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A B S T R A C T   

The activation method of thermoresponsive materials greatly affects the practical use of smart structures 
composed thereof. Despite extensive research that relies on methods using high ambient temperatures or planar 
heaters, the efficient and tailorable activation of relatively thick thermoresponsive composite structures remains 
challenging. Herein, we present a concept of embedding a wavy heater into a thermoresponsive material matrix 
to form a composite structure with parametrically designed thermal activation behavior, through a facile 
manufacturing approach combining 3D-printing and laser-cutting. We develop a numerical model to predict the 
transient heat transfer for varying wavy shapes of heater, and experimentally validate the numerical results. The 
exploration of the design space using the numerical model shows a reduction of up to 82% in heating time using 
the wavy design compared with the flat design. Finally, we demonstrate experimentally the stiffness tuning in 
thermoresponsive composite structures. This work paves the way for large-scale thermoresponsive composite 
structures with applications in aerospace and architecture.   

1. Introduction 

Thermoresponsive smart materials that change physical properties 
upon thermal stimuli are widely used in various engineering settings 
[1–13]. Many efforts have been made with focus on the thermal acti-
vation of relatively thin structures made of such materials [1,8,10, 
13–15]. However, when it comes to practical applications, large-scale 
structures made of thermoresponsive materials are often used because 
of their enhanced mechanical performances [11,16–22]. The thermal 
activation of such structures becomes lengthier and less uniform as the 
thickness increases. Conventional activation methods commonly 
involve heating with a high ambient temperature [11,22,23], relying on 
the heat convection which is slow and sometimes infeasible. Recent 
works have suggested heating methods with embedded Joule-heating 
elements, but usually with a planar layout [4,10,14,17,19,24–29]. The 
heat source is often concentrated in the mid-plane or on one side of the 
structure, thus restricting the spatial distribution of heat generation 
across the volume of the smart material composite. 

In this work, we propose a concept of embedding a wavy heater into 
a thermoresponsive material matrix to form a composite structure 

whose thermal activation behavior is efficient and tailorable. The wavy 
heater follows the shape of a sinusoidal wave which is characterized by 
the spatial frequency along the longitudinal direction and the amplitude 
along the thickness direction, thus making its design parametrically 
defined. By exploiting the combination of these two design parameters, 
it is possible to achieve a higher electrical resistance of the heater for the 
same length of structure to be heated. Furthermore, the denser distri-
bution of the heat source within the volume of the smart material also 
contributes to reducing the heating time. The heater is embedded into a 
smart material matrix composed of two identical 3D-printed sub-parts 
where the interface follows the shape of the wavy surface. To do so, 
laser-cut conductive tape is sandwiched between the two sub-parts and 
“glued” using UV curable resin [19]. We investigate the influences of the 
two design parameters. First, the influence on the arc length of the wavy 
heater in comparison with the flat heater is studied. Next, a numerical 
model is developed to calculate the heating time by varying the spatial 
frequency and amplitude of the wavy design [30]. The numerical results 
are compared and validated with experiments. A design map is given for 
predicting the heating durations within the design space. Finally, we 
demonstrate the stiffness tuning in thermoresponsive composite 
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structures with three-point bending tests. The proposed paradigm paves 
the way for the use of thermoresponsive smart materials on large-scale 
structures with applications in aerospace and architecture. 

2. Materials and method 

To fully exploit the spatial arrangement of heater within the smart 
material matrix, instead of embedding a flat heater, we propose the use 
of a 3D wavy heater in a sinusoidal form (Fig. 1a). The wavy heater is 
placed centered to the mid-plane of the matrix made of the thermores-
ponsive smart material. The two critical design parameters are the 
spatial frequency ν of the sinusoidal wave along the length direction of 
the structure and the amplitude A with regard to the mid-plane in the 
thickness direction. For the flat heater, the amplitude of the wave is zero. 
Meanwhile, for the wavy heater, the amplitude can vary from 0 to 1 
when normalized with respect to the half-thickness of the structures. 

While the length of the structure to be heated is the same, the 
normalized length λ of the wavy heater increases with both the ampli-
tude A and the spatial frequency ν. By using the complete elliptic inte-
gral of the second kind, the relationship between λ and design 
parameters A, ν is given as follows: 

λ= 1+ v ×
∑∞

n=1

[
(2n)!
22nn!2

]2( ̅̅̅̅̅̅̅
− 1

√
A
)2n

1 − 2n
, (1)  

where the right-hand side consists of two contributions, respectively the 
length of the flat heater and the additional arc length due to the wavi-
ness. While it is difficult to find a closed-form solution, approximate 
values of the wavy heater λ may be obtained numerically. 

Fig. 1b shows the heat map of the theoretical wavy heater arc length 
as a function of these two design parameters. The range of the spatial 
frequency considered in this work is between 1 and 200. The arc length 
of the wavy heater is normalized with respect to the length of the flat 
heater. To facilitate visualization, the contours of the normalized length 
λ at respectively 1.5, 2.0, 2.5, 3.0, 3.5 and 4.0 are plotted. The heat map 
confirms that the heater arc length increases both with the spatial fre-
quency and the amplitude. For combinations of large amplitude and 
large spatial frequency, the heater arc length may reach more than 4.0 
times that of the flat heater. 

To experimentally validate the design strategy, we fabricated bulky 
shape-memory polymer (SMP) rod structures with embedded flat and 
wavy Joule-heaters via a facile hybrid manufacturing approach, as 
depicted in Fig. 2. The heaters were prepared by laser-cutting conduc-
tive tapes into designed patterns. As the heater divides the SMP matrix 
into two sub-parts (Fig. 1a), the latter were first 3D-printed as separate 
parts with a commercial 3D printer, Polyjet J750 (Stratasys Ltd, Eden 
Prairie, MN, USA). The heater was then bonded to the interface between 
the two 3D-printed sub-parts. 

Conductive fabrics or textiles have recently shown great potential as 

highly deformable and flexible heaters [31–36]. As illustrated in Fig. 2a, 
conductive silver fabric tapes were laser-cut into different lengths with 
mesh patterns which covered the arc length of the respective wavy 
design. The mesh patterns were used to provide a uniform flow of 
electrons in the heated area [37,38] and also to leave voids for the 
bonding of the SMP sub-parts. Fig. 2b displays each heater bonded to the 
interface of the respective 3D-printed sub-parts, namely for the flat 
design, the wavy design with a spatial frequency of 60 and an amplitude 
of 0.8 (ν = 60,A = 0.8), and the wavy design with a spatial frequency of 
120 and an amplitude of 0.8 (ν = 120,A = 0.8). Fig. 2c demonstrates 
the assembled final prototype for the wavy design with a spatial fre-
quency of 60 and an amplitude of 0.8 (ν = 60,A = 0.8), where the two 
3D-printed sub-parts were bonded together with UV curable resin via 
photopolymerization. The wavy heater was thus seamlessly integrated 
into the thermoresponsive smart material matrix. 

3. Results and discussions 

To help predict the heating performances with varying design pa-
rameters, we developed a numerical model based on a Green function 
formalism [39], in which design parameters such as the spatial fre-
quency and the amplitude of the heater are robustly modifiable at 
reduced computational costs. Briefly, in this model, the transient heat 
transfer during the heating of SMP matrix with the wavy heater consists 
of three distinct contributions, namely the initial condition TIC, the heat 
source THS and the boundary conditions TBC, as depicted in Fig. 3a for 
the problem simplified to two dimensions (2D). The contributions are 
calculated separately by using a Green function matrix in a step-wise 
manner and then summed to yield the direct temperature solution: 

T(x, y, t) =TIC + THS + TBC, (2)  
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where the Green function G(x, y, t|x′

, y′

, τ) describes the influence of the 
instantaneous energy released by a unit heat source on location (x′

, y′

) at 
time t perceived on any location (x, y) at time t greater than τ, F is the 
initial temperature field, α is the thermal diffusivity, k is the thermal 
conductivity, the function g(x′

, y′

) describes the heat generated by the 
heating sources, h is the heat transfer coefficient, T∞ is a constant 

Fig. 1. Wavy design of embedded heater. (a) Parameters of wavy design. (b) Normalized heater length λ as a function of the spatial frequency and normal-
ized amplitude. 
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ambient temperature, and t′ denotes the instant when the heat source is 
powered on. 

The evolution of the temperature field can thus be determined for 
different time steps. For the design of wavy heaters, we assume that the 
initial temperature field and the boundary conditions of convective 
nature are identical for all the designs. Therefore, the only varying 
parameter is the distribution of the heat source within the volume of the 
smart material matrix. This greatly simplifies the calculation, thus 
allowing multiple design scenarios to be computed and compared. More 
detailed explanation and validation of the numerical design framework 
can be found in our previous work [30]. 

For this numerical model, the actual distribution of the heat source 

and the heating power input could be determined parametrically from 
the sinusoidal wave equation. During the transient heat transfer, we 
could track the histogram of the temperature field and impose a design 
threshold. For example, in this work, we could define the minimum 
heating time as the time needed for 80% of the volume to surpass 60 ◦C 
which is the approximate value of the glass transition temperature of 
VeroClear (Stratasys Ltd, Eden Prairie, MN, USA), the smart material 
forming the matrix [17,19,30]. Fig. 3b shows the predicted minimum 
heating time of 144 s, 113 s and 57 s for respectively the flat design, the 
wavy design with a spatial frequency ν of 60 and an amplitude A of 0.8 
(ν = 60,A = 0.8), and the wavy design with a spatial frequency ν of 120 
and amplitude A of 0.8 (ν = 120,A = 0.8). In the numerical examples 

Fig. 2. Fabrication via a facile hybrid manufacturing approach of thick composite structures of SMP matrix embedded with flat or wavy Joule-heating layers. (a) 
Laser-cut conductive silver fabric tapes. (b) Bonding of the heaters to the interface of the respective 3D-printed sub-parts. (c) Assembled final prototype for the wavy 
design with a spatial frequency of 60 and an amplitude of 0.8. 

Fig. 3. A numerical model based on a Green function 
formalism for the prediction of the heating perfor-
mances with varying design parameters. (a) Three 
distinct contributions to transient heat transfer during 
the heating of SMP matrix with the wavy heater. (b) 
Comparison of predicted minimum heating times for 
different designs of the heater. (c) Comparison of the 
experimental and numerical heat maps at the 
respective minimum heating times for three different 
heater designs, namely flat design, wavy design (ν =

60,A = 0.8) and wavy design (ν = 120,A = 0.8). (d) 
Design map for the prediction of normalized mini-
mum heating time for different combinations of the 
spatial frequency and amplitude. (e) Variations of the 
minimum heating time with the spatial frequency at 
different total length levels. (For interpretation of the 
references to color in this figure legend, the reader is 
referred to the Web version of this article.)   
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presented in this work, the heat generated by the meshed heater is 
simplified as that generated by a uniform thin film heater of same total 
electrical resistance, estimated according to the measured resistance 
value per unit length (0.02 Ω/mm) and the theoretical arc length of each 
design. An input current of 2.0 A was used. The 2D cross-section of the 
SMP matrix has a length of 50 mm and a thickness of 10 mm. The SMP 
material has the following properties: the thermal conductivity is 0.238 
W/m K− 1, the density is 1190 kg m− 3, and the average specific heat 
capacity is 2400 J/kg K− 1 [19]. Compared with the flat design, the two 
wavy designs lead to an economy of heating time of respectively 22% 
(for ν = 60,A = 0.8) and 60% (for ν = 120,A = 0.8). 

In Fig. 3c, we compare the experimental and numerical heat maps 
taken both at the respective minimum heating time for the three designs 
as presented in Fig. 3b. The experimental heat maps were recorded using 
an infrared thermal imaging camera InfReC R550-Pro (Nippon Avionics 
Co., Ltd., Japan). By using the same colorbar for the images, we observe 
a similar distribution of temperature across the 2D cross-section of the 
SMP matrix. 

To further explore the design space, we calculated the minimum 
heating time for different combinations of spatial frequency and 
amplitude, as shown in Fig. 3d after normalization with respect to the 
minimum heating time with the flat heater design. To facilitate visual-
ization, the contours for different levels of normalized heating time are 
plotted. For a small spatial frequency such as ν = 20, the heating time 
could be even longer than that with the flat design, especially for larger 
amplitude where the heating is slow in the corners of the matrix that are 
distant from the peaks and valleys of the wavy shape. As the spatial 
frequency and amplitude increase, the heating time decreases signifi-
cantly to as short as 0.18 times that with the flat design, in the case of 
wavy design with spatial frequency of 200 and amplitude of 1.0, cor-
responding to about 82% of economy in heating time. 

While the parametric studies in Fig. 3d give the straightforward 
prediction that simultaneously increasing the spatial frequency and the 
amplitude helps reduce the heating time, it would be more interesting to 
explore how the spatial distribution of heat sources affects the heating 
time for a given heater length. We have therefore taken the contour lines 
for the heater length from Fig. 1b and projected them onto the design 
map in Fig. 3d to obtain variations of the minimum heating time with 
the spatial frequency at different total length levels (Fig. 3e). For each 
fixed total length, the feasible range of spatial frequency is bounded by a 
minimum value and the shortest heating time occurs at a spatial fre-
quency slightly larger than the minimum value. As the total length in-
creases, the minimum spatial frequency is shifted to the right, and the 
curve becomes flatter, thus rendering the difference in heating time 
between designs less pronounced. Fig. 3d and e provide insightful in-
formation for guiding the design of wavy heaters. 

Thermoresponsive materials with stiffness that could be tunable over 
two or three orders of magnitudes find useful applications in fields like 
aerospace, architecture or robotics [16–22]. Tuning the stiffness of 
large-scale thermoresponsive composite structures in a controlled 
manner is highly desirable for practical purposes. To illustrate the 
stiffness tuning in thermoresponsive composite structures with the 

proposed strategy, we conducted three-point bending tests on three SMP 
rod structures incorporating different heater designs, and measured the 
force-displacement relationships under different thermal scenarios 
(Fig. 4). The tests were carried out on a universal mechanical testing 
machine, whose experimental setup is shown in Fig. 4a. The three heater 
designs presented in Fig. 2 were used. For each of the designs, three 
thermal scenarios were considered, namely at room temperature, heat-
ing for 30 s and heating for the minimum activation time shown in 
Fig. 3b. 

The resulting force-displacement relationships are plotted in Fig. 4b. 
As the displacement increases, the curves become non-linear. We 
therefore calculated the bending stiffness values (Fig. 4c) by considering 
only the slopes of the linear part of the force-displacement curves. 
Despite slight discrepancies, the bending stiffness values remain around 
200 kN/m for all three samples at room temperature, due to the high 
stiffness of the SMP in the glassy state. After heating the samples for 30 s, 
a sharp decrease in bending stiffness is observed, as the SMP material go 
into the rubbery state locally at high temperatures. The wavy design 
(ν = 120,A = 0.8) shows the smallest bending stiffness among the three, 
and the flat design, the largest. This could be explained by the higher 
heating efficiency in the wavy designs. Finally, after heating the three 
samples for their respective minimum activation time, the bending 
stiffness values further decrease and tend to become similar. 

Generally, the internal heating using embedded wavy heaters helps 
efficiently activate thermoresponsive composite structures, and elimi-
nates the need of heating the surrounding environment which could be 
undesirable in many practical applications. While the proposed hybrid 
manufacturing scheme is easy to implement, direct additive 
manufacturing of thermoresponsive composite structures with 
embedded 3D heaters could be envisaged with further advances in 3D 
printing technologies of electronics. 

4. Conclusions 

In summary, this work presents a concept of embedding a wavy 
heater into a thermoresponsive material matrix to form a composite 
structure whose thermal activation behavior is efficient and tailorable. 
The arc length of the wavy heater, to which the electrical resistance of 
the heater is theoretically proportional, increases with both of the two 
design parameters, namely the amplitude and the spatial frequency, and 
can reach more than 4.0 times that of the flat heater. To further inves-
tigate the influence of the two design parameters, we developed a nu-
merical model based on a Green function formalism to predict the 
transient heat transfer for varying wavy shapes of the heater. We 
experimentally validated the model on samples prepared with a hybrid 
fabrication approach. The evolution of the temperature field across the 
sample volume predicted by the model agrees well with the experiment. 
The exploration of the design space using the numerical model showed 
that the wavy design of heater could lead to an economy in heating time 
of as much as 82% in comparison with the flat design, thus making the 
thermal activation of the bulky composite structure much faster and 
more predictable. Finally, we demonstrated the stiffness tuning in 

Fig. 4. Three-point bending test for three different heater designs under different thermal scenarios. (a) The experimental setup. (b) The force-displacement curves 
measured at midpoint. (c) The bending stiffness values characterized by the slopes of the linear part of the force-displacement curves. 
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thermoresponsive composite structures with three-point bending tests. 
The proposed paradigm could pave the way for the use of thermores-
ponsive smart materials on large-scale structures with applications in 
aerospace and architecture. 
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