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Abstract

The aim of this work is to develop a model to continuously predict inhomogeneous and homogeneous swelling behavior
of temperature-sensitive poly-(N-isopropylacrylamide) hydrogels. Employing this model, some benchmark homogeneous
problems such as free, unidirectional constrained and biaxial constrained swelling as well as swelling of core-shell struc-
tures are investigated. The main advantage of the model is its ability to solve inhomogeneous deformations due to a sta-
ble behavior in the vicinity of the phase transition temperature. Therefore, inhomogeneous swelling of a spherical shell
on a hard core with application to microfluidics is analytically and numerically investigated for various thicknesses of the
shell. Based on the solved examples, it is shown that the model possesses continuity and stability in the vicinity of the

phase transition temperature.

Keywords

temperature-sensitive poly-(N-isopropylacrylamide) hydrogels, homogeneous and inhomogeneous swelling, stability,

phase transition temperature

Introduction

Smart materials respond to environmental stimuli with
particular changes in some variables, for example, tem-
perature, moisture, electric or magnetic fields, pH, and
stress. Among these environmental stimuli, temperature
is almost the most important one. For example, in
shape memory alloys (Arghavani et al., 2010; Brinson
and Lammering, 1993), shape memory polymers
(Baghani et al., 2012a, 2012b; Lagoudas et al., 2012;
Meng and Hu, 2010), and elastomeric hydrogel (Cai
and Suo, 2011), temperature is the main external stimu-
lus. Among these smart materials, in this article, we
focus on temperature-sensitive elastomeric hydrogels.
An elastomeric hydrogel is a covalently cross-linked
network which can absorb large amount of water
resulting in a swelled network. The amount of water in
the network is affected by environmental conditions
such as temperature (Chang et al., 2007; Depa et al.,
2012; Wang et al., 2005), pH (Kurnia et al., 2012;
Marcombe et al., 2010), mechanical load (Chester and
Anand, 2010; Doi, 2009), ionic and salt concentration
(Hong et al., 2010), light (Ahn et al., 2008; Zrinyi et al.,
2001), and electric field (Li, 2009; Osada and Gong,
1998). Due to their specific structure, elastomeric

hydrogels have found novel applications especially in
tissue engineering and drug delivery systems (Hoffman,
2002), sensors and actuators (Randhawa et al., 2011;
Richter et al., 2009; Wei et al., 2013; Westbrook and
Qi, 2007; Xia et al., 2010), microfluidics and micro-
valves (Eddington and Beebe, 2004), and oilfield pack-
ers (Bhavsar et al., 2008). They have a promising future
for application in microscales due to their fast response
in micron size. An important class of hydrogels is those
of temperature sensitive which have found applications
in microfluidics and microvalves (Chester and Anand,
2011).

In many applications, a constitutive model is
required to describe the hydrogel response under
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complicated thermo-mechanical conditions. As an
example, in a microvalve, swelling of the hydrogel is
constrained by the valve body. If the swelled hydrogel
is in contact with the valve body, the contact force pro-
duced by the swelling phenomenon plays an important
role in thermo-mechanical valve response. Therefore, a
coupled thermo-mechanical theory is required to
describe the behavior of the hydrogel in complicated
problems.

The coupled nonlinear field theory of the hydrogel
has attracted a great deal of interest, especially in last
decade (Back and Pence, 2011; Baek and Srinivasa, 2004;
Chester and Anand, 2010; Dolbow et al., 2004; Duda et
al., 2010; Hong et al., 2008, 2010; Wallmersperger et al.,
2009). Particularly, coupled thermo-mechanical behavior
of the temperature-sensitive hydrogels has been investi-
gated in recent years (Birgersson et al., 2008; Cai and
Suo, 2011; Chester and Anand, 2011).

Ji et al. (2006) developed a constitutive model in the
scope of finite-strain kinematics for thermally induced
volume transitions in stimulus-responsive hydrogels.
Considering a sharp front separating swelled and col-
lapsed phases, they modeled permeation of the fluid in
the network using extended finite element method
(FEM). They investigated thermally induced swelling
of spherical and cylindrical specimens. Birgersson et al.
(2008) presented a model for transient deformation of a
neutral hydrogel due to the temperature gradient by
employing a biphasic approach.

Chester and Anand (2011) developed a large defor-
mation constitutive model for the coupled thermo-
mechanical behavior of thermally responsive elastomeric
gels. Limiting to isotropic materials and using Flory—
Huggins model for the free energy change due to mixing,
they employed a non-Gaussian model for the change in
configurational entropy to account for the limited exten-
sibility of the polymer chains.

Based on the experimental data for the interaction
parameter of the swelling network presented by Afroze
et al. (2000), Cai and Suo (2011) developed a constitu-
tive model for the temperature-sensitive poly-(N-iso-
propylacrylamide) (PNIPAM) hydrogel. Their model
was developed for weakly and covalently cross-linked
PNIPAM. Employing the Flory—Rehner model and
considering the experimental results, they assumed that
the interaction parameter of PNIPAM to be a function
of both temperature and the polymer volume fraction.
Comparing the model results with those of experiments,
the model was validated. However, in the vicinity of the
phase transition temperature (PTT), multiple-solutions
and snap-through instability were observed which
results in limitations for using the model in finite ele-
ment (FE) implementations and also in inhomogeneous
swelling problems.

In this work, considering the Flory—Huggins model
for the free energy change due to mixing, and a neo-
Hookean model for the free energy change of the

swelling network, we present a constitutive model for
thermo-mechanical behavior of the PNIPAM hydrogel.
In the mixing part of the free energy, the interaction
parameter of the network is assumed to be a function
of both temperature and polymer volume fraction. The
modified model is validated by experimental results
available in the literature and resolves the multiple-
solutions and instability problems in the vicinity of
PTT.

The article is organized as follows. First, the model
is explained, and the governing formulations are pre-
sented in section “Model description.” Thereafter, the
validity and stability of the model in the vicinity of
PTT are investigated in section “Results and discus-
sion.” In subsection “Homogeneous deformations,”
some examples of the homogeneous swelling are solved
and validated by comparing two different sets of experi-
mental data available in the literature. Then, inhomoge-
neous swelling of the spherical hydrogel shells on a
fixed rigid core is analytically studied for temperature-
sensitive PNIPAM hydrogel, and the results are pre-
sented in subsection “Analytical solution.” Also,
numerical implementation of the modified model for
the inhomogeneous swelling of the spherical hydrogel
shells on a fixed rigid core considering contact is pre-
sented in subsection “Numerical implementation.”
Finally, we present a summary and draw conclusions in
section “Summary and conclusion.”

Model description

Consider an element of a dry network of hydrogel in
the reference state in which the element coordinate is
denoted by X. Under different thermo-mechanical con-
ditions, the network deforms into the current state. In
the current state, the element coordinate is defined as a
function of its reference coordinate shown by x(X)
which describes the network deformation. Thus, the
deformation gradient can be defined as

ox
=X (1)

The right Cauchy-Green deformation tensor is also
defined as

C=F'F (2)
where the superscript “7” denotes the transpose of the
tensor. In the equilibrium conditions (regardless of
time-dependent diffusion phenomenon), employing
variational approach, the change in the Helmholtz free
energy density of an arbitrary element of the hydrogel
per unit reference volume at a specified temperature is
expressed as (Cai and Suo, 2011)

oW =P :8F + udc (3)
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where P, u, and ¢ are the first Piola—Kirchhoff stress
tensor, chemical potential, and number of fluid mole-
cules absorbed by the network per unit volume of the
dry polymer, respectively. Defining Helmholtz free
energy density function as W = W(F, ¢, T), equation (3)
yields

d d
= — : + —W
oW BFW(F’ c,T):06F % (F,c,T)oc 4)

where T is the absolute temperature. Now, by compar-
ing equations (3) and (4), we have

p- % WF.c.T). u- 8—BCW(F, o) (5)

Considering a small density of cross-linking for the
hydrogel, we assume an additive decomposition of the
free energy density in the form of (see, for example, Cai
and Suo, 2011; Chester and Anand, 2010, 2011; Hong
et al., 2008, 2009; Li et al., 2012, among others)

W = Wstretch(F9 T) + I/Vmixing(cs T) (6)

where Wyeren(F, T) and Wiing(c, T) are the free energy
density due to elastic deformation and mixing, respec-
tively, and assumed to be a function of F and c,
respectively (Cai and Suo, 2012). We assume that the
change in the hydrogel volume originates only from
the fluid molecules diffusion through the network. In
this regard, the change of the volume is equal to the
absorbed fluid content of the network. Thus, the
swelling constraint which relates the absorbed fluid
content of the network to its deformation is (Hong
et al., 2008)

J=1+rwc (7

where v and J are volume of a fluid molecule and the
determinant of F, respectively. To apply this constraint
to the material behavior, we use Lagrange multiplier
method by introducing the free energy function as
(Hong et al., 2008, 2010)

w= Ws‘tretch(Fa T) + Wmixing(ca T) + H(J -1- VC) (8)

where II is the Lagrange multiplier, which should be
defined from boundary conditions. Now, in terms of
this modified free energy, we have

il il
P:_VVsrec F,T +H—J,
9F t th( ) 9F

a
M= 3_ VVmixing(ca T) - HV (9)
c
For equilibrium state, the chemical potential is equal
to zero; thus, the Lagrange multiplier and stresses can
be obtained as

d
P = — Wsreten (F, T)

19
I=-— Wmixing(ca T), 9F

vadc
10

+ ;% Wmixing(Ca T)aiFJ (10)
where the obtained result for stress is equal to

= aiFW(F, T), in which we eliminate ¢ from W by
using swelling constraint. Thus, in equilibrium state,
the free energy and related stresses components can be
obtained by direct implementation of the swelling con-
straint in the free energy function to eliminate ¢ from
equations. We use a neo-Hookean model to describe
the elastic deformation of the network which is
expressed in terms of the deformation as (Cai and Suo,
2011)

Warees = yNKT(y 3~ 2log () (11)
where N and K are density of the polymer chains and
Boltzmann constant, respectively. In addition, /; is the
first invariant of C. Also, based on the Flory—Huggins
theory, the mixing part of the free energy density is
(Flory and Rehner, 1943; Huggins, 1942)

W, —KT<10( VC)+ Xc)
e OB\ e 1+ v/’
X=Xo T ox1, xo=4o+ BT, x,=41+BT

(12)

where ¢ is the polymer volume fraction. Also, y is the
interaction parameter of the network which is a func-
tion of temperature and the polymer volume fraction
for the temperature-sensitive PNIPAM hydrogel. In
addition, 4y, By, A1, and B; are material parameters
adopted for the experiments reported by Afroze et al.
(2000). Using swelling constraint, equation (7), the total
free energy density is

1
W = SNKT(l —3 — 2log(J)

+ ?(J— 1)<log<‘%l> + §>

The stress components at the equilibrium state can
be calculated by considering the free energy function
and boundary conditions. Minimizing this free energy
at a specified temperature for free swelling condition,
as done by Cai and Suo (2011), we obtain the equili-
brium state and plot the numerical results in Figure
1(a) and (b). In these figures, swelling ratio is defined as
the ratio of the current volume to the dry network vol-
ume. As depicted in Figure 1(a) and discussed in detail
by Cai and Suo (2011), this free energy experiences
instability in the vicinity of PTT, due to the appearance
of multiple-solutions. Producing more than one solu-
tion makes the formulation numerically unstable. Such

(13)
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Figure |. Free swelling for hydrogel with Nv = 0.01 using Cai and Suo model: (a) equilibrium swelling ratio curve and (b) free
energy density of the network in the vicinity of PTT at different given temperatures.

thing is shown in Figure 1(b), where in the vicinity of
PTT, 305.5 K, we have three solutions. In addition, in
the multiple-solution region, choosing the appropriate
equilibrium point from the obtained solutions is a
major challenge. This problem is similar to the snap-
through instability effect reported for other soft materi-
als (Liu et al., 2012; Park et al., 2012).

Moreover, multiple-solution problem becomes more
prominent in implementing the constitutive model in a
FE framework or even in solving inhomogeneous
boundary value problems which involve solving ordi-
nary or partial differential equations. To overcome
such instability in the FEM, collocation methods are
commonly employed to trace the equilibrium branches
such as the arc-length method which is computationally
expensive in a numerical scheme (Hong et al., 2009;
Riks, 1972).

Due to the numerical instability problem described
in this section, the Cai and Suo model is a numerically
expensive choice to be implemented in FE framework
or employed in an inhomogeneous problem. The main
idea of this work is to modify the free energy function
proposed by Cai and Suo (2011) to eliminate the snap-
through instability and the multiple-solution problem
in the vicinity of PTT for temperature-sensitive
PNIPAM hydrogels. To attain this, we investigate the
source of the multiple-solution problem in the free
energy function. Examining different loading condi-
tions in various examples, it is shown that the logarith-
mic term in the mixing free energy is the source of
generating multiple-solutions. To avoid this problem,
instead of this ill-posed term, we use a polynomial
expression for the mixing part of the free energy. Since
J>1, we write the polynomial expansion of the loga-
rithmic term as

S AW S A W S TR
S 877 J 22 3P
(14)

Plotting the free energy for the free swelling problem
and also other states of complicated loading condi-
tions (in section “Results and discussion,” some com-
plicated loading conditions are discussed in detail),
the instability is eliminated by choosing the first three
terms of the expansion series. Also, in section
“Results and discussion,” it is shown that the calcu-
lated numerical results are in an acceptable agreement
with the experimental data available in the literature
for different sets of experiments. Since the swelling
ratio is often larger than unity, using the first terms
of the series seems to be appropriate for approxima-
tion of the mixing free energy. On the other hand,
choosing more than four terms may result in regen-
eration of the instability. Thus, to have maximum
precision beside instability elimination, we choose the
first three terms in the series approximation. Finally,
the modified model for the total free energy of the
hydrogel is

1 KT
W= ENKT(I1 —3-2log(/)) + —(J —1)
14
LR SR ¢
J 2J2 3J3 J
1 KT
= ENKT(I1 —3-2log)) + —(J —1)
14
Tl o x
J 2J2 3)3 J J?

The numerical illustration of the model for free
energy of the free swelling is shown in Figures 2 and 3

(15)
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Figure 2. Free energy changes at 305.5 K for the free swelling
using the modified model and Cai and Suo model.

at different temperatures in the vicinity of PTT.
Elimination of the multiple-solution problem in the
vicinity of PTT is depicted in Figure 2 which shows the
free energy function in terms of the swelling ratio for
both the Cai and Suo model and the modified model.
In Figure 2, the free energy function is shown at
305.5 K, which is a critical temperature in which the
multiple-solution problem is dominant. As shown, the
model possesses one minimum point which results in
stability of the solution in this temperature. As
observed from Figure 3, the free energy only possesses
one minimum at different temperatures which corre-
sponds to a unique solution. Also, according to Figure
3, the model has a continuous behavior which elimi-
nates the snap-through instability in the vicinity of

(@)

315 T T T T T 1 1771
| = This Work
I = = = Cai and Suo Model ( 2011)
1 T T UL
| 1 1 L]
| : o
1 1 1
2 RN o TTrTTTTTT
— ‘ 1 1 1
9 ‘ 1 1 1
S
% 1 | C
E \ | | |
£ \ b
[} 1 1 1 1
= 305F-----"a- = I I R + L
1 1 1 1 1 1
1 1 1 1 1 1 U
1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
1 1 1 1 1 1 1
300 L L L L L L
10° 10'

Swelling Ratio [ - ]

PTT. It is worth to mention that the modified model is
not designed for predicting an ideal sharp transition
between the swollen and the collapsed phases through
changing the temperature. The goal is to predict the
behavior of PNIPAM hydrogels continuously with an
acceptable precision where the numerical cost decreases
in simulating the phase transition behavior. In other
words, the merit of the modified model is its ability to
be employed in inhomogeneous swelling problems in a
FE framework.

Now in terms of the modified free energy function,
we can obtain nominal stress, namely, P, by differen-
tiating equation (15). If we have three nominal princi-
pal stretches, A;, i = 1,2,3, nominal stress components
P; are obtained as

+<—1/2+()(o—)(1) VLR >

AT AT

i (‘1/2 + (o — x1) n

—1/3 + 2y, 1
A3A A3

ANAS A3

. —1/2+ (xo —Xx1) n —1/3+2y, 1
AMAAT AN

(16)
The first terms in equation (16) come from the elastic

deformation free energy, while the second terms come
from the mixing terms in the energy function.
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Figure 3. Free swelling for hydrogel with Nv = 0.01: (a) equilibrium swelling ratio curve using modified model and Cai and Suo
model and (b) free energy of the network in the vicinity of PTT at different given temperatures for the model.
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Results and discussion

In this section, the modified model is used to solve
some benchmark problems involving homogeneous or
inhomogeneous swelling of the temperature-sensitive
PNIPAM hydrogels. First, in section “Homogeneous
deformations,” some homogeneous examples are
solved, and the results are compared to the experimen-
tal data available in the literature. Then, in section
“Inhomogeneous deformations,” inhomogeneous swel-
ling of the hydrogel is studied for a spherical shell of
PNIPAM on a hard core. In this problem inhomoge-
neous deformation occurs due to the existence of the
hard core which is solved in this work for the first time.

Homogeneous deformations

Free swelling. Since free swelling of temperature-sensitive
PNIPAM hydrogels has been investigated experimen-
tally in the literature, we also investigate this problem
in this work to validate the modified model. Due to the
isotropic behavior of the hydrogel, for free swelling
conditions, we have

1% 1/3
)\1:)\2:/\3:)\2 (—)

i (17

where V/V, is the swelling ratio. To determine the
equilibrium state, one should find the minimum of the
free energy in terms of the swelling ratio at a specified
temperature. Differentiating the free energy with
respect to the swelling ratio, the equilibrium state is
recognized. The results are shown for different values
of the cross-linking density in Figure 4(a) and (b).
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Figure 4(b) is a detailed view of Figure 4(a) in the vici-
nity of PTT. The model results are compared to those
of the experimental data conducted by Oh et al. (1998)
and Suzuki and Ishii (1999) as well as those predicted
by the Cai and Suo model. As shown in Figure 4(a)
and (b), the modified model is in good agreement with
the experimental data and also has a continuous beha-
vior without encountering any instability. The results
of the model are equal to those of the Cai and Suo
model in the regions far from PTT, while in the vicinity
of PTT, the model is more successful in predicting the
experimental results, especially for larger values of Nv
as observed from Figure 4(b). It is worth to mention
that the modified model may not predict sharp phase
transition especially for small values of Nv in which
this phenomenon is dominantly observed, for example,
for Nv = 0.0035 in Figure 4. As another example, for
the experiment of Hirokawa and Tanaka (1984) with a
sharp phase transition, as shown in Figure 5, we are
capable of eliminating the instability beside predicting
a continuous behavior for the value of Nv = 0.005.

Unidirectional constrained swelling. In this section, the
modified model is employed to solve another popular
problem in the hydrogel swelling, namely, unidirec-
tional constrained swelling. In this problem, the stretch
in the constraint direction is fixed and equal to Ay,
while the other two stretches vary with the temperature
changes (A, =A3). Using the experimental data
reported by Suzuki et al. (1997), we consider a cubic
piece of the hydrogel immersed in the water at 303 K
at the free swelling condition that reaches equilibrium
stretch Ag. Thereafter, the cube can be stretched while
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Figure 4. (a) Comparison between modified model and experiments as well as Cai and Suo model for free swelling and (b) detailed
view of the comparison in vicinity of PTT. Experimental data s| and s2 are reported from Oh et al. (1998) and Suzuki and Ishii

(1999), respectively.
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the longitudinal stretch is fixed and equal to
A1 = nrg(rn = 1,2,3). Then, the stretches in other two
directions may vary with the temperature changes.
Substituting the longitudinal stretch in the model, simi-
lar to section “Free swelling,” the equilibrium state is
calculated for different values of A;. The calculated
results as well as the Cai and Suo model and the experi-
mental data are shown in Figure 6. As depicted in
Figure 6, the modified model is in good agreement with
the experimental data. Also, a continuous behavior is
predicted by the model and the instability due to the
multiple-solution problem in the vicinity of PTT is
disappeared.
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Figure 7. Comparison between the proposed model and
experiments (Vidyasagar et al., 2008) as well as Cai and Suo
model under biaxial constraint swelling for different values of
the pre-stretches, Apre.

Biaxial constrained swelling. An interesting benchmark
problem in the literature is the swelling of the hydrogel
layer on a hard sub-layer. In this regard, biaxial con-
strained swelling of the hydrogel is studied in this sec-
tion. Since thickness of the hydrogel layer is small, one
can assume that the hydrogel experiences biaxial con-
strained swelling. Assume that the pre-stretches of the
hydrogel in two constrained directions are fixed and
equal to Ay = Ay = Ap. Moreover, it is assumed that
the stretch in the direction normal to the constrained
plain is A3 = A. Similar to the previous examples, by
substituting different values of the pre-stretches in the
modified model and minimizing the free energy func-
tion at a given temperature, the equilibrium point of the
hydrogel is found in terms of the temperature as shown
in Figure 7 for different values of the pre-stretches, A..
Also, the experimental data reported by Vidyasagar et
al. (2008) as well as the Cai and Suo model results are
depicted in Figure 7. From Figure 7, it is concluded that
the modified model successfully predicts the experimen-
tal results showing a continuous behavior. Such trend
has also been observed in the experiments.

Core-shell structure volume change. Predicting the response
of the core-shell structure of the temperature-sensitive
hydrogel has attracted a great deal of interest in recent
years (Cai and Suo, 2011; Gernandt et al., 2011; Wang
and Wu, 2013). The core-shell structure includes a
hydrogel core and an elastomeric shell. Therefore, the
modified model is employed to simulate the behavior
of the core-shell structure especially its core. The equili-
brium state of the system is obtained in the following.
Consider a spherical core of the temperature-
sensitive hydrogel with an elastomeric shell as shown in
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Stress-free state Stressed state

Figure 8. Schematic drawing of a core-shell structure of the temperature-sensitive hydrogel in (a) stress-free and (b) stressed

states.

Figure 8. At a specified temperature, the core-shell B-A=p-0, oab=B-4£+d (20)

structure is stress-free as observed in Figure 8(a). If the
system experiences a temperature change, both the core
and the shell are stressed due to the hydrogel core
deformation, as depicted in Figure 8(b). The inner and
outer radii of the shell are 4 and B in the stress-free
state and a and b in the stressed one, respectively. Since
an isotropic and homogeneous behavior is assumed for
the core in the stress-free state, the stretch is equal to A,
in the core. Also, in the stressed state, the core homoge-
neous stretch with respect to the dry network is
A=A == (18)

A
Subsequently, substituting equations (18) into (15),
the free energy density, W,,., and the total free energy

of the core, Weore, toral> are respectively

2
wo KTy N[ £ 14
core v A3 a3)\; 2 a3/\;
1Y A
o == + 1— —
3\ @A} T en
NKT [, (a\r* as
+ =2 (3( L) =3 —6log( =L
5 (3<A> 3—-6 og(A

4 (A’
Wcore, total = T <_> Wcore (19)

A

Since deformation of the shell is assumed to be
incompressible, we have

Also, the hoop stretch, Ay, the radial stretch, A,, and
subsequently the free energy density for the shell, Wy,
are (Cai and Suo, 2011)

=~

G
Wahen = = (2A* +a71=3)

Integrating the free energy density over the whole
shell, the total free energy of the shell is obtained as

alA

Wehelt, iorar = 47 (&> — A°) /
b/B

2
—VZS’””A SdA (22)
A =1)

The total free energy of the core-shell system is equal
to the sum of total free energies of the shell and core
which is a function of the outer radius of the core,
namely, a. To find the equilibrium state of the system
at a specified temperature, one should define the equili-
brium value of @ by minimizing the total free energy of
the system. Substitution of all variables in terms of a
and differentiation with respect to a leads to a non-
linear equation containing complicated integrals which
are calculated employing numerical techniques.

Solving the nonlinear equation, the equilibrium vol-
ume ratio of the core-shell system is obtained, and the
results of the modified model as well as the Cai and
Suo model are shown in Figure 9. The volume ratio is
defined as the ratio of current volume of the core-shell
to its initial volume at stress-free state. Also, the tem-
perature at the stress-free state is 295 K. As observed
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Figure 9. Comparison between modified model and Cai and
Suo model results for the core-shell swelling.

Hard Core

Hydrogel Shell

Figure 10. Schematic drawing of the hydrogel shells on a
spherical core.

from Figure 9, the model possesses a continuous beha-
vior in the vicinity of PTT compared to the Cai and
Suo model.

Inhomogeneous deformations

In all the examples investigated in section “Homogeneous
deformations,” the swelling and deformations are homo-
geneous, while in many practical applications, inhomoge-
neous swelling of the temperature-sensitive hydrogel is of
great importance in which multiple-solution problem leads
to divergence of solution in the vicinity of PTT. In addi-
tion, as depicted in the plotted results of the solved exam-
ples, PTT of the Cai and Suo model is slightly dependent
on the applied mechanical conditions such as constraints.

This problem is prominent in inhomogeneous problems in
which phase transition and consequently instability can
occur in some regions of the solution. Thus, a continuous
model is required to solve an inhomogeneous swelling
problem. The modified model possesses the ability to solve
the inhomogeneous swelling problems due to its continu-
ous behavior.

Andlytical solution. Motivated from Zhao et al. (2008), a
benchmark problem in the hydrogel inhomogeneous
swelling is a spherical shell on a hard core whose
volume can be changed due to the environmental
conditions, that is, temperature changes. The sche-
matic drawing of this problem is shown in Figure 10.
For the spherical shell, all field variables are func-
tions of R, which is the radius of an element in the ref-
erence state as shown in Figure 10(a). Due to the
symmetry, the equilibrium equation in the radial
direction gives

dP, 2(P, — Py)

dR 0

(23)

where P, and Py are the nominal radial and hoop stres-
ses, respectively. These stress components are obtained
from equation (16) as

P,
Y — Nw ,fi
KT A,
_ + _
+( 1/2 2()(20 X1) +
AGA:

P 1
DOV Nw(rg——
KT Ao

L (212 o—x)
oA,

—1/3+2y, |1
M3 0
0 r 0 r (24)

—1/3 +2x, 1
+ 5)2 T 373
AgAs Aghs
Also, the stretch components in terms of the displa-
cement field variable are

r d

= — = —r(R 2
)\r R 5 /\0 dR I"( ) ( 5)
in which 7 is the radius of an element of the hydrogel in
the current state. Substituting equations (24) and (25)
in equation (23), a differential equation in terms of »(R)
is obtained which identifies the behavior of the system

due to the temperature change as

C(rPr" + r'3r") + CoRri*" + C3Rr'¥"
+ 4R +2C, (R — ) +

2C; (Rr/3 - rr’z) — Cyr”® + C4R (r’6 - r'4)
+ 2R + 8RY? — 8R! =0

(26)

/9

where stands for derivative with respect to argu-
ment R. Also, Cy, C,, Cs, and Cy are defined as follows
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Figure I 1. Swelling of a spherical shell on a hard core for
different outer diameter of the shell.

C, = NvR*/,
Cy = (=24¢ + 24, + 1 + 2B, T — 2B, T)R*r*,
C3 = (1 — 6B T — 64,)R°r*,Cy = 2Nvr’

(27)

The relevant boundary conditions are expressed as

r=A atR=R, P.=0atR=R, (28

in which A is the initial stretch in the inner radius, and
R; and R, are inner and outer radii of the spherical shell
in the reference state, respectively. The value of A is
dependent on the preparation method of the hydrogel.
In this work, the value of A is chosen to be 1.001 which
is near unity (Zhao et al., 2008). The governing differ-
ential equation (26) should be numerically solved. To
solve the present boundary value problem, a finite dif-
ference technique with Richardson extrapolation is
used (Ascher et al., 1994). The calculated results are
depicted in Figure 11, where volume ratio is plotted
versus temperature. The volume ratio is defined as ratio
of the current volume of the hydrogel shell to its dry
volume. As can be seen, the modified model is capable
of solving the inhomogeneous swelling with the speci-
fied boundary conditions.

Numerical implementation. To have an efficient tool for
numerical investigation, the modified model is imple-
mented in an ABAQUS user subroutine, namely,
UHYPER. To show the validity of the model, inhomo-
geneous swelling of a hydrogel shell on a rigid pillar
with the boundary conditions identical to the analytical
solution presented in the previous section is solved. We
present the results for different shell thickness ratio
(B/A) as solved in the analytical example in section
“Analytical solution” and report the normalized outer
radius of the hydrogel shell (normalized by the inner

radius) for both the analytical and numerical results in
Figure 12. As depicted in this figure, a good agreement
is observed, and the validity of the FEM solution is
successfully checked. Also, deformation contours for
one of the performed simulations with B/4 = 2 are pre-
sented in Figure 13(a) and (b) at temperatures 310 and
300 K, respectively. In addition, for B/4 = 2, we solve
inhomogeneous swelling of a hydrogel shell on a rigid
pillar which may experience a contact with rigid flat
walls of a channel. The width of the channel, D, is
selected such that D/4 = 3, and the results are shown
in Figure 14(a) and (b) at the temperatures 310 and
300 K, respectively. The inner radius of the hydrogel
shell is constrained to the rigid pillar, while the outer
radius of the shell experiences a contact with the walls.
Thus, this problem contains a complicated coupling
between temperature changes, large deformations and
mechanical contact. As shown in Figure 14, the shell
does not touch the walls at 310 K, and the channel
remains fully open. Decreasing the temperature results
in volume change of the hydrogel shell which in turn
comes into contact with the channel walls at 300 K as
shown in Figure 14(b). Thus, the modified model is
suitable for application in the FE framework for other
complicated problems.

Summary and conclusion

In this work, the equilibrium behavior of the
temperature-sensitive PNIPAM hydrogel was studied.
Following Cai and Suo (2011), the aim of this work
was to develop a model to continuously predict the
behavior of the temperature-sensitive PNIPAM hydro-
gels to be implemented in inhomogeneous swelling of
the temperature-sensitive PNIPAM hydrogel. To
develop this model, an additive decomposition of the
free energy was assumed. If the Flory—Huggins theory
is employed for mixing part of the free energy, snap-
through instability appears in the vicinity of PTT which
is undesirable for the inhomogeneous problems or in
the FE framework. Use of the modified model results
in eliminating multiple-solution problem. Also, the
model possesses a continuous behavior in the vicinity
of PTT which is appropriate for numerical simulations
with a lower computational cost. The interaction para-
meter of the network was assumed to be a function of
both the temperature and polymer volume fraction.
Employing the model, some benchmark homogeneous
problems were investigated. Free, unidirectional con-
strained and biaxial constrained swellings as well as
swelling of core-shell structure were studied, and it was
shown that the results were in good agreement with the
experimental data.

The main advantage of the modified model is its
ability to be employed in the inhomogeneous deforma-
tions. Therefore, as a benchmark problem, the
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Figure 12. Analytical (ANL) and numerical (FEM) results for inhomogeneous swelling of a spherical shell on a hard core for
different outer diameter of the shell.
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Figure 13. Swelling of a spherical shell on a hard core simulated by ABAQUS via a user subroutine at temperatures (a) 310 and (b)

300 K.
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Figure 14. Swelling of a spherical shell on a hard core considering contact between the shell and a channel with rigid flat walls at
temperatures (a) 310 and (b) 300 K.

inhomogeneous swelling of a spherical shell on a hard
core was analytically studied, and the results were pre-
sented for various thicknesses of the shell. Also, the
model was implemented in ABAQUS via a user

In the

subroutine, and the inhomogeneous swelling of a sphe-
rical shell on a hard core, identical to the analytical
one, was solved; the results were successfully compared.

next step, a simulation was conducted for the
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complicated problem of contact between the hydrogel
shell and a channel with rigid walls where the results
were reasonable. Based on the results, it is concluded
that the proposed model is capable of being implemen-
ted in the homogeneous and inhomogeneous problems
without encountering any instability or multiple-
solution problem which is a major concern especially in
numerical simulations.

Declaration of Conflicting Interests

The author(s) declared no potential conflicts of interest with
respect to the research, authorship, and/or publication of this
article.

Funding

The author(s) received no financial support for the research,
authorship, and/or publication of this article.

References

Afroze F, Nies E and Berghmans H (2000) Phase transitions
in the system poly(N-isopropylacrylamide)/water and swel-
ling behaviour of the corresponding networks. Journal of
Molecular Structure 554: 55-68.

Ahn SK, Kasi RM, Kim SC, et al. (2008) Stimuli-responsive
polymer gels. Soft Matter 4: 1151-1157.

Arghavani J, Auricchio F, Naghdabadi R, et al. (2010) A 3-D
phenomenological constitutive model for shape memory
alloys under multiaxial loadings. International Journal of
Plasticity 26: 976-991.

Ascher UM, Mattheij RMM and Russell RD (1994) Numeri-
cal Solution of Boundary Value Problems for Ordinary Dif-
ferential Equations. Siam.

Baek S and Pence TJ (2011) Inhomogeneous deformation of
elastomer gels in equilibrium under saturated and unsatu-
rated conditions. Journal of the Mechanics and Physics of
Solids 59: 561-582.

Back S and Srinivasa AR (2004) Diffusion of a fluid through
an elastic solid undergoing large deformation. International
Journal of Non-Linear Mechanics 39: 201-218.

Baghani M, Naghdabadi R and Arghavani J (2012a) A large
deformation framework for shape memory polymers: con-
stitutive modeling and finite element implementation.
Journal of Intelligent Material Systems and Structures.
Epub ahead of print 5 September.

Baghani M, Naghdabadi R, Arghavani J, et al. (2012b) A
thermodynamically-consistent 3D constitutive model for
shape memory polymers. International Journal of Plasticity
35: 13-30.

Bhavsar R, Vaidya NY, Ganguly P, et al. (2008) Intelligence
in novel materials. Oilfield Review 20: 32—41.

Birgersson E, Li H and Wu S (2008) Transient analysis of
temperature-sensitive neutral hydrogels. Journal of the
Mechanics and Physics of Solids 56: 444-466.

Brinson L and Lammering R (1993) Finite element analysis
of the behavior of shape memory alloys and their applica-
tions. International Journal of Solids and Structures 30:
3261-3280.

Cai S and Suo Z (2011) Mechanics and chemical thermody-
namics of phase transition in temperature-sensitive hydro-
gels. Journal of the Mechanics and Physics of Solids 59:
2259-2278.

Cai S and Suo Z (2012) Equations of state for ideal elasto-
meric gels. Europhysics Letters 97: 34009.

Chang DP, Dolbow JE and Zauscher S (2007) Switchable
friction of stimulus-responsive hydrogels. Langmuir 23:
250-257.

Chester SA and Anand L (2010) A coupled theory of fluid
permeation and large deformations for elastomeric materi-
als. Journal of the Mechanics and Physics of Solids 58:
1879-1906.

Chester SA and Anand L (2011) A thermo-mechanically
coupled theory for fluid permeation in elastomeric materi-
als: application to thermally responsive gels. Journal of the
Mechanics and Physics of Solids 59: 1978-2006.

Depa K, Strachota A, Slouf M, et al (2012) Fast
temperature-responsive nanocomposite PNIPAM hydro-
gels with controlled pore wall thickness: force and rate of
T-response. European Polymer Journal 48: 1997-2007.

Doi M (2009) Gel dynamics. Journal of the Physical Society of
Japan 78: 052001.

Dolbow J, Fried E and Ji H (2004) Chemically induced swel-
ling of hydrogels. Journal of the Mechanics and Physics of
Solids 52: 51-84.

Duda FP, Souza AC and Fried E (2010) A theory for species
migration in a finitely strained solid with application to
polymer network swelling. Journal of the Mechanics and
Physics of Solids 58: 515-529.

Eddington DT and Beebe DJ (2004) Flow control with hydro-
gels. Advanced Drug Delivery Reviews 56: 199-210.

Flory PJ and Rehner J Jr (1943) Statistical mechanics of
cross-linked polymer networks I1. Swelling. The Journal of
Chemical Physics 11: 521-526.

Gernandt J, Frenning G, Richtering W, et al. (2011) A model
describing the internal structure of core/shell hydrogels.
Soft Matter 7: 10327-10338.

Hirokawa Y and Tanaka T (1984) Volume phase transition
in a nonionic gel. The Journal of Chemical Physics 81:
6379-6380.

Hoffman AS (2002) Hydrogels for biomedical applications.
Advanced Drug Delivery Reviews 54: 3—12.

Hong W, Liu Z and Suo Z (2009) Inhomogeneous swelling of a
gel in equilibrium with a solvent and mechanical load. Inter-
national Journal of Solids and Structures 46: 3282-3289.

Hong W, Zhao X and Suo Z (2010) Large deformation and
electrochemistry of polyelectrolyte gels. Journal of the
Mechanics and Physics of Solids 58: 558-5717.

Hong W, Zhao X, Zhou J, et al. (2008) A theory of coupled
diffusion and large deformation in polymeric gels. Journal
of the Mechanics and Physics of Solids 56: 1779—1793.

Huggins ML (1942) Some properties of solutions of long-chain
compounds. Journal of Physical Chemistry 46: 151-158.

Ji H, Mourad H, Fried E, et al. (2006) Kinetics of thermally
induced swelling of hydrogels. International Journal of
Solids and Structures 43: 1878—-1907.

Kurnia JC, Birgersson E and Mujumdar AS (2012) Analysis
of a model for pH-sensitive hydrogels. Polymer 53: 613-622.

Lagoudas D, Hartl D, Chemisky Y, et al. (2012) Constitutive
model for the numerical analysis of phase transformation



336

Journal of Intelligent Material Systems and Structures 27(3)

in polycrystalline shape memory alloys. International Jour-
nal of Plasticity 32: 155-183.

Li H (2009) Kinetics of smart hydrogels responding to electric
field: a transient deformation analysis. International Jour-
nal of Solids and Structures 46: 1326-1333.

LiJ, Hu 'Y, Vlassak JJ, et al. (2012) Experimental determina-
tion of equations of state for ideal elastomeric gels. Soft
Matter 8: 8121-8128.

Liu L, Liu Y, Luo X, et al. (2012) Electromechanical instabil-
ity and snap-through instability of dielectric elastomers
undergoing polarization saturation. Mechanics of Materi-
als 55: 60-72.

Marcombe R, Cai S and Hong W (2010) A theory of con-
strained swelling of a pH-sensitive hydrogel Soft Matter 6:
784-793.

Meng H and Hu J (2010) A brief review of stimulus-active
polymers responsive to thermal, light, magnetic, electric,
and water/solvent stimuli. Journal of Intelligent Material
Systems and Structures 21: 859-885.

Oh KS, Oh JS, Choi HS, et al. (1998) Effect of cross-linking
density on swelling behavior of NIPA gel particles. Macro-
molecules 31: 7328-7335.

Osada Y and Gong JP (1998) Soft and wet materials: polymer
gels. Advanced Materials 10: 827-837.

Park HS, Suo Z, Zhou J, et al. (2012) A dynamic finite ele-
ment method for inhomogeneous deformation and electro-
mechanical instability of dielectric elastomer transducers.
International  Journal of Solids and Structures 49:
2187-2194.

Randhawa JS, Laflin KE, Seelam N, et al. (2011) Microche-
momechanical systems. Advanced Functional Materials 21:
2395-2410.

Richter A, Klatt S, Paschew G, et al. (2009) Micropumps
operated by swelling and shrinking of temperature-
sensitive hydrogels. Lab on a Chip 9: 613-618.

Riks E (1972) Application of Newton’s method to the prob-
lem of elastic stability. Journal of Applied Mechanics:
Transactions of the ASME 39 (Series E): 1060—1065.

Suzuki A and Ishii T (1999) Phase coexistence of neutral
polymer gels under mechanical constraint. The Journal of
Chemical Physics 110: 2289-2296.

Suzuki A, Sanda K and Omori Y (1997) Phase transition in
strongly stretched polymer gels. The Journal of Chemical
Physics 107: 5179-5185.

Vidyasagar A, Majewski J and Toomey R (2008) Tempera-
ture induced volume-phase transitions in surface-tethered
poly(N-isopropylacrylamide) networks. Macromolecules
41: 919-924.

Wallmersperger T, Ballhause D, Kroplin B, et al. (2009)
Coupled multi-field formulation in space and time for the
simulation of intelligent hydrogels. Journal of Intelligent
Material Systems and Structures 20: 1483-1492.

Wang D and Wu MS (2013) Analytical solutions for bilayered
spherical hydrogel subjected to constant dilatation.
Mechanics of Materials 58: 12-22.

Wang J, Chen Z, Mauk M, et al. (2005) Self-actuated,
thermo-responsive hydrogel valves for lab on a chip. Bio-
medical Microdevices 7: 313-322.

Wei G, Meie L and Jinxiong Z (2013) Modeling programma-
ble deformation of self-folding all-polymer structures with
temperature-sensitive hydrogels. Smart Materials and
Structures 22: 115028.

Westbrook KK and Qi HJ (2007) Actuator designs using
environmentally responsive hydrogels. Journal of Intelli-
gent Material Systems and Structures 19: 597-607.

Xia C, Lee H and Fang N (2010) Solvent-driven polymeric
micro beam device. Journal of Micromechanics and Micro-
engineering 20: 085030.

Zhao X, Hong W and Suo Z (2008) Inhomogeneous and ani-
sotropic equilibrium state of a swollen hydrogel containing
a hard core. Applied Physics Letters 92: 051904-1-0519
04-3.

Zrinyi M, Szilagyi A, Filipcsei G, et al. (2001) Smart gel-glass
based on the responsive properties of polymer gels. Poly-
mers for Advanced Technologies 12: 501-505.



