Computational Mechanics

Chapter 7 Trial Solutions, Weight Functions and Gauss Quadrature for
Multidimensional Problems




Components for Formulation FEM Equations

Strong form Weak form

Discrete equations

‘ Solution approximation b

Gathering method




Completeness and Continuity Requirement

 Completeness — approximation of solutions and (15t order) derivatives converge to arbitrary constants.

e 2D Completeness examination by the Pascal’s triangle:

1 constant (@) 0¢(x,y) = af + asx + aSy </ Linear
X y linear

> ) (b) 8¢(x,y) = af + ajx + aSy* ¥

X Xy y quadratic

X Xy Xy’ y>  cubic (c) 6°(x,y) = af + asx + a3y + afx’y* + agxy + agy”’ X

Linear
* Continuity - C? at the interfaces between elements:
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Introduction to 3-Node Triangular Elements

* Triangular elements handle complex geometry:

Temperature Distribution
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Triangular elements for heat conduction analysis [1] _ag_

3 constants — 3 nodes
in triangular elements

[1] https://numfactory.upc.edu/web/FiniteElements.html




Shape Functions of 3-Node Triangular Elements (1/2)

ag 07] [1 xf yi][af]
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al 03] |1 x5 y3||as
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Shape Functions of 3-Node Triangular Elements (2/2)
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yf]l * Kronecker delta property of shape functions:

Nf(xf,y7) = 8y




B¢ of 3-Node Triangular Elements

1
 2Ae

N¢=[N{ N; N3], Nf [x2ys —x3y2 + (v2 —y3)x + (x5 — x3)y]

1 1

N§ = o [§yf —xfy§ + (0§ — yDx + (ef —x§)YL NS =

[xfy; —x3yf + (O —y3)x + (x5 — x1)y]

HB(X,y) = N€.df = Nlegl +N2602 +N3893

Linear elements lead to constant B€ that

e Gradient of the trial solution: .
are only dependent on element coordinates
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Global Continuity of 3-Node Triangular Elements

y 3 * Linear shape functlons on global edge 2-3:
i\ 1 1 2 2
1
2
1 * Nodal value conditions:

3 3 6, = gV = p®, g, = gV 4 g = p® 4 p@
2
b

=B =0 =0, BV =pP =0;-0,

> X

* Parametric equations for global edge 2-3: [
x =Xy + (x3 — x3)s, y=y,+ (3 —¥2)s m AI 3

contlnwty

Along straight line s, linear function is controlled by
two points, so continuity can be ensured automaticall
0<s<1 POIN'S, S0 continurty _ Y




Higher Order Triangular Elements

| constant o 3 Elements have the same
Similar format .
numbering pattern

X y linear
2 2 )
X Xy y quadratic “

2 2 :
X X'y Xy y3 cubic

e Quadratic element:
¢ =af +aSx+ aly + alx? + afxy + afy? ;

* Inner nodes for higher order elements (seldomly
* Projection to a straight line along the edge: used as not well conditioned):
X =a+ bs, y=c+ds Q 3

= 0¢ = B + Bfs + pis?

3 nodes on the edges are essential for continuity.




4-Node Rectangular Elements

* Avoid shear locking issue * Element approximation:

* Counterclockwise nodal numbering is often used:
0¢(x,y) =ai + as5x+ aSy + ajxy

:\r
A
4 3
'/(\"" v$) (x§ *v"'?.
e s * Direct shape function construction is essential to
Elements stick to the
2b : e ,e e e\ _ e ne pne pe
same numbering pattern obtain (alr az, s, a4) - a(gl ) 92 ) 83 ’ 84) for
L1 D) 0599 manual calculation.
l 2a @
X
Bilinear term I constant
for edge X y linear
continuity 2 2 ,
X y quadratic

2 2 ,
x> Xy Xy y3 cubic



Tensor Product Method

* Increase dimension and keep interpolation by * Kronecker delta properties:

multiplication of shape functions: N Cern vE) = NE (g )NF () = Sim6)1
.

* Shape functions in regular notation:

x—x3 y—yi _ 1

X{ =Xz Y1 — Vi A

x—xi y—y; _—1

Ne , — — __ A€ __ A€
x—xi y—yi 1

N3 (o y) = vy T (x —x7)(y — y7)
2 1.4 1

NE(x,y) = (x—x3)(y —y5)

. L : L . _x—x; y—y; -1 . .
Shape functions in dyadic notation: NE(x,y) = = —r - =— (x —x$)(y — y8)
NG (% y) = NEGONF () TRy Y A
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Properties of Bilinear Shape Functions

* Geometry of the shape functions: « Drawbacks of the specific shape functions — cannot
4 3 4 3 work for arbitrary bilateral elements:
P y
: ") NE () = = G = 2§)( = ¥)
£ ﬁgﬁ&ﬁw A 1 XY = e X = X2)\Y = Vs
! Z ‘ e 2 N§(x,y) = — (x = x)(y — ¥§)
Ni Bilinearity for N2 2 A¢ ! '
o X 1
t s <A il
edge continuity \ Xe —® N&(x,y) = e (x — x9)(y — y2)
4 3
Vi S 2 & &3 —1
; Nf(%)’):F(x—xf)(y—Yf)
“ y
e £ ) :
1 7 I The quadratic function Nf on the edge needs
N 3 nodes on the edge to ensure continuity
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Introduction to Isoparametric Elements

* Linear mapping from physical domains to a regular parent domain:

1-— 1+
X = XENE®) 4 XENQ) = xf b, Ee (1)
Isoparametric element
 Linear approximation of 8 by ¢ instead of x — direct construction:
1— 1+
0° = OENE(R) + OSNE) = 05 "+ 05, Ee[-1,1]

* Quadrilateral elements in the regular parent domain:

N*? (€ 1n): 4-node shape functions.
Al

e — [y€ e e e
4 et o3 x=N4Q(§,n)xe VA X" = [xl X2 X3 x4]

[1.2] 2217 4
%0 , yo=bi ¥z y5 Vil
-1 +1 ’é y = N (E;T])y

» Physical coordinates are mapped by the
— | same functions as those for trial solutions
oLl 2.1] : ) » Straight edges to straight edges
> 13




Components in N*¢ (€ 1)

[2.1]

e Tensor product method for shape functions:
1
NEGEM = 7 (- D -1

—1
Ne , = — +1 -1
&) =G+ D =) m e v

1 nodal positions.
NG =7 G+ D+1) [Pt

—1
NE(Em) = T(E - D+ 1)

* Trial solution approximation:

¢ = N4Q (E,n)de Same as mapping — isoparametric.

* Bilinearity of shape functions:
6¢(Em) = a7 + az5+ azn + agdn

Linear on the edge — C° continuity along physical edges
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Derivative of Isoparametric Shape Functions (1/2)

4
0¢ = N*(g,n)d°® = z N ds
i=1

e Gradient of the trial solution:

06°7 [aXi,N%ad¢]l [oN;? aN,/? aN;? aN,[ds

pge — | 9% | _ 0x _| ox dx dx dx ||dz _ gege
00°| " laxL, N*ag | |anN? any? aNS? oN;© 5
Loy I | dy 1 L oy dy dy oy |ldg.

* Derivatives on different domains — chain rule:

ON/°® AN ox . ON/®dy  ON/° aN/“ox . ON;° ay
0t 0x OF dy 0¢’ on  dx o dy 0Jn

ON?] [ox dyj[an;®
a8 9t at|| ox
oN'?| [9x oy|[lan,®
| dn | on _dnl| gy | 15

Jacobian ]_e




Derivative of Isoparametric Shape Functions (2/2)

NP1 [ox ay|[on?]  [on/% x= NG, y=N2En)y°
d ¢ 0
io - aE aE aﬁa =J aﬁo ON*Cx® QN*Qye
oN, ox  OYIlloN, oN, y
on dnl| 9 0 _ a8 0§ _
B aT] . - y - - y - =>]e —_ aN4Qxe aN4de _GN4Q[xe ye]
9N AN, o on
0x ev-1| 98 A4 T
— 0] 4Q 4Q 4Q
= lanze|= U oy aN;® aNj% aNJ® N,
dx 0x d0x d0x
| dy | | In Be =| 7, — YN4C
Q 4Q 4Q 4Q
m— N ON;* ON,* ON;° ON,

% dy dy dy |

4Q — (re)—1 4Q
= VN (] ) GN :Ee — YN4Q = @“16N4Q

Depend on physical domains

16



Higher Order (Quadratic) Quadrilateral Elements

A 7 3
41131 7]]2.3] ’5.[33] VA )
* 3 nodes on edges for continuity
* Node 9 for unique solutionand | 8[[1.2] 942.2] 6 3.2 ¢ 6
physical coordinates 1 N :> 8
IR AR ER) ! :
ol * Z, ol p)
1 5 2 >

N2 (Em) = NPLEONE ()

x(&n) =NCExe,  yEmn) =N9En)y°

* Mapping of curved edges (1-2 edge as an example):
x(§,n = const) = af + af€ + af&?, y(En = const) = ay + ay &+ ay &

Nonlinear (quadratic) relationship between x and y, leading
to fewer elements for curved boundary approximation




Completeness of Isoparametric Elements

* |soparamatric elements aregat least linear complete — 1D quadratic element example:

1 1
X(®) = ) XENPL® = 2 SEE - D+ x5 —8) + 21§ F5E + 1)

=1

3
1 1
0¢ (%) = z gIeNI3L(§) = ¢ EE(E -1 +065(1 — EZ) + 33‘952(5 + 1) | Linear terms?
=1

* Assumption of a linear field:
0¢(x) = ag + a1x = 6] = ay + a1 x7

3

3 3
= 0°(x) = Z(“o + a1xle)N13L(E) = Qg Z NISL(E) + a z xIeNISL(E)
=1 =1

I=1

1 X

1D linear completeness satisfied, higher order may be possible
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Completeness of 2D Isoparametric Elements

* Coordinate mapping and solution approximation:

Nen Nen Nen
xzszeNIe» yzzerNIe; QezzeleNle» Ny = N7 (&)
I=1 I=1 I=1

e Assumption of a linear field:
0¢(x) = ay + a1 x + a,y = 0 = ag + a;xf + a7

Nen Nen Nen Nen Nen
0° = Z Of Ny = Z(ao + ayx; + ay; )Nf = aq Z Nf + ay z x; Nf + aj ZerNIe
=1 I=1 I=1 I=1 [=1
1 X y

2D linear completeness satisfied, higher order may be possible
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Gauss Quadrature for Quadrilateral Elements

* Area mapping: or ox . 0y . .
PQ = —dn=—dni+—dnj
AT an an an
0, ox Oy
dxdy OJdyodx 0% 0%
dn dQ = |PT x PQ| = |—=—— —=-——|d&dn = déd
p-@r 5 = A= IR PRI [5ean ~3gan| 51 T Jox ay| B
> on 0Jn
(_171) ]
1= [ renda= || remyeidgn
) ) (-1,1)
r=xt+yj
. Infinitesimalareaa dQ: ; ; 1 /Mmgp
= e = 2 dEi + =2 dj [= Wi f&mIe Gl |dn = -
PT = —dt = —d&i + —d¢ = J Z i (& >N N
T TR T J\&

Same as 1D Gauss Quadrature
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Hexahedra Elements

* Hexahedra elements are 3D expansion of 2D e Construction of shape functions — linear example:
quadrilateral elements. NP, © = NP N (NG (Q)
* Mapping from regular parent to physical domains:
X = N8er y = N8Hye 7 = N8Hze

e Solution approximation:
AS g¢ = N8H e

* Higher order elements approximate curved surfaces:

21




Gauss integration for Hexahedral elements

g=—dn=(—i+-—j+-—k

* Infinitesimal volume d{) mapping: _Os dx dy 0z P
- om on o’ Ton )

_asd_ 6x_+6y_+azk P
T ® T \ag g Tag )

= dQ = |r-(pxq)| = |J|dédndc

* Gauss integration:

s=xi+yj+zk 1,1,1)
= |[[ renoueiasanas = -
ds d0x Oy 0z (-1,-1,-1)
S AP =
3 0§ 3 43 Utilize 1D Gauss Quadrature for each dimension
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Triangular Coordinates for Linear Elements

* Definition of triangular coordinates:

e Kronecker delta property:
& (xf,y7) = 6y
* Linear mapping:
X =x18& +x38 + %583,y = ¥1§ + Y352 + Y383

Linear combination of two variables
in the parent domain

* Mapping between physical and parent domains:

1
[x
y

1 1 1][g
=|x{ x5 x§ &o
Vi Vs Y3]||&]

] ] (MB)T

$1 1
&2 = (Me)™T [x
_Es_ y

* Geometry of the parent domain on §; — ¢, plane:

AS
25 =1

‘/—51"'52:1

Linear approximation to
ensure straight edge:

0¢ =078 + 058, + 05&;

3(§3= 1)

>
L (& =1 & 23



The End
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