A Beam with a Surface Mounted Piezoelectric Element
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Assumptions:
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» The piezoelectric element is perfectly bonded
» The applied voltage is uniform along the beam, i.e., v(x,t) = v(t)

» The rotary inertia is negligible

* The shear deformation of the beam is negligible
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where H 1s the Heaviside’s function.
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Virtual work:

o, = [ f(x.0)dw(x.)dx

From the constitutive equation of the piezoelectric materials,
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The virtual work done by the induced strain (force) 1s:
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where b 1s the width of beam and piezo layer
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Apply extended Hamilton’s principle,
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Substituting eqs. (14) - (18) nto eq. (13).
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For arbitrary ow in 0 < x < L,

Equation of motion:
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Discretization: (Galerkin’s Method)

Assume

W= 6,(0g, (1)

where ¢ (x) satisfies all B.C.s

Sub. eq. (22) into eq. (20),

prdy > G (XN, () + E, 1, > ¢ (x)g, (1)
i=1 i=1

+ {pp A, 0,0, (OH+E I, ZQW (x)g, (r)}[H(:r —x)—H(x—x,)]
i=1 i=1

z

+2E,1, Z (DI.(S) (x)g, (r)[H’(x - X)) — H'(x - X, )] +E,1, Z 0.
=1 i=1

+ Epdﬂabv(f)[H”(x —x)-H'(x-x))|- f(x.0)=¢

(22)

(x)g; (f)[H”(x —X,)— H (x - X, )]

(23)



Min & by<g,¢j> =

= (e.0,)= j: e(x.p, (Ndx=0  j=12..n (24)
:»[pg,A{ZJjcﬁ;(x)@(x)dx%ppA(Zj G(0)6; (OLH (x = x,) = H(x = x,) ﬂqm

{Ebfb(zj; ¢5I(4)(x)¢j(x)dx]+E I (Zj 6" (x)o, () H (x = x,) = H(x = x,)Jda H (1)

+ ZEpIp(i LL gﬁj@) (X)9, (x)[H’(x —x)—H'(x—x, )]:iibrﬂqI (1)

+ Epfp(ZLLQ (1')4?5;(1‘)[H”(x—x1)—H”(x—xz)]dxﬂqf([)

+Epd31abv(r)(j 3 O|H (x=x)—-H"(x—x,)]d ] j f(x,0)p . (x)dx =0 (25)



. J‘: ¢V (V)@ (x)dx = _[; g, (X)@; (x)dx (26)

. J.OL Q.H) (x)9, ()| H (x — x,)—H(x—x, )|dx (27)

L ’ 4
o 2_[0 Q.m(x)@j(x)[H (x—x,)—-H (x—xz)]dx
L
0

= ZQ.(B} ()@, (x)[H(x —x,)— H(x—x, )1 — ZJj Q.m (X)9, (x)[H(x —x,)— H(x—x, )]dx

27900, (H(x - x,)~ Hx—x,) i 28)



. _LL ¢, ()¢, (V|H"(x—x,)— H"(x—x,)Jdx

2 L _
=9, (V)9 ()| H (x— x)—H'(x—x, )] - J.OL QLS} (x)9, ()|H (x - x)—H'(x—x, )
0

_ J'OL ¢, (X)9, O|H (x=x,)— H'(x = x,) Jax (29)
= J‘OL @J@ (I)tﬁ)j. (x)[H(x —x,)—H(x—x, )]dx + j: @J.(s) (x)gb; (x)[H(x —x,)— H(x—x, )]dx

+ LL gﬂj(s) (x)9, (x)[H(x —x,)—H(x—x, )]dx + _[: 9, (%), (x)[H(x —x,)—H(x—x, )]dx

o (27)H28)+(129) = LL ¢, (X)9, (x)[H(x —x,)—H(x— xz)]dx (30)



Jj ¢5j.(x)[H”(x —x)—H"(x—x, )]dx
=9, (OH (x=x,)- H'(x—x, )]‘j - Jj 3 OIH (x=x,) = H'(x = x,)|ax

=—0, (x)[H(x —-x,)—H(x— xz)] + J.; Q, (AT)[H(JC —-x)—H(x—x, )]dx

= LL 9, (x)[H(x— x,)— H(x— xz)]dx:@ (x,)—¢; (x) (31)



Substituting (26), (30), (31) into (25),

{ ( I ?.(x)9, (’a)dx]+ P, p( J‘ P,(x)¢, (O|H(x—x,)— H(x— x,)dx ngl(,;)
+{Ebf{z-[: g, ()9, (x)dx]+ EPIP(ZLL ¢, (X)), (A‘)[H(x—xl)—H(x—1‘2)]513(”%(()

+E,dyabv() 8, () =6, () | = [ (e, () (32)



> myG (D +> kg, ()= foO+f, (0, j=12 ...n
i=1 i=1
L Xy
where m, = pbAbL ¢, (x)p, (x)dx + p, A, L G.(xX)@; (x)dx
L " L X7 L L
k, =Eb]bL ¢, (x)¢, (x)dx+E I, L ¢, (x)9, (x)dx
fc = Epdﬂabv(r)[(aﬁj (x,)— 9, (IE)H

Ja, = _E f(x,0)¢, (x)dx



(x=Xd)

A

$

()
|dL°’f

——ei

X
—

pa

.C:J N

o o S

X=

12

— A
=0, W

W

Frl

X=21"=




Assome

wie) = 5 400 §.(2)

> ﬂ?cifeﬁzga( z_g'__p_{_mm

nw'l)‘&'?
It F] =R TFL A
Ty
-— 4 . A
MJJ"" X X d/)(
“ /

/‘L.:- I v ., ~ ' rY S
R =), Gl O FAF S, &2, Bt oA
=G dvab )] 47)- 16 /

L)

L
T4 = 1) @ ()

[c]=o[Mlt g[k]




For s=p:

—[ﬁ—éﬁﬁ / / ¥, =X, :
e A e E i -y o (L) g, [ZR)]

N
{, — fz'. ? éﬁi ; X;")G gi 7T X STV A
v L] {7 3 7l > gLy LMY T )T
N i et
‘f’)’ < % r .

W__%L [ 15 (ZZ) o (17) 5 san (225) sin (LX) 1%

2 2 .2 |
f<”.g- ¥ ) (/Pr-a ) ¥
0 el p® \2 STX NELZS TX ye, [F X,
A . 7 (r> $2)




$ Simply supported beam with a PZT element

clear

o]

% 1lnitialize

~J

e-2;
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o

.2
.3

|_I.
I

x2=0.16;

B

0.
0.

Q.
Il

X ;

X 8 ;
Eb=7.1el10;

pb=2700; tb=2.286e-3;

Ec=6.49e10;
pc=7600; tc=0.762e-3;
d31l=-175e-12;

Ac=b*tc; Ab=b*tb;
Ib=b*tb"3/12; Ic=b*tc”3/12;
a=(tb+tc) /2;



% stiffness and mass matrices

N=5; % no. of expansion terms

r

K=zeros (N)

M=zeros (N) ;
C=zeros (N) ;
Fc=zeros (N,1); Fd=zeros(N,1) ;

for r=1:N;

for s=1:N;
if r == s

K(r,s)=(pi*r/L)"4* (Eb*Ib*L/2+Ec*Ic* (X2-X1) /2+...
Ec*Ic*L/ (4*pi*r) * (sin (2*pi*r*x1/L) -sin(2*pi*r*x2/L))) ;

M(r,s)=pb*Ab*L/2+pc*Ac* (x2-X1) /2+. ..
pc*Ac*L/ (4*pi*r) * (sin (2*pi*r*x1/L) -sin (2*pi*r*x2 /L)) ;
else

K(r,s)=Ec*Ic*L/pi* (pi”2*r*s/L"2)"2*...
((r*gin(s*pi*x2/L) *cos (r*pi*x2/L)) /(s™2-x"2) +. ..
(s*sin(r*pi*x2/L) *cos (s*pi*x2/L))/ (xr"2-8%2) -...
((r*sin(s*pi*x1/L) *cos (r*pi*x1/L)) /(s"2-x"2)+...
(s*sin (r*pi*x1/L) *cos (g*pi*x1/L) )/ (x"2-272)));

M(r,s)=pc*Ac*L/pi* ((r*sin(s*pi*x2/L) *cos (r*pi*x2/L))/(s”"2-r"2) +. ..
(s*sin (r*pi*x2/L) *cos (s*pi*x2/L) )/ (x"2-g%2) ...
((r*gin(s*pi*x1/L) *cos (r*pi*x1l/L)) /(s"2-x"2) +...
(s*sin (r*pi*x1/L) *cos (s*pi*x1/L) )/ (x"2-872)));
end;

end;
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% due to voltage input
Fc(r)=-a*Ec*d31*b* (pi*r/L) * (cos (r*pi*x2/L) -cos (r*pi*x1l/L)) ;
% due to discrete force with magnitude 1/100
Fd(r)=1/100*sin (r*pi*xd/L) ;

end;

% add internal damping
C=0.64*M+1.2e-6*K;
% State-space model

AL=-1inv (M) *K;
AR=-1inv (M) *C;
A=[zeros (N) eye(N) ;...
AL AR];
BLl=1inv (M) *Fc; BL2=1inv (M) *Fd;
Bl=[zeros (N, 1) ;BL1] ;
B2=[zeros (N, 1) ;BL2] ;
for r=1:N;
CCw(l,r)=sin(r*pi/2); % displacement w at midpoint (x=L/2)
end;
CC=[CCw zeros(1,N)];
D=[0] ;



% control gain
Kc=1.0e+004*[-1.4035 -0.15%94 0.5005 0.2457 -0.1712...
-0.0289 -0.0033 0.0076 0.0045 -0.0030];

Ac=A-Bl*Kc;
% 1mpulse response

£t=0:0.0005:0.25;

I1U0=1;

[v,x,t]l=impulse(A,B2,CC,D,IU,t); % uncontrolled response
[vc,x,t]=impulse (Ac,B2,CC,D,IU,t); % controlled response
u=-Kc*x'; % controlled voltage

% plot results

figure(1l) ,plot(t,yc*1000,t,y*1000,"':"') % unit (mm)
title('Impulse response of transverse displacement at x = L/2')
xlabel('time (sec) ')

vlabel ('displacement (mm) ')

figure(2) ,plot(t,u)
title('Controlled voltage')
xlabel('time (sec)')

ylabel ('voltage (V)')
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