aa(Vgfo—Vifg)
= ailf1,9] + az[f2, 9]

[f,a191 +age] = V(argr+azg2)f — Vf(aigr +azg2)
= aa(Vaf = Vfg)+ax(Vgaf — Vfg)
= af, g1] + aalf, g2]

(2) Skew-commutativity:

f,9]=Vgf-Vfg=—-(NVfg—Vgf)=—lg f]
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[Tl 5.1 Lie Brackets (cont.)

(3) Jacobi identity: The identity can be rewritten as

Vh[f,g] = V(Lgh)f =V (Lsh)g
The left-hand side of the above equation can be expanded as

Vhif.g) = Vh(Vg - Vfg) = (20 9Ty

while the right-hand side can be expanded as

oh oh
V(Lgh)f =V (Lsh)g = V(z-9)f = V(5 [)g

_ @@ rOhy o OhOf |

= Grae T 02 Gwan T ax2)

_onos, of

Oz Oz oz?
where ‘g— [832’;]] i.j=1,-n is the Hessian of h which is a symmetric
matrix.
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[Tl 5.1 Lie Brackets (cont.)

Remark: The Jacobi identity can be used recursively to obtain useful
technical identities. Using it twice yields

Ladf,gh = Ladf(adfg)h = LfLadfgh - Ladfgth
=Ly (LyLgh— LgLsh) — (LyLg— LgLy) Lgh
= L}Lgh — 2LgLgLh + LyL7h. (6.59)

Similar identities can be obtained for higher-order Lie brackets.
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[Tl 5.2 the Frobenius Theorem

Consider the set of first-order partial differential equations

(9.1‘1 ! 8.772 2 8.%’3

oh oh oh

— — —g3=0 6.60

o1 g1+ (%292 + 89@393 (6.60)
where f;,gi,i = 1,2,3, are known scalar functions, and h is an unknown
function. Clearly, this set of partial differential equations is uniquely

defined by the two vectors f = [ f1 f2 fs ]T,gz [ g1 92 g3 ]T

If a solution h(x1,xo,x3) exists for the above partial differential equations,
we shall say that the set of vector fields {f, g} is completely integrable.
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[Tl 5.2 The Frobenius Theorem (cont.)

Formal definition of complete integrability of a set of vector fields:

Definition 6.4 A linearly independent set of vector fields { f1, fa,..., fm}
on R" is said to be completely integrable iff, there exist (n — m) scalar
functions hy(x), ha(z),. .., hp—m(x) satisfying the system of partial
differential equations

(Vhi)f; =0

where 1 <i <n—m,1 < j <m, and the gradients Vh; are linearly
independent.

Note that the number of unknown scalar functions h; involved is (n — m)
and the number of partial differential equations is m(n —m).
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[Tl 5.2 The Frobenius Theorem (cont.)

Definition 6.5 A linearly independent set of vector fields {f1, fo,..., fi}
is said to be involutive iff 3 scalar functions a3, : R — R such that

fzaf] Zazjk fk Vl,j

Involutivity means that if one forms the Lie bracket of any pairs of vector
fields from the set {f1, fo,..., fm}, then the resulting vector field can be
expressed as a linear combination of the original set of vector fields.
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[Tl 5.2 The Frobenius Theorem (cont.)

i.e., involutivity condition guarantees the integrability of a set of vector
fields.

Theorem 6.1 (Frobenius) Let {f1, fo,..., fim} be a set of linearly
independent vector fields. The set is completely integrable iff it is
involutive.

For example, equation (6.60) has a solution h(z1,z2,x3) iff 3 scalar
functions a1 (z1, z2,x3) and as(x1, x2, x3) such that

[f,9] = arf + aag

i.e., if the Lie bracket of f and g can be expressed as a linear combination
of f and g. Geometrically it means that the vector [f, g| is in the plane
formed by f and g.
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[Tl 5.2 The Frobenius Theorem (cont.)

Remarks:
@ Constant vector fields are always involutive. Indeed, the Lie bracket of
two constant vectors is simply the zero vector, which can be trivially
expressed as linear combination of the vector fields.

@ A set composed of a single vector f is involutive. Indeed,
1= (VA= (V) f=0.
Thus, the following set of equations is always completely integrable
(Vhi)f =0
where 1 <4 <n — 1, and the gradients Vh; are linearly independent.

@ From Definition 6.5, checking whether a set of vector fields
{fis f2y- -, fm} is involutive amounts to checking whether

rank [f1(z) ... fm(2)] = rank[f1(2) ... fm(@) [fi; fi)(2)]

for all x and all %, j.
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[Tl 5.2 The Frobenius Theorem (cont.)

Example 6.9: Consider the set of partial differential equations

oh Oh
Aggorv 20
3 8l‘1 (9332 0
oh 9 oh oh
- ~ 3a0) 2 oz, T ),
1 . + (235 3x2)8x2 + 213 o3 0

The associated vector fields are {f1, fo} with
T T
f1:[41}3 -1 0] fzz[—l‘l (ZE§—3ZE2) 2133]
One can easily finds that
T
[fl,fg] = [ —12:1,‘3 3 0 ] .

Since [f1, f2] = —3f1 + 0fa2, this set of vector fields is involutive.
Therefore, the two partial differential equations are solvable.

Jie Huang ( MAE, CUHK) Input-Output linearization 87 /113



53 Input-State Linearization of SISO Systems

In this subsection, we discuss input-state linearization for single-input
nonlinear systems, linear in control or affine

&= f(z)+ g(x)u. (6.61)
with f and g being smooth vector fields.

We study

@ when such systems can be linearized by state and input
transformations,

@ how to find such transformations,

@ how to design controllers based on such feedback linearizations.
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53 Input-State Linearization of SISO Systems

Definition 6.6 A single-input nonlinear system in the form (6.61), with
f(z) and g(z) being smooth vector fields on R, is said to be input-state
linearizable if there exists a region ) in R", a diffeomorphism ¢ : Q — R,
and a nonlinear feedback control law

u=a(z)+ p(x)v (6.62)

such that the new state variables z = ¢(z) and the new input v satisfy a
linear time-invariant relation

i=Az+ by (6.63)

where
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53 Input-State Linearization of SISO Systems

Remarks:

@ The new state z is called the linearizing state, and the control law
(6.62) is called the linearizing control law. To simplify the notation,
we often use z to denote not only the transformed state, but the
diffeomorphism ¢ itself, i.e., z = z(x).

@ Note that the transformed linear dynamics has its A matrix and b
vector of a special form, corresponding to a linear companion form.
However, this loses no generality, because any representation of a
linear controllable system is equivalent to the companion form (6.63)
through a linear state transformation and pole placement. Therefore,
if (6.61) can be transformed into a linear system, it can be
transformed into the form prescribed by (6.63) by using additional
linear transformations in state and input.
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53 Input-State Linearization of SISO Systems

Remarks:

@ From the canonical form (6.63), input-output linearization is a special
case of input-state linearization, where the output function leads to a
relative degree n. This means that if a system is input-output
linearizable with relative degree n, it must be input-state linearizable.

@ On the other hand, if a system is input-state linearizable, with the

first new state z; representing the output, then zgn) =u, i.e., the

system is input-output linearizable with relative degree n.
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53 Input-State Linearization of SISO Systems

We summarize the relationship between input-output linearization and
input-state linearization into the following lemma.

Lemma 6.3 An nth-order nonlinear system is input-state linearizable iff
there exists a scalar function z;(x) such that the system's input-output
linearization with z1(z) as output function has relative degree n.

Note, however, that the above lemma provides no guidance about how to
find the desirable output function z;(z).
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53 Input-State Linearization of SISO Systems

At this point, a natural question is: can all nonlinear state equations in the
form of (6.61) be input-state linearized? If not, when do such
linearizations exist?

The following theorem provides a definitive answer to that question, and
constitutes one of the most fundamental results of feedback linearization
theory.

Theorem 6.2 The nonlinear system (6.61), with f(x) and g(x) being
smooth vector fields, is input-state linearizable iff there exists a region 2
such that the following two conditions hold:

o the vector fields {g,adyg, ... ,ad}‘_lg} are linearly independent in ;
o the set {g,adysg,... ,ad?_zg} is involutive in €.
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53 Input-State Linearization of SISO Systems

Remarks:

@ The first condition can be interpreted as simply representing a
controllability condition for the nonlinear system (6.61). For linear
systems, since f(z) = Az, g(x) = b, we have ad}g = (—1) A’D,
j=1,2,--- (n—1). Thus, linear independence of the vector fields

{gaadfga v ’ad}lilg}

is equivalent to the invertibility of the familiar linear controllability
matrix.
(b, Ab, ..., A" 1b).

@ The involutivity condition is trivially satisfied for linear systems (which
have constant vector fields), but not generically satisfied in the
nonlinear case.
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Before proving Theorem 6.2, we state a technical lemma.

Lemma 6.4 Let z(x) be a smooth function in a region 2. Then, in €, the
set of equations

Lgz=LyLyz=...=LyL5z=0 (6.64)

is equivalent to
Loz = Lagsgz = ... = Lad;;gz =0 (6.65)

for any positive integer k.
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Proof:

Let us show that (6.64) implies (6.65) .

When k = 0, the result is obvious. When k = 1, we have from Jacobi’s
identity (Lemma 6.1)

Ladfgz = LngZ — LgLfZ =0-0=0
When k = 2, we further have, using Jacobi’s identity twice (see (6.59))
Logz g2 = L3Lgz—2LgLgLyz+ LygL32=0-0+0=0

Repeating this procedure, we can show by induction that (6.64) implies
(6.65) for any k. One proceeds similarly to show that (6.65) implies (6.64)
(by using Jacobi's identity the other way around).
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Proof of Theorem 6.2:

(Necessity) Assume that there exist a state transformation z = z(z) and
an input transformation u = «(z) + S(z)v such that z and v satisfy (6.63).
Expanding each line of (6.63), we obtain a set of differential equations

821 621
! T =
822 822
2R
Oz, Oz,
% + %gu = .
Since z1, ..., 2z, are independent of u, while v is not, we conclude from the
above equations that
Lgzy = Lgzo = ... = Lgz,—1 =0, Lgz, #0 (6.66)
szi:z,-H, izl,...,n—l. (667)
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By Lemma 6.4, equation (6.66) implies that
Ve adig=0, k=0,1,2,....,n—2. (6.68)
Furthermore, we can show
-1
V2 ad}Z g= Ladf(ad}b”g)zl
= LfLad’fHQQzl — Lad;ﬁ’2gLfZ1
— 0 - Lad?72922
=...= (—1)”_1ngn.

This implies that
Vz1 ad} g #0. (6.69)
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(6.68) and (6.69) means the vector fields {g, adyg, ... 7ad}“lg} must be linearly
independent for each x € ). In fact, if for some number i < n — 1, there existed

scalar functions a;(x), - -+, a;—1(x) such that
adyg = Z aradjg,
then
] . % n—2
[f,adg) = ad g = agadlg,--- ,[f,ad} *gl =ad} lg= > agadlg.
k=1 k=n—i—1
This, together with (6.68), would imply that
n—2
Vzlad?_lg = Z aszlad’;g =0
k=n—i—1

a contradiction to (6.69).
The set {g, adyg, ... ,ad?_2g} is involutive follows from the existence of a scalar
function z; satisfying the (n — 1) partial differential equations in (6.68), and from

neorem
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(Sufficiency) Since the involutivity condition is satisfied, from Frobenius
theorem, there exists a non-zero scalar function z;(z) satisfying

Lyz1 = Ladpg21 = -+ = Lygn-2y21 = 0. (6.70)
By Lemma 6.4, the above equations can be written as

ngl - LgLf21 = ...= LgL?_221 = 0
]T

This means that if we use z = [21 Lz ... L?*lzl as a new set of

state variables, the first (n — 1) state equations verify
2}k:Zk+17 k':l,...,n—l
while the last equation is

o = L}z + Lyl ' 21 (6.71)
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We now show that Lg[/}_lzl cannot be equal to zero. In fact, by Jacobi
identity,

Lad:}*gzl = Ladf(ad?*2g)21

= LfLad;—zgzl - Lad;}_2gLfZ1

=0- Lad?_szle

== (=)L L
we must have

LgL’;—lzl £0, VYze
Otherwise, the non-zero vector Vz; would satisfy
Vzi [g adsg ... ad’;_lg] =0

and thus would be orthogonal to n linearly independent vectors, a
contradiction to the fact that the vector fields {g,ad¢g, ..., ad?*lg} are
linearly independent in €.
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Therefore, by taking the control law to be

—L}‘zl +v
U= —"
Lyl 'z
equation (6.71) simply becomes
Zn =

which shows that the input-state linearization of the nonlinear system has
been achieved. The proof is thus completed.
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Based on the previous discussion, the input-state linearization of a
nonlinear system can be performed through the following steps:

1) Construct the vector fields {g,adg, . ..,ad” g} for the given
f f
system.

(2) Check whether the controllability and involutivity conditions are
satisfied.

(3) If both are satisfied, find the first state z; from equations (6.70), i.e.,

V21 ad’}gzO, 1=0,....n—2, Vzx ad?_lgaéO.

(4) Compute the state transformation z(x) = [21 Lfz1 ... L;}*lzl]T and
the input transformation (6.62), with
L%z 1
on)=-r s B =
LgLf Z1 LgLf 21
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The Robot Example: Recall that with the state vector as

r=[n @ @ §@

the corresponding vector fields f and g can be written

MgL k
f = [x2 - liqsmxl—j(xl—xg) x4 j(ml—xg)]T
1
=0 00 ="
9 [ 7]
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The controllability matrix is obtained by simple computation

o0 0 -5

[g ads g ad? g ad3g]: 00 % 0
o adiol=lo oy g

Lo —-% o

It has rank 4 for k > 0,1J < oo. Furthermore, since the vector fields

{g ady g adff g} are constant, they form an involutive set. Therefore,
the system is input-state linearizable.
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Let us find out the state transformation z = z(x) and the input
transformation u = «a(z) + f(x)v so that input-state linearization is
achieved. From (6.68), z1(x) must satisfy the following equations:
071 071 0z1
——g=0, ——ad;g=0, —ad2g=0
ar? =0 g MMITE Ty I
Given the above expression of the controllability matrix, the first
component z; of the new state vector z should satisfy
0z 0z 0z
g, oo, oo
Oy Oxs 02
Thus, z; must be a function of x1 only. In fact, any smooth function of x;
satisfies the above equations, but the simplest non-zero solution to the
above equations is

Z1 = X1 (6.72)

Jie Huang ( MAE, CUHK) Input-Output linearization 106 / 113



53 Input-State Linearization of SISO Systems

The other states can be obtained from z;

zZ9 = VZl f ) (673)
MgL k

z3 = Vaf=-— g sinxy, — f(xl —x3) (6.74)
MgL k

zg = Vzf=-— IZ wocoszy — T(xg — T4) (6.75)

Accordingly, the input transformation is

v—Vzu f
= _=J 6.76
u Vg (6.76)

which can be written explicitly as
u=—(v—a)) (6.77)

where
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MglL Mgl k
a(z) = J sinzi (3 + 292 cosmy + =)
I I I
k k k MgL
+ @ —m)(F 5+ Ig cosa1)
As a result, we have
21 = 29
22 = Z3
Z3 = 2
24 =

thus completing the input-state linearization.
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Finally, note that

e The above input-state linearization is actually global, because the
diffeomorphism z(x) and the input transformation are well defined
everywhere. Specifically, the inverse of the state transformation is

rr = 2
T2 = 22
I .
r3 = 21+ E(Z?’ + sinzy)
I MgL
Ty = 29+ E(Z4 + 7 29€0821)

which is well defined and differentiable everywhere. The input
transformation (6.77) is also well defined everywhere.
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e In this particular example, the transformed variables have physical
meanings. We see that z; is the link position, z5 the link velocity, z3 the
link acceleration, and z4 the link jerk. This further illustrates our earlier
remark that the complexity of a nonlinear physical model is strongly
dependent on the choice of state variables.
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e In hindsight, of course, we also see that the same result could have been
derived simply by differentiating the first motion equation of the robot
twice, i.e., from the input-output linearization perspective of Lemma 6.3.
Note that inequality Vzlad;ﬁfl g # 0 can be replaced by the normalization
equation

Vzlad?_l g=1

without affecting the input-state linearization. This equation and
Vzlad’fg =0,7=0,1,...,n — 2 constitute a total of n linear equations
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Z1
021 0
ad® g ad I 2g ad! o
f g a f g e o e a f g a f g ..
Oz1
O0Tp—1
0z1 1

L Oz,
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Given the independence condition on the vector fields, the partial
derivatives g—ill, - g% can be computed uniquely from the above
equations. The state variable z; can then be found, in principle, by
sequentially integrating these partial derivatives. Note that analytically
solving this set of partial differential equations for z; may be a nontrivial
step (although numerical solutions may be relatively easy due to the

recursive nature of the equations).
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