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Liuchao JIN MAEGS5080 Smart Materials & Structures Assignment #4

Problem 1

(40 points) Two plane pendulums, masses m: and my, are connected by respective
massless rigid links L1 and L2 shown in the figure. Those two links are coupled via
a spring of stiffness k at a distance a from the supports. The spring is unstretched
when the links are vertical. The pendulums are respectively excited by external
forces F(t) and F2(t), which remain horizontal at all times. Derive the equations of
motion for the system. Assume small motions on the plane.

Solution:
In terms of generalized coordinate g, the Lagrange’s equation subject to a generalized force

has the form

d (0T\ 0T oD JU
|- Fo 55 =0 (1)
dt \dq dq 0q Odq
Kinetic energy:
1 -2 1 s 12
T = 57711 (L191) + 51’)12 (LQQQ) (2)
Potential energy:
2
1 . (61— 62
U=migLi (1 —-cosf)+magls (1 —cosfs) + §k 2a sin 5 3)
Rayleigh’s damping (or dissipation) function:
D=0 4)
Generalized force: 5
r .
Q:Zl:Fl-a—ql:FiLicosHi, i=1,2 5)
For q1 = 91,
d (0T or oD JdU
- ( . ) - +—+ =0 (6)
dt\dq1] 0dq1 9dq1 9qi
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d .
= (r1L301) = 0+ 0+ migLy sin 0,

1 61-0 1 6,-0
+§x2k(2asin( 12 2))><2a><—cos( 12 2)=F1L1(:0501

2
mlL%él +myigLysinf + ka? sin (01— 62) = F1Lq cos 0

For q2 = 92,

i(&T)_ oT 0D U _
dt \dq2] 0q2 9042 0q2
d

E (I’IQL%QQ) —0+4+0+mogLasinby

1 61-0 1 6,-40
+§><2k(2asin( 12 2))><2a><(—§cos( 1 2)):F2L2(:0502

2
mngég + mog Ly sin Oy — ka?sin (61— 02) = Folocos 0o

Therefore, the equations of motion for the system is

mlL%§1 +migLisin 01 + ka®sin (6, — 02) = F1 L1 cos 61
maL205 + magLy sin Oy — ka? sin (01 — 02) = FaL cos 02

For the small motions on the plane, the equations of motion for the system is

mlL%Q.l + mlgL191 + ka2 (91 - 92) =FiL{cosf;
mngéQ + ngLQQQ - ka2 (91 - 92) = FyL9 cos 09
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Problem 2

(60 points) Consider a simply-supported uniform beam with PZT actuators
mounted on its top and bottom surfaces between x = x; and x = X2. The patches are
activated so as to produce pure bending in the beam. A discrete force Fq (t) has been
applied at x = Xq.

(@) Derive the partial differential equation for the transverse beam response w(x,t) using
extended Hamilton’s Principle.

(b) Applying Galerkin’s method with comparison functions (Hint: you may use
@, (X) =sin(rzx/ L)), determine the discretized ordinary differential equations (use

three expansion terms, i.e., N = 3). Assume the damping matrix C =aM + K ,

where ¢ =0.6 and f=1.2x10"°,

(c) Changing the second order differential equations into the state space form, then use
state feedback u = - Kcx for the system, where control gain is given as Kc = [-55400
-22549 15848 -753 -249 174]. Under an impulse excitation for Fq(t)with magnitude
1/100 N.sec, plot the time response of transverse displacement at x = 0.6L for the
cases without and with control (0 to 0.5 sec). Also plot the corresponding voltage
for the controlled case (0 to 0.5 sec).

The rectangular cross sections of the beam and PZT are given as: width b = 2 cm,
thickness t, = 2 mm, and t, = 0.6 mm, respectively. Other parameters are given as

follows: L = 50 cm, x1 = 15 cm, x2 = 24 ¢cm, x¢ = 30 cm, d,, =-175x10"% m/V,
Py, = 2700 kgim?®, p =7600 kg/m?®, E, =7x10" N/m? E, =6.5x10" N/m?.

Fa(t
2 nW()C,l) A )
4—)Cj—>|
PZT elements
4 .?Cd -
< L
Solution:
(a) Potential energies:
1 [t 8%w\?
=— Eyly | — 14
Vi 2/0 bb(axz) dx (14)
L aQW 2
Vv :/ E,l,|—| [H(x—-x1)—-H(x—x2)] dx (15)
0 Ox?

where H is the Heaviside’s function.
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Kinetic energies:

1 [t ow

T, = = A d 16
bQ/OPbb(at)x (16)

L ow >
T, = PpAp B [H (x —x1) — H (x —x2)] dx (17)

0

Virtual work: L

oW, = / f(x,t) 6w (x,1) dx (18)
0
From the constitutive equation of the piezoelectric materials

S1=s5T1 +ds1 E3 (19)
Ty = E, (S1 — d31E3) (20)

where E,, = ,15 ,Es = %)
ST

The virtual work done by the induced strain (force) is:

L ou
oW, = 2/ E,d31bv (t)5( o ) [H(x —x1) — H(x —x2)] dx (21)
0
where b is the width of beam and piezo layer. and

Iy+1tp\ ow
= — -— 22
“r ( 2 ) Ox (22)

tp+tp

Leta = 5

82

L
5Wp:—2./0 E d31abv(t)6(a 3

) [H (x —x1) — H (x —x2)] dx (23)
Apply extended Hamilton’s principle:

12
/ (6T = 6V +Wye)dt =0 (24)
t

12 L 2 L 2
/z (5 {%'/0 PrAp (%_v:) dx} +0 {'/0 PpA, (%_v:) [H(x—x1)—H(x —x9)] dx}) dt
2. \2 L 2.1\2
/ ( { / Eply (%) dx}+6{/o E,I, (%) [H(x —x1) — H(x —x9)] dx}) dt

L
( £ (1) 6w (x,1) dx — 2/ Edglabv(t)é(azw)[H(x x1) - H(x - xg)]dx)dt—O

(25)

—+
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/ttza{%/L bAb(aav:)de} di
/ / p,,A,,—(s(a )ddx
/ / o Abawa(aw) 26)
:/ (pbAba )5w|’2 dx—/ /t2 0 (pbAb )6wdtdx
/ / pbAb—éwdtdx

52) (aw)
= Epl,— | 6 —
A(bbaxz

—/.t2E[62_W56_W
-y P ox2 Ox

/ ( b 2) g E;;Cw)dxdt

12 P 02 L
(9)6 (Eblb o 2) 5W|Odt

12
/ / (Eb]b ) owdxdt

3w
dl—/ Eblba 5W|Odl‘

/ / Eblb—éwdxdt

S:
|
— \

/ / Eblb—5wdxdt

* Similar to the derivation of Equation (26), the second term in Equation (25) can be

(27)

degenerated into

to L 2
/t1 ) {'/0 PpAp ((z?_v:) [H(x—x1) — H(x —x9)] dx} dt

L to (92W
= —2/ / ppApW [H (x —x1) — H (x —x2)] Swdtdx
0 1

(28)
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_/tzé{/LEI ((222) [H (x — Xl)—H(X—XQ)]dX}dt
/ / E,I, 2( )[H(x x1) — H(x—xﬂ]é(%)dxdt

L
:—2/ (E I aax [H (x —x1) — H(x—xz)])é(i—:)odt
+2/ ( pa 5 [H(x x1)—H(x - XQ)]) giw)d dt
1o 2 L
:—2'/l1 E,I, C22)[H(x xl)—H(x—xg)]é(aa—:)Odt

ta pL 3
+2/l1 ./0 E,I, (23)[H(x x1)—H((x—x9)]6 (aaz:)dxdt

ta pL 2
+2/l1 ./0 E,I, (22)[H’(x x1) —H (x —x9)] 6 (aaz:)dxdt

3w
=2 Eplp s [H(x —x1) — H(x —x9)] (5w|O dt
n

|
o}

to L 04
E,I H H(x - owdxdt
L e (G 1 =) = s s
to L 3
_2/ / o1y ((Z v;/) [H' (x —x1) — H (x — x2)] dwdxdt
H 0 X

E
L aZW / ’ L
+2 E,I, [H (x —x1) = H (x — x2)] 0wl dt
0 X
E

63
V;) [H' (x —x1) — H' (x — x2)] dwdxdt
X

& L aQW 4 144
- 2/t1 -/0 E,I, 6x2) [H” (x —x1) — H" (x — x2)] Swdxdt
(29)
to L 82W
—/ 2/ E,d31abv (t)é( )[H (x =x1) — H (x —x2)] dxdt
ho 40 ox* (30)

to L
= —2/ / Epdziabv (1) [H” (x — x1) — H” (x — x2)] Swdxdt
11 0
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Substituting Equation (26)(27)(28)(29)(30) into Equation (25) yields that

12 L 92 52w
J£ {Jg (_pbAb(Eig)‘zppA (afz)“¥¢f x1) = H (x = x2)]

4 4
_Eblb(aaxw) 2,1, (‘; 4)[H(x—x1)—H(x—XQ)]

6'3
—4E,1, (a )[H (x =x1) = H' (x = x9)]

oy 31)
_2EI (a 2)[H//(X—X1)_H”(x—x2)]+f(x,t)
—2E,ds1abv (1) [H” (x —x1) — H” (x — x2)] )éwdx
*w\ (0w 33w
—Eylp|—5| 0| — Epl 0 dt=0
b b(@xz) (Gx) TE b((?x ) W|O}
For arbitrary 6w in 0 < x < L, the equation of motion is
9*w 8%w 9w
PbAp (W)+ 20pA, (8 5 )+2E I, (8 4)] [H(x—x1) — H(x—x9)]
tw Bw\ . ,
+Eblb(6x4)+4EI (63)[H (x=x1) —H (x = x2)] 32)
9w .,
+2E,I, [H” (x —x1) — H” (x = x9)]
0x2
+2E,d31abv (1) [H” (x —x1) — H" (x —x2)] = f (x,1)
with boundary conditions
Atx=0, sw=0, Z¥=0
— — 3w _
Atx =L, ow=0, ﬁ—O
(b) Assume
W) = > 6 (x) g (1) (33)
i=1

where ¢; (x) satisfies all boundary conditions.
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Substituting Equation (33) into Equation (32) yields that

PbAb Y 60 (X) G (1) + Eply ) ¢ () i (1)
i=1 i=1

+|20p4p ) 8 (0) i (1) +2Ep1, D" ¢ () qi (1) | [H (x = x1) = H (x = x2)]

i=1 i=1
+4EpI, Z 6'¥ (x) i (1) [H' (x = x1) = H' (x = x2)]
i=1
+2E,1, Z o7 (x)qi (1) [H” (x —x1) — H” (x — x2)]
i=1

+2E,d3iabv (t) [H" (x —x1) —H" (x =x2)] = f (x,1) = ¢

(34)
Min g by (&, ¢;) =0,
L
:(s,qﬁj):/ e(x, )¢ (x)dx=0 j=12,..,n (35)
0
Equation (34) becomes
n L
poAD Zl /0 b1 (x) 6, (x) dx)
n L
+2p, A, (Z /O i (x) ¢ (x) [H (x = x1) = H (x = x2)] dx)]qi (1)
i=1
o [F W
+ |Eply Zl] /0 oY (x) ¢ (x) dx)
C t (4)
2 ) . - — _ d ;
+2E, I, 21] /0 oD (x) 6; () [H (x—x1) — H (x - x3)] x) )
, o
+ (4,0, | /0 6 (x) ¢ () [H' (x = x1) = H' (x = x2)] dx) g: (1)
L =1
: o
+|2E,1, Z /0 ¢! (x) ¢; (x) [H” (x —x1) = H” (x = x2)] dx) qi (1)
| =1 .
+2E,d31abv (t)/0 ¢j (x) [H" (x —x1) — H” (x —x2)] dx
L
—/0 £ (6,0 6 (x) dx =0
* L 4 L
/ 6.7, (x) dx = / g7 (x) ¢ (x) dx (37)
0 0
* L
/O 0 (¥) 6; () [H (x = x1) — H (x - x2)] dx (38)
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L
/0 0¥ ()¢ () [H' (x - x1) — H' (x - x2)] dx

= 6P (x) ¢; () [H (x —x1) — H (x = x2) ]|

L (39)
—/0 oW (x) @) (x) [H (x = x1) — H (x — x2)] dx
L
- [ 4 @8 @ 1 (=) = H (-]
L
/0 67 (¥) 6, (x) [H” (x - x1) — H” (x - x2)] d
= ¢/ (x) ¢; (x) [H' (x—x1) — H' (x - x2)][g
L
- /O 0P (x) ¢, () [H (x = x1) — H' (x - x2)] dx
L
- [ 00 0 ) = B =)
b (40)
:/0 6 (x) 6, () [H (x - x1) — H (x — x2)] dx
L
o [0 @ @ 1 ) H (5]
L
e [0 0000 1H (- 1) - H (3= x0)] d
) L
+ / 87 () 7 () [H (x = x1) — H (x — x3)] dn
0
L
/0 6; () [H” (x —x1) — H” (x - x)] dx
=¢; (x) [H (x —x1) - H (x —x2)][§
L
- [t ) - B - )
0 (41)

=—¢; (x) [H(x —x1) — H (x — x2)]|%

L
[0 e - H

L
= [t =) = H =) v = 6 ) = 8 ()
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From Equation (38), (39), and (40), we can get that
L
2 /0 o™ (x) @) (x) [H (x — x1) — H (x — x2)] d
L
44 / 0% (x) 6, () [H (x = x1) — H' (x - x2)] dx
’ L 42)
42 /O 67 (¥) ¢, (x) [H” (x = x1) = H” (x = x2)] d

L
=2 [ 6 007 @) [ (- 30) - H (- x0)] d
0

Substituting Equation (37), (41), (42) into (36) yields

n L
PrAs (Z‘ [ awew dx)
n L
+2p,A, (Z/O ¢i (x)¢; (x) [H (x —x1) — H (x — x2)] dx) Gi (1)
i=1

noaL
DI ACACTAT dx) “3)
i=1

n L
> /0 o7 () ¢ (x) [H (x = x1) = H (x = x2)] dx)
=1

+ | Eplp

+2E,1, qi (1)

L
26 duaby (1) (¢ () =0 x0)) = [ ) o )

Therefore, we can get that
n n
D mardr (1) 4 ) kaydr (1) = fo, (0 + fa, (1), s=1,2,..,n (44)
r=1 s=1

where mg = pyAp [} 6r () b5 (x) dx + 20, A [ 6, (x) s (x) dx
ko = Eply [ 67 (x) 87 (x) dx + 2B, 1, [ 67 (x) ¢ (x) dx
fo, (£) = 2E,dsiaby (1) (8] (x1) - ¢} (x2))
fa (0 = [ F (et ¢y (x) dx = [[7 Fa (1) ¢y (1) 6 (x = xg) dx = Fy (1) ¢ (x0)

Choosing ¢, = sin (rax/L),r = 1,2, ..., n satisfy all boundary conditions
Atx=0, ow=0, Lw_

352 "~ Because C = aM + BK, where @ = 0.6 and B =
At.x:L, (SWZO, _W_O

ox2
1.2x 1076
M {G}+C{q} +KA{q} ={fc}+{fa} (45)
fors =r,
m,, = % +ppA, (xz —x1) + 2 [sm (2"”1) i (2”2’“2)] (46)

4 (EplyL E,I 2 2
krr:(ﬂ) { b2b +E,I, (xo—x1) + gm’ [Sln( ﬂll:xl)—sin( ﬂl’:x2)]} 47)
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fors # r,
20pA,L | rsin () cos () s cos (£) sin (Z)
Mgy = 5 5 + 5 5
T s4—=r re—s
2E,I,L (srn? 2 [ rsin (%) cos (F%)  scos () sin (Z=
sr = T L2 §2 — 2 r2 _ 2
And
Je (t) = 2Epdsiabv (1) (%) (COS (szcl) — Cos (STQ))
. (STTXy
fa (1)) = Fa (1) 85 (xa) = Fu (1) sin (%)
(c) Let
t
xy= |1
g (1)

Equation (45) becomes

{G}=-MC{g} - MK {q} + M {f.} + M {f4}

In state-space form:
X =Ax+ Bu+ Eud

y = Cox + Du
where
0 Vi
A =
MKk —-M-1lC
T (cos (£x1) = cos (Tx2))
0 27 (cos (2£x1) = cos (Zxy
B = M1 2E,d31ab t ( ( - ) ( ' ))
2L (cos (%x1) — cos (%x2))
sin (Fx4)
5 0 ] sin (Qfxd)
M1 '

sin (2Zxq)

Because y = w (x,1) = 2.7, ¢, (x0) ¢r (t) where xo = 0.6L

C0:[¢1(x0) $2(x0) -+ Pu(x0) O O --- 0]1><2n

=[sin(0.67r) sin (1.27) -+ sin(0.6n7) 0 0 --- 0]1 ,
Xzn

and
D=0
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If we use the state feedback u = —K_x, the state-space of the sytem is

% =(A-BK.)x+ Buy

60
y=(Co— DK.)x ©0

The following codes are used to simulate the response of the system:

1 elec; clf; clear all;

2

3 % initialize

4

5 b = 2e-2;

6 L = 0.50;

7 x1 = 0.15; x2 = 0.24;

8 xd = 0.30;

9

10 Eb = 7el10;

11 pb = 2700; tb = 2e-3;

12

13 Ec = 6.5el10;

14 pc = 7600; tc = 0.6e-3;

15 d31 = -175e-12;

16

17 Ac = bxtc; 2Ab = bx*tb;

18 Ib = b*tb"3/12; Ic = bxtc”3/12+Acx (tb+tc)"2/4;

19 a = (tb+tc)/2;

20

21 % stiffness and mass matrices

22

23 N = 3; % no. of expansion terms

24

25 K = zeros (N);

26 M = zeros (N);

27 C = zeros (N);

28 Fc = zeros(N,1); Fd = zeros(N,1);

29

30 for r = 1:N

31 for s = 1:N

32 if r == s

33 K(r,s) = (pi*r/L)“4x (EbxIb*L/2+EcxIc* (x2-x1)+...

34 EcxIc*L/ (2+pix*r) « (sin (2xpirrxx1/L)-sin (2+pirr*xx2/L)));
35 M(r,s) = pbxAb*L/2+pc*Ac* (x2-x1)+...

36 pc*Ac*L/ (2+pi*r) * (sin (2xpixr+x1/L) —sin (2+xpirxr*xx2/L));
37 else

38 K(r,s) = 2+Ec*xIc+L/pi* (pi"2xr*s/L"2)"2%...

39 ((r+xsin(s+pi*x2/L) *cos (r+pi*x2/L) )/ (s"2-r"2)+...
40 (s*sin (r*pixx2/L) xcos (s*pi+x2/L))/(r"2-s"2)—...
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41 ((r+*sin(s*pi*x1/L) *cos (r*pi*x1/L))/ (s "2-r"2)+...
42 (s*sin(r+pixx1/L)+xcos (sxpixx1/L))/(r"2-5"2)));
43 M(r,s) = 2+«pc*Ac*xL/pix ((r+sin(s*pi*x2/L)*cos (r*pixx2/L))/(s"2-r"2)+...
44 (s*sin (r*pixx2/L) xcos (s*pirx2/L))/(r"2-s"2)—...
45 ((r*sin(s*pi*x1/L) *cos (r*pi*x1/L))/ (s"2-r"2)+...
46 (s*sin(r+pixx1/L)*xcos (sxpi*x1/L))/(r"2-58"2)));
47 end

48 end

49

50 % due to voltage input

51 Fc(r) = 2+xaxEcxd31+bx (pi*r/L) * (cos (r*pixx1/L)-cos (r+pi*x2/L));
52 % due to discrete force with magnitude 1/100

53 Fd(r) = 1/100«sin(r*pixxd/L);

54 end

55

56 % add internal damping

57

58 C = 0.6xM+1.2e-6%K;

59

60 % state-space model

61

62 AL = -inv (M) *K;

63 AR = —-inv (M) *C;

64 A = [zeros(N) eye(N);...

65 AL AR];

66 BL1 = inv (M) *Fc; BL2 = inv (M) xFd;

67 Bl = [zeros(N,1);BL1];

68 B2 = [zeros (N,1);BL2];

69 for r = 1:N

70 CCw(l,r) = sin(r*pix0.6); % displacement w at midpoint (x=L/2)
71 end

72 CC = [CCw zeros(l,N)];

73 D = [0];

74

75 % control gain

76 Kc = [-55400 -22549 15848 -753 -249 174];

77 Ac=A-Bl=*Kc;

78

79 % impulse response

80

81 t = 0:0.0005:0.5;

82 1IU = 1;

83 [y,x,t] = impulse(A,B2,CC,D,IU,t); % uncontrolled response

84 [yc,x,t] = impulse (Ac,B2,CC,D,IU,t); % controlled response

85 u = -Kcxx’'; % controlled voltage

86
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87 % plot results

88

89 figure(l);

90 hold on;

91 plot(t,ycx1000,’color’,[1 0.5 0],’LineWidth’,2.5)

92 plot(t,y*1000,’:’,’color’,[0.667 0.667 1],’LineWidth’,2.5) % unit (mm)
93 hold off;

94 grid on;

95 title ('’ Impulse response of transverse displacement at $x = 0.6LS$’

96 ,"interpreter’,’ latex’);

97 xlabel(’'Time (sec)’,’interpreter’,’latex’);

98 ylabel ('Displacement (mm)’,’interpreter’,’latex’);

99 legend(’'With controlled’,’Without controlled’,’interpreter’,’latex’);
100 a = get(gca,’XTickLabel’);

101 set (gca,’XTickLabel’,a,’FontName’,’'Times’,’ fontsize’,12);

102 set (gca,’position’, [0.15 0.20 0.6 0.6]);

103 set (gef, 'position’, [100 100 800 6001);

104 set (gcf,’ renderer’,’painters’);

105 filename = "Q4-2-tyyc"+".pdf";

(
(
(
(

106 saveas (gecf, filename) ;

107

108 figure (2);

109 plot(t,u,’color’,[1 0.5 0],’LineWidth’,2.5);

110 grid on;

111 title(’'Controlled voltage’,’interpreter’,’latex’);
112 xlabel (' Time (sec)’,’interpreter’,’latex’);

113 ylabel ('Voltage (V)’,’interpreter’,’latex’);

114 a = get(gca,’XTickLabel’);

115 set(geca,’XTickLabel’,a,’FontName’,’Times’,’ fontsize’,12);
116 set (geca,’position’, [0.15 0.20 0.6 0.6]);

117 set (gcf,’position’, [100 100 800 6001]);

118 set (gcf,’ renderer’,’painters’);

119 filename = "Q4-2-tu"+".pdf";

120 saveas (gef, filename) ;

The simulation results are shown in Figure 1.
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Impulse response of transverse displacement at « = 0.6L Controlled voltage
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Figure 1: Simulation results for the response of the system.
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