Computational Mechanics

Chapter 13 Supplementary Information for Constitutive Laws




Review — Stress in Different Configurations

n, * Cauchy stress (current configuration):

N n-odl =df =tdrl, o

Reference
configuration

o

* Nominal stress (initial configuration):
nO-PdF0=df=t0d[b, P:)tPT

* PK2 stress:
nO . SdFO - F_1 . tOdFO

df
4 * Make § symmetric

F o « Make S conjugate to E“ in power

Current
configuration



Review — Transformation of Stress Measures

» Stress measures can be transformed using deformation functions, refer to Box 3.2 of the textbook

Box 3.2 Transformations of stresses

Cauchy stress @ Nominal stress P 2nd Piola—Kirchhoff Corotational Cauchy
stress S stress G

o= J'F-P J'F-S§-F' R-6 R’

P=JF'o S-F’ JU'.6-R’

S=/F'o-F' P-F' JU'.g-U!

6=R"0-R J'U-P-R J'U-S-U

1=Jo F-P F-S-F JR-6-R

Notes: dx=F - dX=R . U.dX
U is the stretch tensor; see Section 3.7.1
dx=R-dX = R-dX in rotation
t= Kirchhoff stress

How to derive?




Change between Current and Initial Configuration

* Nanson’s formula from change in area enveloped by two Vectors (from Chapter 5):

dl
dr, =det(F)n-ny - F~! = ndl' = det(F)n, - F1dI
0

Link between current and initial surfaces (direction + area)

* Example —transformation between Cauchy and nominal stress:
n-odl =df =ny- Pdl,

Nanson’s formula = det(F) ng- F_l . O'dro =]n0 . F_l . O-dro =Ny Pd[b
Arbitrarynganddly = JF 1.0 =P

- Expansion to PK2: Transpose of a vector is the vector itself

F'(no °S)df'0 =F‘(ST‘n0)dr0 — todro =n0 'Pd[b =PT‘n0d[b

Arbitrarynganddly, =2>F-ST=P'=>P=S-FT=JF1.6=>F.-S-FT =]
—— Kirchhoff stresst 4



Lagrangian, Eulerian and Two-Point Tensors

* Lagrangian tensors —tensors defined in the intial/Lagragian configuration X — Y — Z:

C (ds? = dX - C - dX = Cyy, defined using initial X) and E¢ = %(C — 1)

* Eulerian tensors — tensors defined in the current/Eulerian configuration x(t) — y(t) — z(t):

o (defined with currentn, dI' and df) and T = Jo

_0v _ ox _1 T
L_ax_axandD_z(L+L)

* Two-point tensor — link initial and current configurations:

_ 0x . axk ; .
F = X ~ 9%, € €om (Eulerian — Lagrangian)

df =ny - Pdl = P = P;je(;e; (Lagrangian - Eulerian)




Pull-Back and Push-Forward Operations

e Pull-back — map current Eulerian entity back to its initial Lagrangian status:
dX =F1.dx =¢"dx

* Push-forward — map initial Lagrangian entity to its current Eulerian status:
dx =F -dX = ¢.dX

« 2"d order tensors in solid mechanics:
o Stress:
T=F-S-F' =¢.S
S=F1'.1t.FT=¢p7
o Strain/deformation:
{D = FT.EG.F 1= QD*EG One special case:
EG=FT°D'F=§0*D 0. C=FT.C-F1=1I



Material Frame Indifference

* Large deformation — constitutive laws should be independent from rigid body motion

e Constitutive laws should be the same for observers in relative motion — principle of material objectivity
Translation and rotation

* Motion of one body described by two observers in relative movement (refer to Chapter 5):

0) =1

F (X0 = QM XD +c®), QT=0, if((o)) iy
Motion from Motion from Translation from  Rotation from
observer #2 observer #1 frame #1 to #2 frame #1 to #2

Infinitesimal vector
formed by two points

>dx*=Q(t) -dx(X,t) =Q-F-dX=F"-dX

=>F'=Q-F

Transformation of Deformation gradient




Transformation of Basic Quantities

x*(X,t) =Q(t) - x(X,t) + c(t) >L*=Q-F-F1-.QT+Q-F-F'.Q7

. *x _ N .NnT .1 .NT

* Velocity (v* = x*, and v = x): =L =Q-Q +Q-L-Q
v'=0Q-x+Q-v+e¢ * Rate of deformation:
1 1 :
D' =—(L"+L™) =-[(Q- Q") +2Q-D- Q]
* Right Cauchy-Green deformation tensor: I=0
F'=Q-F =D'=Q-D-Q"

>C=FT-FF=FT-QT-Q-F=FT-F

* Spatial velocity gradient: .
L'=F-(F)'=Q-F-(Q-F)™



Obijectivity of Tensor Fields

 Base of a Cartesian system rotating with the < Objectivity of Lagrangian tensors (t = 0):
observer #2 relative to observer #1: dx*(X,0) = Q(0) - dx(X,0)
dx*=Q-dx=>e;=Q-e;=¢e;-QT
=>dX " =1-dX =dX
=>dx; =e;-dx*=e;-QT - Q-dx = dx;
e Objective requirement on Lagrangian tensors:
* * * * T T
Dij=e; -D"-e;=€;-Q -Q-D-Q"-Q-¢ a; = a, 1st order
Ay = A, 2nd order

dx and D are objective Eulerian tensors, but v and L are not Objective of Eulerian-Lagrangian tensors (for

example F):
* Objective requirement on Eulerian tensors: Bijj=e;-B -ej=5;j=e; -B-e,
a =Q0:a, 1st order or
A*=Q-A4-Q7, 2'nd order B"=Q-B



Obijective Scalar Functions

 Tensor based constitutive equations frequently utilize scalar functions, such as the yield function f(a)

 Scalar functions represent material properties and should be objective:
fr(e)=f(@)=fQ-0-Q")=f(a), VQ

= f(o) = gl1,(0),1,(0),15(a)] © f is an isotropic function of o

* To capture anisotropic yield behavior, objective stress measurement, such as PK2 §, should be applied
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Frame Invariance Restriction on Elastic Moduli

* Hypoelastic constitutive equation after transformation:
(6")" = Cg): (D®)*

Frame invariance of material properties requires constant Cei,

Objective stress and

vy _ o] e
deformation rates ~ Qim{jnTmn = (Cei ijkl(QkTQlSDrs)

V] _ gl
= O0ij = ’Qmiankaqu(cel mnpq] Dfl
V] _ (0]
0i; = (Cez)ijlefz
oj _ o]
= (Cel ijkl - Qmiankaqu(Cel mnpq’ VQ

Cgl] is the same regardless of the coordinate rotation — isotropic!
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