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[Tl 1  Introduction

Consider
y" = a(x) + B(z)u
or
.Cbl = X2
In—-1 = In
Ty = ax)+ B(x)u
y = x1 (7.1)
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Tl 1 Introduction (cont.)

Input-output linearization consists of two steps.

Step 1. Input transformation

_ —a(z)+v
B(x)

which results in a linear system in chain integrator form

:E1:$2
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Tl 1 Introduction (cont.)

Step 2. Using linear control

v = y((in) —ape™ D — 16— ape
to yield

e™ + a1e™ D 4+ L+ ap_1é + ane = 0.

Limitation: «(z) & S(x) must be known precisely.
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Tl 1 Introduction (cont.)

Example 1. Consider a single link robot

JO — mglsing = u

or
.%"1 = X9
. u + mgl sin 6
Tro9 = ﬁ
y = I1

where J is moment of inertia, m is total mass. Clearly,

u=Jv—mglsing (7.2)
makes
r1T = X2
.@2 = .
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Tl 1 Introduction (cont.)

However, generally J (moment of inertia) and m (total mass) are not
known exactly. Therefore instead of (7.2), one usually uses

u = Juv — 1hglsin (7.3)

where .J and 7 are estimates of .J and m, respectively. Under (7.3), we
have

. Jv 4 (m — 1) glsin 6
Tro = 7

or

. Ju4 (m—m)glsiné
y: J °
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Tl 1 Introduction (cont.)

Further application of v = §j; — ase 4+ 1€ will not give
€+ ai1é+ agze = 0.
Therefore the control law cannot guarantee lim;_,, e = 0.

Conclusion: Input-output linearization cannot achieve asymptotic
tracking when there is uncertainty in the plant.
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[C] 2 Sliding Control

2.1 Problem description J

Given (7.1) and yq4(t), let e = y — y4 and define

s=em™ D 4 ae2 4 4, qe (7.4)
where aq, ...,c,—1 are such that

ML N2 oA an (7.5)

is a stable polynomial.
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Tl 2.1 Problem description (cont.)

We call a nonlinear controller

a sliding controller if u achieves

1ds?

Qdist < —nls| for some n > 0 (7.7)
Geometrically, s = 0 can be viewed as a surface in R" space (Fig. 7.2) and
is called a sliding surface. The condition described by (7.7) is called sliding
condition.
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Tl 2.1 Problem description (cont.)

Roughly speaking, (7.7) states that the squared "distance” to the surface
decreases along all system trajectories.

S(t)

Figure 7.2 : The sliding condition
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) Interpretation of the sliding condition

Observation: If for some t(, the trajectories of the closed-loop system x(t)
satisfies

s(t) =0, t > to, (7.8)
then (7.4) implies
At e =0

since (7.5) is stable.

Next assume s(0) # 0. Without loss of generality, assume s(0) > 0, and
note that (7.7) is equivalent to

§< —n, 5s>0 (7.9)

§>n,  s<0 (7.10)
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Tl 2.2 Interpretation of the sliding condition (cont.)

Assume s(t) > 0 for 0 < ¢ < T'. Integrating (7.9) gives

T T
/ sdr < / —ndt whenever s > (
0 0

— s(T)—s(0)<—nT <= s(T)<-—nT+s(0).

Thus for some T' < #, lim s(t) = 0.

t—T
Similarly, if 5(0) < 0, we have, for some 7' < =%(0)
lim s(t) = 0.
et =0

Jie Huang ( MAE, CUHK) Sliding Control



Tl 2.2 Interpretation of the sliding condition (cont.)

Therefore, for any s(0), there exists some 1" < @ such that

s(t)=0, t>T.
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Tl 2.2 Interpretation of the sliding condition (cont.)

Conclusion: If a controller is such that the closed-loop system satisfies
sliding condition (7.7) for some 1 > 0, then for any z(0), the trajectories
x(t, o) will reach the sliding surface in T' < @, and then z(t, zg) will

remain in s(t) =0 for all ¢ > T'. Thus (7.4) and (7.5) guarantee

lim e(t) = 0.

t—o00

X

Figure 7.3 : Graphical interpretation of equations (7.3) and (7.5) (n =2)

Jie Huang ( MAE, CUHK) Sliding Control



[C] 2.3 Achieving sliding condition

Step 1: Achieving

s=wv
Since
s = ™ pae™ VD  ta, e

— (y(n) _y&n)) Fae™ DL +a, e

= (a(z)+ B(z)u — yc(ln)) + e L ané,
letting

v —ar) + y((in) —ape™ D — | —q,_ 1€
u =
B(z)

gives 5 = v.
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Tl 2.3 Achieving sliding condition (cont.)

Step 2: Define a sign function sgn(s) as follows

1 5s>0
sgn(s) =< —1 5<0
0 s=0

Let v = —¢(x)sgn(s) where ¢(x) is a function satisfying

¢(x) >n V.
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Tl 2.3 Achieving sliding condition (cont.)

Then

o(x) >n 5<0
or

1 ds?

S ar S —nls|
Thus

—¢(x)sgn(s) — al(z) +y,"” — oel

e — Ozn_lé

achieves sliding condition.
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24 SETPNIE

i = —1.5¢9%cos3y + u

or
Tl = T2
iy = —1.5z2cos3z +u=a(z)+ (z)u
y = n
where a(z) = —1.523 cos w1, B(z) = 1. Given any y4(t), we want to
achieve
1ds?
5o < —mlsl for =1
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Tl 2.4 Example 2(cont.)

Solution:  Since n = 2, define s(t) as follows
s(t) = €é(t) + aqe(t) where a; > 0.

Therefore by (7.11),

T— ol S (7.12)

where ¢(z) > 1 V.

Substituting ¢(z) = 2, a(z) = —1.523 cos 371, B(z) = 1 and
s=é+are=(y—9q) + a1(y — yqa) = (x2 — 9q) + a1 (x1 — yq) into
(7.12) gives

u = —2sgn(xy + a1z — (g + a1yq)) + 1.523 cos 1 + fg — a1 (w2 — 94)

= k(%iUd;Qd;?jd)-
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[C] 2.5 Robustness property of sliding control

Consider

y™ = a(x) + B(x)u.
Assume «a(x) is not known exactly. Let

a(z) = &(x) + Aa(x)

where &(x) is an estimation of a(z), and A«(x) is the estimation error.
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[Tl 2.5 Robustness property of sliding control (cont.)

Assume the bound of Aa(x) is known, i.e. there exists a known function
F(z) such that

|Aa(x)| < F(x), V.

Let ¢(z) = n+ F(z). Then under the controller

L —9(@)sgn(s) — a(e) +yy” ol . —ayaé (713
B B(z) '
we have
Y™ = —g()sgn(s) + Aa(z) + i — eV — .~ ap1é
or
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[Tl 2.5 Robustness property of sliding control (cont.)

x)sgn(s) + Aa(x)

$ = —¢(x)
_ {—¢(:1:)+Aa(:1:) s>0
o(x) + Aa(x) 5<0
_ {—n—F(:U)—i—Aoz(x) s>0
n+ F(z) + Aa(z) s<0
_ { — (F(z) — Aa(r)) < - 5>0
+ (F(x) + Aa(z)) > n 5<0
1ds?
§E_—77’3’

That is, even if a(z) is not known exactly, controller (7.13) can still
achieve sliding condition by utilizing the estimation of «a(z) in the

controller.

Sliding Control
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[Tl 2.5 Robustness property of sliding control (cont.)

Remark:

(i) Since the controller (7.13) can tolerate certain model uncertainty, we
say that the controller is robust with respect to the model uncertainty.

(i) Sliding controller can also handle model uncertainty associated with

Jie Huang ( MAE, CUHK) Sliding Control



[Tl 2.5 Robustness property of sliding control (cont.)

Example 3.
i = —aj? cos 3y +u where 1 <a <2
T = @
= ity = a(z)+ B(z)u
y = 1

where 21 =y, 2 = ¥, a(z) = —az3 cos 3z, B(x) = 1.

Objective: find v = k(z, Y4, Ya, §a) so that

1ds?
i —nls| for some n >0

\
|
AN

where s = é 4+ aqe with e =y — yg and a1 > 0.

Sliding Control
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[Tl 2.5 Robustness property of sliding control (cont.)

Let &(x) = —1.523 cos 3w1. Then a(z) = &(x) + Aa(z)
where Aa(z) = a(z) — &(x) = (—a + 1.5)x3 cos 377.

Clearly |Aa(z)| < 0.523| cos 3x1| = F(x).

Let ¢(x) = n + 0.523| cos 3x1|. Then, by (7.13),

u=—¢(x)sgn(s) — a(x) + g — aré (7.14)
achieves
}diﬁ _ ‘ |
2at — M
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Tl 2.6 Remarks

(i) o1,...,an_1 are such that A" ™1+ ;A" "2 + .+ ap oA+ a1 is
stable.
For simplicity, we can always choose aq,...,a,_1 such that

AN a2t an o Nty = A+ oz)”_1 for some o > 0.

For example, when n =3, A2 + aj A + s = (A +2)2 = A2 + 4\ + 4

(i) missuch that T < |S(£)|. The smaller n is, the larger T is.

(iii) Make ¢(x) as small as possible but larger than n + F'(x) to reduce
the control power and the chattering phenomenon.

Jie Huang ( MAE, CUHK) Sliding Control



Tl 2.6 Remarks (cont.)

(iv) Chattering phenomenon

Due to the presence of the function sgn(s) in the control law, the control
law is not continuous across s(¢) = 0. Since the implementation of the
control switching is imperfect in practice because, for instance, the
switching is not instantaneous and the value of s is not known with infinite
precision, the control law may lead to chattering phenomenon shown in
Fig. 7.4. Figure 7.7 shows the control input and tracking performance
under control law (7.14).

-

Figure 7.4 : Chattering as a result of imperfect control switchings

chattering
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Tl 2.6 Remarks (con

Consider again Example 3 given in the robustness property analysis, and
assume that the desired trajectory is yq = sin(7t/2). Figure 7.7 shows the
tracking error and control law using the switched control law. We see that
tracking performance is excellent, but is obtained at the price of high
control chattering.

2 60 E le-04
g
_— 4 o0
g 40 £ se0s
5 o
S 20 g
0e+00
0.0
20 -5¢-05
40 L . ) le-04 L . L )
0.0 1.0 20 3.0 4.0 0.0 1.0 20 3.0 4.0
time(sec) time(sec)

Figure 7.7 : Switched control input and resulting tracking performance
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Tl 2.6 Remarks (cont.)

Chattering is undesirable in practice because it incites high frequency
dynamics neglected in the course of modeling. To avoid chattering, we can
introduce a saturation function sat(s) as follows

1 s>1
sat(s) = s —1<s<1
-1 s < —1
sat(s)
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Tl 2.6 Remarks (cont.)

Replacing sgn(s) by sat(Z) with € > 0 in the control law gives an
approximate control law as follows:
—¢(x)sat(2) — a(x) + yc(ln) —ae™ N - — e

Blx)

This control law cannot make ltlim e(t) = 0, but can make e(t) sufficiently
—00

u =

small by having ¢ sufficiently small.

It can be expected that the discontinuous control law u is suitably
smoothed to achieve an optimal trade-off between control bandwidth and
tracking precision, and chattering is avoided.
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Tl 2.6 Remarks (con

If we utilize the control law with saturation function, the control input and
tracking performance are shown in Figure 7.8. It can be seen that the
tracking performance, while not as “perfect” as above, is still very good,
and is now achieved using a smooth control law.

error

ontrol input

tracking

Je+00

ume(sec)

Figure 7.8 : Smooth control input @nd resulting tracking performance
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D Exercises

Consider the single-input, single output system

.%"1 = X9
Tp-1 = Tn
Tn = a(z)+ p(z)u
y = n
where = (x1,--+ ,2n_1,2,)", a(x) and B(x) are continuous for all

x € R", and are not known exactly. Assume there exist known functions
&(x) and F(x) such that, for all z, |a(z) — &(x)| < F(z). Also, assume
there exist two known positive real numbers b,,,;, and b;,q. such that

bmin < B(x) < bpae  for all x (7.15)
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Tl Exercises (cont.)

(a) Define the estimate B of B(x) by B = (bmmbma:c)l/2 and let
b = (bimaz/bmin)*/?. Show that

o B
b S % S b forall z
(b) Show that
,3(6.1‘)_1 <b-1 (7.16)

(c) Given any smooth time function y4(t), t > 0, let e = y — y4 and
s=em1) 4 ale(”_Q) + -+ 4+ ay_1e for some real number

a1, -+, anp_1. Show that, for any n > 0, u = 3*1[11 — ¢(x)sgn(s)],
where @ = —a(x) + y((in) — e — ... — @, 1é and
¢(x) > b(F(x) +n)+ (b—1)]a| for all x, is such that
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Tl Exercises (cont.)

Solution:
(a) Since
bmin < B($) < bmaxa
we have
1 1 1
< < .
bma:v o ﬂ(ZE) o bmin
Then ) X )
(bmin bmaa:) 2 6 (bmzn bma:c) 2
< < ,
bmaw - ,3(.%') N bmzn
which is equivalent to R
_ B
bl< <. 7.17
<3 < (7.17)

Sliding Control
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Tl Exercises (cont.)

(b) By definition, b > 1. Thus,

1 V—b—b+1 (b—1)>
I — — = = >
(L-1)-amn -2t Ll

which gives (7.16) since

1< P <o (7.18)

bob= B()

S =
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Tl Exercises (cont.)

(c) By (7.16), we have

b(F(x)+n)+ (b—1)a] > B(B@(F(x) +n) + /B(ﬂx) —1{|al. (7.19)
Now consider
§ = e™ o™ V4 4,6
— @)+ A@) + B@)u—y" +are™ D 4 a6
= @)+ H i~ ota)sonts) - i
NG (5(;) - 1> i 5;”)¢(x)sgn(s).
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Tl Exercises (cont.)

For s > 0,
i = A(m)+<ﬁg)—1>ﬂ—ﬂg)¢(ﬂ?)
B@) o B@ (B | 2
RCEs S L (xam(””( e 1")
= —-n s>0 (7'20)
For s <0,
§ = A(m)+(ﬁ(§)—1>a+ﬂg)¢(w)
1@ e B (B e+ | 1l
> Az) ’ 5 1‘| |+ 5 (5(:;;)<77+F( ) + 5@ 1||>
> 7, s<0. (7.21)
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Tl Exercises (cont.)

(7.20) and (7.21) imply
St < s
oaqr” = %

which completes the proof.

Jie Huang ( MAE, CUHK) Sliding Control



	Introduction
	Sliding Control
	Problem description
	Interpretation of the sliding condition
	Achieving sliding condition
	Example 2.
	Robustness property of sliding control
	Remarks


