Computational Mechanics

Chapter 8 Finite Element Formulation for Multidimensional Scalar Field Problems




Components for Formulation FEM Equations

@, Discrete equ

Strong form Weak form

Solution approximation

Direct transfer from 1D

2D heat conduction problems




Discretized Weak Form for 2D Heat Conduction

 Weak form of multidimensional heat conduction: l
Find T(x,y) € U so that:

j (Tw)TDVTdQ = —j WquF+j wlsdQ)
Q r Q

q

Yw € UO
0T )
_ & _ kxx kxy I'=Tonly
VT = aT |’ D = [kyx kyy] > X
9y * Integration by elements:
0 Tel
: L : = rwe TDeVTedQ+j eT—dr—] Tsd
* Discretization of the complex 2D domain: ;( Qe( w") st 1 Qew >




Solution Approximation of 2D Heat Conduction

* Temperature field estimation in each element: = T¢(x,y) = N°d® = N°L°d

Nen
T(x,y) = T¢(x,y) = Né(x,y)d® = ) NfTf

£ weé(x,y) = N°w¢ = N°L°w

= VT¢(x,y) = (V-N¢)L°d = B°L°d
* Weight function estimation in each element:

Nen
w(x,y) = wé(x,y) = Né(x,y)wé = z NEw§ vwé(x,y) = (V- N€)L°w = B¢L°w
=1
Inqependent \./atjiables are e).(pressed * Global matrices partition for calculation:
using ¢ and 1 in isoparametric elements. aE 0
-8 el
* Global gather matrix: dr Wr

d¢ = L¢d, wé = L°w :
Global node numbering rule.




Weak Form Integration of the Approximation

Nel
= z (Pweé)TDeVTed +j welgdrl —f wél sdQ)
Qe re Qe

e=1

T¢(x,y) = N¢L¢d, VT¢(x,y) = B°Léd, we(x,y) = N°L°w, Vweé(x,y) = B°L°w

Nej
=0 = z < (B¢Léw)TDéBeLeddQ) + | (Ne¢Léw)Tqdrll — (NeLew)TsdQ>
— \ Jqe re Qe
e=1 q
Nel
=0 = Z wl'L*"B¢"D°B°L°ddQ + | w'L*"N¢'gdl — | w'L¢"N°¢"sdQ
= \Ja° re Qe
Ne|
= 0= WTZ LeT <J B¢T'DeBedOL¢d + J NeTgdr — j NeTsdQ>
e=1 Qe X Q° fe=ff~+f6

K¢ - element conductance matrix  —f¢ fa - element flux matrix




Nodal Value Calculation

Nel Nel
0= WTZ LeT(KeLed _ fe) = w! [(Z(LeTKeLe)d>
e=1 e=1

K

Nej

_ Z Lot fe]

f

Kd—f=r=>0=wlr=whryr +witry = whrg

K, Kee\[d
T . rg . E EF E| __
VWF:T_IOI_[KEF KF] ]

dp

E KEF]H [fE+rE

fe
fr

|

K and f can be also
from direct assembly.




Heat Conduction Problem with Triangular Elements

D (0,1) C (2,1)  Example 1 —two linear triangular elements:

L -
=20 3 4

Essential boundary nodes =0 (2)

A (0,0)
1

 Unitsystem:m —W —C’ * Calculation of B®:

. . 0 L 1tz —y3s) (s—y1) i—y3)
* |sotropic heat conductivity: k = 5W /C B¢ = YT (xze _ x%) (xi; _ xif) (X% _ x%)

* Heat source: s = 6W /m?
Constant




Areas for Triangles

1 2 A > B

2A = |AB X AC| = |[(xy — x1)i + (¥ — y1)jl X [(x3 — x1)i + (y3 — y)]j]l

1

=>A=§ (X2 —x1) (V2 —¥1)

(x3 —x1) (y3—y1)




Element 1 Heat Conductance Matrix

* General element matrices calculation: 3

Ke :J BeTDeBed.Q (2)
ne

B¢ = const, D¢ = kI = const
= K¢ = kBeTBeJ dQ = kA°B¢T B¢ 301 1
Qe
* Element 1:
KO = 4O gMLT M)
1 2 3 (1) A
> KY =|-0.625 125 —0.625] »
—4.6875 —0.625 531251 ,

1(0,0)




Element 2 and Global Heat Conductance Matrices

* Element 2:
K® =A@ pR@Tg@
2 4 3
10 —~10 0 2
= K®? =|-10 10.625 —0.625]| 4
0 —0.625 0.625 13

* Global matrix by direct assembly:

[ 5.3125 —0.625 —4.6875

K = —0.625 11.25 —0.625
—4.6875 —0.625 5.9375
0 —-10  —0.625

0
—10
—0.625

10.625 |

3(0,1)

@)

2(2,1)

(2)

(2,0.5)
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Heat Source Matrices

e Element heat source matrices: i - . 4e[1
[ NeTaq = fo=s7|1
Jae 1
f6=j NeTSdQ=Sj NeTda =s| [ N£TdQ AM [1 1[1 211
Qe Qe Jge :f(1)=s—1=6—1=22
{ 3 3
( 11 1 213
J N£TdQ
LJne i _ 2
A1 o5l [1
“/Nf”I g)=STI1 =6? 11 =|1] 4
/ Ae 1. 1 11 3
1 3 = | Nf'dQ=—
Qe 3 '2'
3
AD . —
2 fa 3
2 M




Element Heat Flux Matrix

* Element heat flux matrices: e Calculation of the heat flux matrix in element 2:
2
fr= —j NeTgdr (2) = —j N@T ‘ gdx
re 0 y=1
* Only element 2 contributes to heat flux: 1
3 D(0,1) N\ C@21) 2 Nlezer [xZeyS?_xgyZe+(y26_y§)x+(x?f—x§)y]
q=20
(2) — e 1 e.e e. e e e e e
q=0 N; = A€ [x5y1 —x1y3 + (3 —yi)x + (xf — x3)y]
=0 (1) B 1
(2,0.5) e 1 e.e e.e e e e e
N3 = YT [xTy: —x3y1 + (1 —y2)x + (x7 — x7)y]
T=0
A 0,0) = N®@) =[0 05x —0.5x+ 1]

y=1
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Element and Global Heat Flux Matrices

2
@) _ _j NOT|  gdx, N<2>‘ [0 0.5x —0.5x+ 1]
0 y=1
0 12
(2) f l 0.5x 20dx = l—ZO‘ 4
0.5x +1 —2013
-
| o
=Ir=1 "2
—20.




Nodal Value Calculation and Postprocessing

[ 5.3125 —0.625 —4.6875 0 (2] 0 ]
k=|—0625 1125 —0.625 —10 fo = 3 fr = 0

—4.6875 —0.625 5.9375 —0.625]" Q= (3 F=1-=20

0 —-10 —0.625 10.625] 1. |—20]
(53125 —0.625 —4.6875 0 1[O01 [2] [ O] [Mm] [mn+2]

_ [ —0.625 11.25 —0.625 =10 [[Of_ 31| O | |72|_|72+3

—4.6875 —0.625 5.9375 —0.625(]0 3 —20 13 rs — 17
0 -10 —-0.625 10.625)1T,1 111 1-20l 1ol | =19 |

=>T,=-1788=dW =

0 0
ol,d® =|-1.788| = q(l) — kBDOdM = [Ol’q(z) _ kB@q®@ = [4.47
0 0 0 17.88
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Heat Conduction Problem with Quadrilateral Element

D (0,1) C(2,1)  Example 2 — one linear quadrilateral element:

g=20 1(0,1) 4(2,1)

Essential boundary nodes =0

Needs isoparametric element

(1)

3
(2,0.5)
A (0,0)
e Unitsystem:m—W —C° 2 (0,0)
* Isotropic heat conductivity: k = 5W/C” * Element coordinate matrix: .
0O 0 2 2
e Heat . = 6W 2 (1) (1) =
eat source: s /m [x y] {0 05 1]
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Shape Functions in the Parent Domain

e Shape functions in the parent domain are * Jacobian matrix — 2D mapping:
generalized: JO = GN*Q[x(V y@)]
1
NG =2 E-DO -1 _
1 1 1 1 +1 -
4Q __ - _ @ _ 2N~ -n M —ﬂ— ] 0 0
NFEm) = —(E+ D0 - 1) o e I | K
2 1

1
NEm =G+ DO+ D

0 0.125n — 0.375

—1
NG =—(E-DO+1) =] = 0.125% + 0.125

* Gradient in the parent domain: D)
9 = |[JW| =0.375 - 0.1257
GN4Q= az N4Q=%[n_1 1_‘1 T]+1 _n_zl

9 E—1 E4+1 145
= (@) ="
M‘1=i M3 —M21] D
M| LM, My, n-3 16




Conductance Matrix Calculation

* Global conductance matrix:

(1,1)
K= KO = j BT () g 4o — f j kBT BW|JO| gEdn
(_1'_1)

Qe
14E ;
_ _ Imn—1 1- +1 —-n-—
@ — (7Y Lenae — (3T _[Tl N M
B =(J™) 6N 8 G|Els-1 g1 g+1 1
n—3 |

Not polynomial functions, utilize 2 points for integration for demonstration.

2 2
1
5 K=k y » WwBO (& n,)BO (50 ()] & =ny = & = -1, = =W =1
== 476 —351 —298 1.73]

=351 413 173 -236
>K=1_598 173 654 —529

| 1.73 -2.36 -5.29 591 17




Heat Source Matrix Calculation

* Global heat source matrix:

fﬂzfgzl):j

Q ~1,-1)

1
U EDESESCESY
4Q —1
N7 =G+ D -1)
* Gauss quadrature:

= fa =

1,1
eN(l)TSdQ = Sﬂ( N*T|JD|dEdn = 6”

(1,1)

(_11_1)

— 4Q_
Ny
4Q
N,
40Q
N3

4Q
N, ™

(0.375 — 0.125n )d&dn

1
NOEM =2 G+ DM+ 1)

—1
N2 =— (- D0+ 1)

2.5]

2.5
2

| 2




Review of 2D Gauss Quadrature

* Utilize the 15t component of fo as an example:

(11) 1
= 6”(_1’_1)2(5 — 1)(n = 1)(0.375 — 0.125n )d&dn

Ep=1=>n,kp=1=>W;=2,§ =0

1
n:p=2=>ngp=2=>W1=W2=1,n1=—n2=ﬁ
= f, —3]12(0 1)(n — 1)(0.375 — 0.1251 )d —3[(1 1>(0375 0'125)+(1+1)(0375+0'125>]
"2l L Seon AT AN 3 AN 3
fa1 =25

Other components are similar.
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Heat Flux Matrix Calculation

D

T=0

4
(0,1) C (2,1)
=20
q=0
B
(2,0.5)
3
=0
A (0,0)

* Global boundary flux matrix:

fr=—-| Neé'qdlr = —ZOJ NeéTdx
re DC

1 ]
-(1-n)

2—0 (1 1 0

fr= —20—j N*T (¢ = 1,m)dn = —20]
2 )4 1 0

1
7 +m))

np=1l=n,=1=>W;=21n,=0

= fr=[-20 0 0

—20]"
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Calculation of Nodal Values and Postprocessing

[ 4.76

—3.51
—2.98

| 1.73

[ 4.76

—3.51
—2.98

| 1.73

—kVT = —kBWd® = —

—3.51

4.13
1.73

—2.36

—3.51

413
1.73

—2.36

—298 1.73]
173 —2.36
6.54 —5.29
529 591 |

—298 173 1]
1.73  —2.36
6.54 —5.29

529 591 |

qaE -

1+8
513 -1 [n
4| 8

— 0

n—3 |

o O O

(2.5 —20]
_12.5 10
f.Q - 2 fF - 0
| 2 |—20_
ry — 17.5
3 + 2 4 .
—18
0
1-— n+1 —n — ] 0
—& — 1 ¢+ 1 — & 0
|—3.04.

Nodal and also integration point values can be obtained.
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Verification and Validation for FEM Models

* Verification — the equations have been solved correctly:
» Batch tests for linear code:

y

1. Define arbitrary linear temperature field for all boundaries (essential): i

0O
T(x,y) = ap + a1x + ayy, a; =0 \\O/

2. Solve the temperature field using finite element analysis: 4~8 irreaular element
T"(x,y) = T(x,y)? il
No heat source + linear field => » 1. Nodal values?
approximation is the unique exact solution! 2. Heat flux? X
C (J—>

» Manufactured solution method — construct a solution than determine the source and boundary
1. Refine mesh to check convergence to the manufactured exact solution
2. Requires enough essential boundary conditions to avoid singularity

* Validation — the models have been setup correctly:
» Requires benchmark physical tests
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The End
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