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A Beam with a Surface Mounted Piezoelectric Element

A

Controller [«— From Sensor

Voltage
w (x 0 Source f(x 1
[—> x
X
L

Assumptions:

The piezoelectric element is perfectly bonded

The applied voltage is uniform along the beam, i.e., v(x,?) = v(¢)

Potential energies:

1 L 3*w)
v, =5j0 Eblb(ﬁj dx

Lee . (02w)
v, :EJ-O Ep[p(axv;J [H(x—xl)—H(x—xz)]dx

where H is the Heaviside’s function.

Kinetic energies:

1 ow\’
EJ-O pbAb(Ej dx

T, ——I ( j [H(x—x,)—H(x—x,)ldx

(1)

2)

3)

4)



Virtual work:

= LL (6, )w(x, £)dx
From the constitutive equation of the piezoelectric materials,
S, =sT, +d,E,
T, =E,(S, —dyE;)

wv(t)

where £, =L , E, =—
S t,

The virtual work done by the induced strain (force) is:

j E dslbv(t)ﬁ(a

where b is the width of beam and piezo layer
_(t,+e, ow
u, == —
2 Ox

t, +t
Leta=2—2
2

][H(x x)—H(x— xz)]dx

L *w
W, ==[ E,d,abv(t) o

Apply extended Hamilton’s principle,

_[1 (5]-' 6V+6WNC)

J; ({ f, o1 ( )dX}”{ [, PpAp(aWj [H(x=x,)~ H(x - x»]dx}
0w 1 0w
{ ij b(axzj dx}—é{ajo Eplp[ax )[H(x x,) = H(x - x,)ldx }

2

+ j F(x, )W, t)dx — j E d31abv(t)5(a

=0

J[H(x—xl)—H(x—xz)]dx

J[H(x x,)— H(x —x,)ldx)dt
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[’ 5{% [ pbAb(%W) dx}dt - pbAb(a;WJdvdxdt (14)
—j j E,, 0w de dt

=
b 0°w ) { ow 0w !
=-["£,1, e d(axj dt + j Eyly| o |Ow

[ 5{% j: ppAp(aWj [H(x-x)~-H(x- xz)]dx}dt

" 4
dt [ [[E,1, (‘;—Y]szm (15)

- _-[tz J'OL pPAP(%th[H(x x,)— H(x —x,)]owdxdt (16)

_I { jEp1p£62 j[H(x x)-H(x- xz)]dx}dz
ox?
LSS VISR Le g
Ox

_ 0°w ow\"
-}, E,l, 6x_2 [H(x—x,)—H(x—x,)] a Odt

+ Itz J.L E,I, [63_”’ [H(x—x,)—H(x— xz)]é'(a—wjdxdt (17)
"o Ox

ox*

+r2 LEpIp(az—W [H'(x—x,) —H'(x—xz)]b-(g—w)dxdt
x

L

- ’ZE,,IP(‘:—Z”J[H(x—xl)—H(x—xz)]m dt - j ILEpI (a Wj[H(x x,) = H(x = x,)]owdxdt
1 X t Y0

0.

0

L

- I ILEPIP["}W [H'(x—x,) = H'(x = x,)]0wdxdt + jprl (az J[H (r=x) = H'(x = x;)]ow d

1 0 ox’ .

t (L 03W ' ' t (L 62W
| L EA| S [ x) — H =) 0wdds = | [ BT, o

1 90 ox*

j[H"(x —-x,)— H"(x = x,)]owdxdt



- - ” [ ' Epdnabv(t)é'(gzv;J[H(x ~x,) = H(x - x, )]dxdt
n 0 1

— _ J-ttz J-OL E ,dyabv(t)[H"(x —x,) — H"(x — x,)]|owdxdt (18)

Substituting egs. (14) - (18) into eq. (13),

e aZW 62w a4w
'[1 {.[o (_p[;Ab(?J - ppAp(?j[H(x —xl) —H(x —xz)] _Eblb(ax_“j

*w

ox*

_Eplp(a4ZVJ[H(x —x) - H(x-x,)] —2Ep[p(
0x

j[H'(x_xl)_H’(x_xz)]
(19)

9w

-E,, (_6 > J[H"(x —x,) = H"(x =x,)]+ f(x,t) = E dy,abv(t)[H"(x = x,) = H"(x = x,)])Owdx
X
~E,I, (az_de(a_w] +E,I, (63_“}}5% Vdt =0
ox* ox )|, ox® .

For arbitrary ow in 0 <x <L,

Equation of motion:

9w 0*w 0w a*w
Py4, o B, ot 10,4, or> tE], o [H(x=x)~H(x~x,)]

63 , , 62
+2Ep1p(%j[f1 (x—x,) = H'(x~x,)] +Ep1p(a lid

2
X

J[H"(x —x)~H"(x=x,)] (20)

+E,dyabv(O[H"(x = x) = H"(x = x,)] = f(x,0)

L 03 L
=0 and | —= || =0 1)
ox’
0 0

with boundary conditions:

i






